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WHITNEY CONTINUUM IN HYPERSPACE
A.Y.W. Lau
A continuum means a compact connected metrizable space and

C(X) is the hyperspace of subcontinua of X with the Vietoris

topology. A continuous function p:C{(X) -+ [0,1] is a Whitney

function if u(X) = 1, u({p}) = 0 for each p € X and u(a) < u(B)
if A is a proper subset of B (see [2] and [3]). Let X be the
set of singletons of X and D(X) = C(X)/ﬁ (i.e., decomposition

of C(X) into elements and X). The reduced Alexander cohomology

HP 0 for each

is employed (see [7]) and X is acyclic if 1P (%)
p. If ACB and e € HP(B), then e|A = i*(e) where i is the
inclusion map.

Define H < K in D(X) if HC K or H = X. If I < D(X),
then L(Z) (M(Z)) is the set of all K € D(X) such that K < A for

some A € I (K > A for some A € I). If 0 < t <1, then L(t) =

L~ he)) ana Mee) = muTh(e).
Theorem 1. If X is a continuum, then Hp(X) = Hp+l(D(X))
for eaeh p = 0,1,...
Proof. Consider the exact sequence:
#P (c(x)) » BP(X) » uP*lc(x),®) > mP L (c(x)).
since HP(C(x)) = 0 = BP*Y(c(x)) by (4], then HP(x) 2 HP(X) 2
HP+1(C(X),§). But D(X) = C(X)/ﬁ and the Map Excision Theorem
yields #¥** (p(x)) = #P*lcx, B .

Theorem 2. If X is a continuum and ¥ 18 a closed subset of
D(X), then HY(L(D)) = o.

Proof. The proof is reminiscent of Wallace's Acyclicity
Theorem [8]. Suppose 0 ¥ e € Hl(L(Z)). Use Zorn's Lemma and
the Reduction Theorem in cohomology to get a minimal closed I

such that e|L(X) # 0. Since for each K € C(X), L(K) is
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homeomorphic to D(K), then HY (L(K)) = HI(D(K)) = O(k) = 0.

12

Hence I is nondegenerate. Let £ = S U T for two proper closed
sets S and T. Consider the exact sequence:

0 =1’ nLm) »utwm) »utawe) xatam).
Then eIL(S) = 0 and eIL(T) = 0 contradict the last homeomorphism

being one-to-one.

Theorem 8. If X i8 a continuum and 0 < t < 1 and for each
k € 1" (t), #Y(R) = 0, then HZ(L(5)) = 0 for cach closed set §
in ).

Proof. The proof is similar to that of Theorem 2 and uses

the fact that Hl(L(Z)) = 0 for each closed I in D(X).

Theorem 4. Let X be a continuum. Then
(a) there is a 1-1 homomorphism Hl(u_l(t)) > Hl(x)

-1

(b) if for ecach K € W Y(t), HL(K) = 0, then

gl e 2 b,
Proof. Consider the exact sequence:

ale)) x Bh e » st e)) 2 H2 X)) > HE(M(t)) x HA(L(t)).

I I

0 , 1t (%)
Then A is always 1l-1. Since M(t) is acyclic and the hypothesis

in (b) and Theorem 3 imply H2(L(t)) = 0, then A is onto.

There are many applications of Theorem 4 which Rogers stated
in [5]. The next theorem shows that for certain X, those Whitney

continua close to the base have the same cohomology.

Theorem 5. If X 28 a I-dimensional continuum and Hl(X) 18
finitely generated over a ring R (e.g., cohomology over the
integers), then there exists 0 < t < 1 such that Hl(X) EHl(u_l(s))
for each s < t.

Proof. Let G be a finite set of generators for Hl(X) as

an R-module. For each g € G, g|{x} = 0. By the Reduction
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Theorem, there exists an open set Uy, containing x such that
g|u, = 0. Let L be a Lebesgue number for {U_|x € X}. Then
g|M = 0 for each M with diameter < L. Choose L to work for all
g € G. Since each element of Hl(X) is a linear combination of
elements in G, then e|M = 0 for each e € Hl(X) and diam M < L.
Choose 0 < t < 1 such that if u(K) < t, then diam K < L.
Let e € Hl(K) where U{K) < t. Then there exists f € Hl(X)
such that £f|K = e since X is l-dimensional. Then £|K = 0 since

diam K < L. Hence HL(K) = 0. By Theorem 4, Hl(u 1(s)) = nl(x).
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