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STRATIFIABLE SPACES ARE M )

Gary Gruenhage

1. Introduction
The Mi—Spaces, i=1,2,3, were defined in 1961 by J. Ceder
[3] as natural generalizations of metrizable spaces. C. R.

Borges {1l] later showed that the class of M,-spaces, which he

3
renamed "stratifiable" spaces, was a particularly well-behaved
class of spaces. He showed, for example, that stratifiable
spaces are closed under closed maps, and that the Dugundji
extension theorem for metrizable spaces could be generalized to
stratifiable spaces. Since then, stratifiable spaces and some
of their generalizations (such as semi-stratifiable spaces and
monotonically normal spaces) have played an important role in
general topology.

From the definitions of the Mi-spaces, it is clear that
M, =>M

=>M The major question for Mi-spaces has been whether

1 2 3°
any of the implications reverse. A giant step in this direction
came in 1973 when Heath [4] proved that stratifiable spaces have
a o-discrete network. We prove in this paper, with the help of
Heath's result, that M3—spaces are the same as Mz—spaces.l We
also give two specific classes of spaces for which M3 =>M.

2. Definitions and other preliminaries

A collection H of subsets of a space X is closure-preserving

U{H|H € J'}. A

if whenever H' < H, then Cc1( U JI")

pair-collection % = {P = (P,,P,)|P € @} is cushioned if

whenever %' < %, then C1( U {P,|P € €'} < U{p,|P € Q'}.
A collection B is a quasi-base for X if whenever x € U and

U is open, there exists B € ‘8 such that x € Int(B) and B € U.

A pair-collection B = {B = (By/B,) |B €& 4 } is a pair-base for

(1) After it was announced at the Auburn conference, the author
learried that Heikki Junnila had also obtained this result.
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X if the B, 's are open, and whenever x € U and U is open, there

1

exists B € § such that x € B, < B2 c U.

1

A space X is an M, -space (MZ—space) if X has a o-closure-
preserving base (quasi-base). X is an Ms-space (or stratifiable
space) if X has a o-cushioned pair-base.

A collection J is a network for a space X if whenever x € U
and U is open, there exists F € § such that x € F cU. X is
a 0-gpace if X has a o-discrete network.

A space X is monotonically normal if for every pair of dis-
joint closed sets H and K, there exists an open set D(H,K) con-
taining H such that D(H,K) N K = #, and if H' ® H and K' C K,
then D(H',K') D D(H,K).

In our proofs, we shall make use of the following known
results:

(1) Stratifiable spaces are hereditarily paracompact and
monotonically normal [1], [3], and also [5].

(2) Stratifiable spaces are o-spaces [4].

(3) Stratifiable spaces are Ml(MZ) if and only if whenever
X is stratifiable and p € X, then p has a o-closure-preserving
base (quasi-base) [2].

We shall make frequent use of the following notation. 1If
F cV cX, where F is closed and V is open in the stratifiable
space X, let v, = D(F,X - V), where D is a monotone normality

F
operator on X. If n € N, and VFn is defined, let VFn+1 =

D(F,X - VFn). If p is a point in V, let Vpn = V{p}n. Note that
if Pc G and VCW, and WG is defined, then VFn chn for all
n € N.
3. Main results
Theorem 1. Stratifiable spaces are M

9
Proof. Let X be stratifiable and let p € X. We need only

show that p has a closure-preserving quasi-base. Let

g = U :=l ifﬁ be a o-discrete network for X; let
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Fo=® € F'lpgF} and let J = U~ F . Using the
hereditary paracompactness of X, it is easy to find a sequence
{QLn} of locally finite open covers of M = X - (p} such that

(i) if x € F € ¥ _, then st(x, U ) < (X - (_x—-T)p)

(ii) Gu,n+l star-refines QLn, and

(iii) p ¢ W for all x € M.

The sequence { QLn}:=l generates a metric topology T on M such
that T is coarser than the original topology, and if x € F € J,
then x € IntT(X - (X - F)p). There exists a metric d on M
which generates T such that for every x € M, it is true that
p & ETETIT, where B(x,n) is the ball about x of radius 1/n.

For x € M, let W(x) = U, (X = BOGn)) 5. Now
W(x) < (X - {x})p2 c (X - F)p for some F € ¥ containing x.
This is true because x & Ti_:_TETTb, and we can choose F such
that x € Fand F N (X - {x})p = g. since x € IntT(X - Ti_:—?Tp)
there exists n € N such that B(x,n) N (X - F)p = ¢, and hence
B(x,n) NN W(x) = @ also. Let n(x) be the least positive integer
such that B(x,n(x)) N W(x) = #. Let M= {x € M|n(x) < n}.

We claim that for every n € N, Mn is closed in M. To see
this, fix n, and suppose x € Mn' We need to show that
W(x) N B(x,n) = #. To this end, let z € B(x,n), say d(x,z) =
1/n - €, € >0. Let k € N. We shall show that z & (X - B(x,k))pz.
Pick m >k + n such that 1/m< € , and pick y € Mn N B(x,m).
There exists j € N such that B(y,j) € B(x,k). Thus

(x - ET)Tj—))pz o (X - m>p2, and y € M_ implies
B(y,n) N (X - ﬁT;T?T)pZ = @g. But d(y,z) <d(y,x) + d(x,z) <
1/m + 1/n - € <1/n. Thus z € B(y,n), so z ¢ (X - §T§TFT)p2,
which proves the claim. Note that we have in fact proved that
Mn is closed in the metric topology T.

Let 91, g be a sequence of locally finite covers of

g
(M,T) such that ¢ € Qi implies diam(G) < 1/i. For each

x €M, let M(x) = N{G € G ;[i<n(x), x €G} =M (., _ -
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Note that if y € M(x), then n(y) >n(x), and so M(y) € M(x).

For each closed set Hc M, let M(H) = U xegM(x) . and let
H(p) = X - M(H). We claim that J(= {#(p) |H closed, p ¢ H} is
a closure-preserving quasi-base at p.

Clearly ¥ is a closed network at p. To see that Jis

closure-preserving, let J(' = {Ha(p) |a € A}, and suppose
z ¢ U JC'. Then for each o € A, there exists xa € Hoc such that
z € M(x,). Hence M(z) CM(x ) < M(H ), and so M(z) n¢u 3 " = g.

Thus J is closure-preserving.
It remains to prove that p € Int{(H{p)). We shall show that
(X - H)p4 C H(p). Suppose not. Then there exists

z € (X - H)p4 N M(x) for some x € H. Since z € M(x) © B(x,n(x)),

it must be true that z ¢ W(x). Now z € (X - H)p4 c (X - {x})p4

C (X - F)p3 for some F € ¥ . (We can choose Fc X - (X - {x})p.)
But (X - F)P3 c (X - B(x,n))Pz for some n. (Choose n such that
B(x,n) c X - (X——F)p.) Thus z € W(x), contradiction.

Our next theorem was actually proved before Theorem 1; in

fact, its proof led us to the proof of Theorem 1.

Theorem 2. Let X be stratifiable. Suppose X =M U {p},
where M is metrizable. Then X is an Ml—space.

Proof. By Theorem 1, there exists a closure-preserving
closed quasi-base J at p. Let 91, S ,+++- be a sequence of
locally finite covers of M such that if G € Qk, then
diam(G) <1/k. Let §=U :=l gn' IfH € ¥, let

SmH ={{pt U U8 8 c 8, H-1{p} € UG, and
if G € ', thenG NH # #}. LetWU=U{ § W) |H € I }.

Clearly 1l is a base at p. We claim that 9l is closure-
preserving. Suppose U' < U and x ¢ U{T|U € 4l'}. Let
JH' ={H € H | there exists U € Ul ' such that U € G (H)}.

Let K = U J '. There exists an integer n € N such that

d(x,K) >1/n. Thus there exists an open set V containing x such
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that vN ( U {G € §k|kin and G N K # g} = #, and since the
(<] i's are locally finite, we can choose this V such that if
G e G j» i<n, thenv N G# @ if and only if x € G. But now
it is easy to see that VN ( U U"') = f. Thus x ¢ U U ',

and the proof is complete.

Theorem 3. Countable stratifiable spaces are M.

Proof. Let X be a countable stratifiable space. It is
enough to show that every point of X has a closure-preserving
base.

Let p € X; say X = {p} U M, where M = {xl,xz,...}. We shall
show that p has a closure-preserving base. The proof is similar
to that of Theorem 1, but with certain refinements we can con-
struct the M(H)'s, and thus the H(p)'s, in such a way that they
are clopen (open and closed) sets.

Using the paracompactness of M, construct a sequence

{U }7 . of open covers of M such that

n ' n=1
' - EEET
(i) st(xk, QLk) c (X (X xk}){p,x Vex }) for
1 k-1
k=1,2,...;
(ii) U N+l star-refines QLn for n = 1,2,...;

(iii) for every x, € M, st(xk, QLk) n {p’xl""'xk-l} = #.
This sequence generates a metric topology T on M such that T

is coarser than the original topology, and

x, € Int_(X -~ (X - {x.}) ).
k T k {p,xl,...,xk_ﬂ

on M which generates T such that for all k € N,

There is a metric 4

Blx, k) N{p,xy,...ox 1 =g, Let

W(xk) = U n=k(X - Bixk,n)){p'xll.._'xk_l}.

n(xk) be the least positive integer such that

As in Theorem 1, let

B(x,,n(x)) n W(x,) = @, and let Moo= {x € M|n(x) <n}. The
proof that M is closed in T is similar to the proof of this
fact in Theorem 1.

Since M is countable, (M,T) is strongly 0-dimensional. Let
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g 17 €] YRR be a sequence of locally finite covers of M by

clopen sets such that diam(G) <1/n whenever G € 8 n'
Let n'(xk) be the least positive integer such that
= = 1
St (x . grﬂ(xk)) n Mn(xk)—l g. Let m(x)) = max{n(x,),n'(x)},

and let M(x = N € § ili-im(xk)’xk € G}. Ifye€ M(xk),

"
then n(y)_zn(xk), and so also n'(y)_zn'(xk), since
st(y, 8§ ;) D ostx, €] ;) for i =1,2,...,m(x). Thus
m(y) zm(xk) and M(y) < M(xk) .

For H closed, p ¢ H, define M(H) and H(p) as in Theorem 1.
To complete the proof, we shall show that M(H) is clopen.
Suppose Xy ¢ M(H). Let xj € H, j>k. Then

(x - H)X}% (X - {Xj}){p’xl""’xj—l}z c (X - B(Xj,n)){p'xl""xj-l}

for some n € N. (Simply choose n such that

B(xj,n) n(x - = f#). Thus (X - H)xﬁ C:w(xj),

{Xj}){P:X: DI 'Xj-l}

and so (X - H)xﬁ fl M(xj)

Xy ¢ c1( U {M(Xj)lj >k, Xy € H}). But M(xi) is clopen in

= g. Hence

(M,T), and hence in X, for all i € N. Thus Ry ¢ M(H), and it

follows that M(H) is a clopen set.
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