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PRESERVATION OF CERTAIN BASE AXIOMS
UNDER A PERFECT MAPPING

Dennis K. Burke

1. Introduction

Suppose X and Y are topological spaces and f: X » Y is a
perfect mapping (i.e., £ is closed, continuous, onto, and f_l(y)
is compact for every y € Y). There are several theorems in the
literature which indicate that certain base axioms are preserved
under such a map. Two important results of this type were given

by Worrell and Filippov:

Theorem 1.1 [Wol: If X is developable and £: X > Y is a

perfect mapping then Y is developable.

Theorem 1.2 [Fi]l: If a T, space X has a point-countable

1
base and f: X » Y 18 a perfect mapping then Y has a point-

countable base.

An alternate approach to the proof of Theorem 1.2 was given
by the following characterization of spaces with a point-countable

base.

Theorem 1.3 [BM]: The following properties of a space Y
are equivalent:
(a) Y has a point-countable base.
(b) Y has a point-countable cover L such that if y € W with
W open in Y there is a finite subcollection S of L such

that y e (UFryec(UF)cwandy € N F.

If a Tl space X has a point-countable base $ and f: X > Y
is a perfect map then the compact set f_l(y) intersects only
countably many members of $[Mi] for every y € Y. If @ = f(B)

= {£f(B): B € B}, it follows easily that condition (b) of
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Theorem 1.3 is satisfied, so Theorem 1.2 is an immediate corol-
lary to Theorem 1.3.

Techniques similar to those used in the proof of Theorem 1.3
have been used by the author to partially answer the guestion
of whether the perfect image of a guasi-developable space is
quasi-developable. 1In the course of this investigation a
characterization of developable spaces was obtained which gives
Worrell's result (Theorem 1.1) as a corollary. This characteri-
zation is given below, as well as the partial results for quasi-
developable spaces. We conclude the paper by including a proof
of the result that the perfect image of a space with a o¢-point-
finite base has a o-point-finite base [Fi], and by giving an
example to show that the corresponding result does not hold

for spaces with a o-disjoint base.

2. A Characterization of Developable Spaces

In order to state and prove the main theorem it will be
necessary to define the idea of a pair-network and develop some
companion notation.

A collection @ = {(Qa’Ra): a € A} of pairs of subsets of
a space X is called a pair-network for X if whenever x € W, with
W open in X, there is some P = (Qa,Ru)E ¢ such that x € Qa<: Ru
c W. The notion of a pair-network is not new and was used in
[Ko]l to define a class of spaces which coincides with the class
of semi-stratifiable spaces.

If @ is a pair-network for X and P € & we let P' denote
the first element in the pair P and let P" denote the second
element. If R @ let R' = {P': PR} and R" = {P": P € R}.
If x € X and R =& 1let

st(x,R) = U{P": Pe R, x € P'}, and if A = X then
st(a,R) = U{P": P€ R, AN P' # g}.

When gll,glz,---,gln are subcollections of ¢ we define
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9»1 A 9{,2 A** A ?R,n to be the collection of all pairs of the form
(g n P ﬂ---ﬂpr'l, Py N PJ Ne..n P') such that P, € Ri,
i=1,2,*+,n.

Recall that a quasi-development [Be] for a space Y is a
sequence {Qn}cf of collections of open subsets of Y such that
if x € UcC Y where U is open in Y, there is some n such that

X € St (x, Qn) c U. Y is developable if and only if Y is quasi-

developable and every open subset of Y is an Fo—set [Be].

Theorem 2.1. The following properties of a space Y are
equivalent:

(a) Y is developable.

(b) Y has a pair-network <L = U Qn satisfying:

(1) Each Efr'l 18 a locally ?‘;}zite collection of closed
sets and 931','17,'3 a collection of open sets.

(11) Whenever C — U < Y where C is compact and U is
open, there is some n € N such that C < St(C, Qn) c U.

(¢) Y has a pair-network R = U ‘(R’n satisfying:

(7) Each 9”;1 18 a locally ?;iite collection of closed
sets.

(ii) Whenever x € U Y with U open, there i3 some n € N
such that x € (St(x, R ))° < U.

Proof: (a) - (b). Let {gn}i be a development for Y where
we may assume gn+1 refines Qn. Since Y is subparacompact [Bul]
each Qn has a closed refinement :}-n = ]El F(n,k), where each
ff(n,k) is discrete. If Qn = {Goc: o € Xn}, we may assume each
ff(n,k) can be expressed as Fin,kx) = {F(k,a): o € A:n} where
F(k,a) = G, for every a € A . Let L(n,k) = {(F(k,a),GOL): a € Ap}i
then U{“(n,k): n,k € N} is a pair-network for X. For any finite
sequence kl,kZ,--- ,kn of positive integers, define

2 (kyoky,eee k) = Ll,ky) A L(2,k

1) 2) Aeesoh tf(n,}fn)_

Now suppose C € U < Y where C is compact and U is open. Let
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X € C. Choose a sequence {ki};;l of positive integers such that
X is in some element of ff(i,ki) for every i € N. For each n,
let

A = U{Q': Q € Ez(kl,kz,...,kn), Q' NC # g, Q" & U}.

n

Clearly {An}o]c_> is a decreasing sequence of closed sets and if
o

each An is nonempty there must be some z € ( N An) Nc. rLet

n=1
m € N such that St(z, Qm) c U; it follows that

St(z, f.’l(kl,k cer k) © St(x,gm) cUu

2l
and this will contradict the definition of Am‘ Thus An = @ for
some n and this implies x £ St(C, Q,(kl,---,kn)) c U. Now let

@ = U{Q’(kl"”’kn): kl,k2,---,kn is a finite sequence of

positive integers}. Consider all collections obtained by taking

l,--o,kn

is a finite sequence of positive integers}. These collections

unions of a finite number of elements of {Q(kl,"',kn): k

can be enumerated as C’El’ 592, ‘J?3,"' and & can be expressed as
(o]
2= U EEn with ¢ satisfying the conditions given in (b).
n=1
(b) » (c¢). Trivial.
o
(c¢) > (a). Let R = U Spvn be a pair-network as given in
n=1
(c). For every n,k € N let
—_ L -
ok = {ffcgln. | F| = x}.
and let
G(F) = (U{rR": R € an and R' € f })e° - U(QLI'1 -9
o : _ . ¢ .
for every J € q)n,k' Define gn,k = {6(F): ¥ € q)n,k}' Since

R is a o-locally finite network of closed sets it is clear
that open subsets of Y are FO sets and it suffices to show that
{gn,k: n,k € N} is a quasi-development for Y. To show this
let x € U where U is open; by assumption there is some m € N

such that x € (St(x,R ))° cU. Let f = {R': R€ Ryr x € R'};

then || = k>0 for some k € N so f € o, Clearly

x €G(S) < (st(x, R ))°cU. If &€ ®n,x Such that & # f then

x €N (9{1;] -6) and x £ G(&). This says that G( ) is the only
element of gm,k which contains x. Thus x € G(¥) = St(x,&‘j’m'k) c U.
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That completes the proof of the theorem.

To see that Theorem 1.1 follows as a corollary to the pre-
ceding theorem suppose X is developable and f: X > ¥ is a perfect
mapping. Let 2 be a pair-network for X satisfying the condition
as in (b) of Theorem 2.1. If R = {(£(P'), £(P")): P € @} it is
easily verified that R is a pair-network for Y satisfying condi-

tion (¢) of Theorem 2.1, so Y is developable.

3. Quasi-developable Spaces

We now turn to the gquestion of when a quasi-development
is preserved under a perfect map. In [BL] Bennett and Lutzer
showed that if AU is an open cover of a quasi-developable space
X then @l has a refinement F = Gl F, such that each ¥  is
discrete relative to U{F: F En?j'n}. The next lemma exhibits a

slightly stronger version of this covering property.

Lemma 3.1. Suppose {Qn}; is a quasi-development for a
space X. IfCl is any collection of open subsets of X there is
a refinement J = ;Jo gn of O such that each ffn 18 elosed and
discrete relative l7'51;]-(UGIL) n((u gn)‘

Proof: Assume A = {Ua: a € A} where A is well-ordered.
For each n € N, o € A, let

Pn,a = {x: x € Ua - (BEqUB
and let Fn,a be the closure of Pn,on relative to (U U) U (N Qn) .

), X € st(x,@n) < Uu}

Let x e (UUL) N (U Qn) and suppose o is the first element of

A such that x € U, Clearly U, ne =g if g >a so

n,8

=@ if B>a. If B <o and St(x,gn) nFn # @, then

UanF .8

n, g

there is some z € St(x,@n) n P .- This implies

' B
X € St(z,@n) c US' a contradiction to our choice of Ua' Hence

St (x, Qn) nr = g if B <a. It follows that U/ n St(x,gn)

n,B
is an open set about x which has empty intersection with Fn 8
14
for any B € A, B # a. This says that gn = {Fn g B € A} is
14
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discrete relative to (U ) N (U 8 n) and that F_ 8 c:UB for

[oe]
every B € A. IfJF = U {Tn it is clear that U Y = UCSU ; that
n=1
completes the proof of the lemma.

Theorem 3.2. Suppose f: X » Y 48 a perfect mapping and X
has a quasi-development {Qn}isuch that whenever x € U f_l(y)
where U is open in X and y € Y then there is some m € N such that
gnlcovers f~1(y) and St(x,grﬁ < U. Then Y is quasi-developable.
Proof: For each n let Hn =U glx and suppose g n =
{Ga: a € An}. We may assume each Hn is saturated with respect
to £f. By Lemma 3.1, Qn has a refinement kqlff(n,k) where each

g(n,k) is closed and discrete relative to Hn n Hk; we may also

assume y(n,k) has the form fT(n,k) = {F t o € An} where each

er{.
Fk,a c Gd. Let

2 (n,k) = {(Fy v G, N H NH): o €))7
then U{2(n,k): n,k € N} is a pair-network for X. For finite

sequences nl,nz,---,nr and kl’kz’

---,kr of positive integers,
define
L(ny ik iny kyseeon k) = @nguk) A Ding,ky) Aeeen Lo k).
Now suppose f_l(y) C Uc X where y €Y and U is open. Let
nl,nz,n3,--- be a sequence of positive integers such that if
gm covers f-l(y) then m = n, for some i. Let x € f-l(y).
Choose a segquence {ki}?=l of positive integers such that x is
in some element of jkni,ki) for every i. Using an argument
similar to that used in the proof of (a) -+ (b) in Theorem 2.1
it follows that there is some r € N such that

x € St(£77(y), Qny kqinyk,,oee,n k) < U
Now let the family of all collections él(nl,kl,---,ns,ks) ,
where nl,nz,---,ns and kl’
positive integers, be enumerated as 91, QQ, 93,---. For a

kz,---,ks are finite sequences of

given Q’j’ say flj = Q,(nl,kl,---,ns,ks), define

B. = H N e N . - i i
3 ng n Hkl Hns n Hks If M N is a finite set,
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M

Ry = (@ OBy, Q" NB: Q€ Elj, j € M}.

The family of all collections C.R,M, where M is a finite subset of

define B, = {Bj: j € M} and let

0

N, can be enumerated as Ql’ QZ' Q3,--- and if 2= U Qn then
n=1

2 satisfies: (1) Each QI'I is locally finite and closed relative

1(y) C U where U is open in X and y € Y

to UR". (ii) If £
there is some m € N such that f_l(y) c St(f-l(y),gem) c u.
For every n,k € N let
o= (Fea: [T =x
and let G(J) be the saturated part (with respect of f) of
(Ufpr: P e @, p' € F} - U(Qr') -9,

Define 8(n,k) = {£(G(F)): F € o we show {8 (n,k): n, k € N}

kb
is a quasi-development for Y. Let y € V <€ Y where V is open in
Y. By (ii) above there is m € N such that

f_l(y) = St(f"l(y) ' EBm) c £l

(V).
Let J= {P': P € 2 £1(y) N P' # g}; then | | = k>0 for
some integer k, so J € o, x Clearly

£l () esesr iy, 2 c 7w
1f §co , such that & # Fthen £7(y) N (U(R} - 6)) # # and
f-l(y) N G(&) = g. This says that £(G(F)) is the only element
of § (m,k) that contains y. Thus

y € £(6(F)) = st(y, §(m,k)) = V.

That completes the proof of the theorem.

In general, a given quasi-development for a space X may not
satisfy the hypothesis of Theorem 3.2, however the gquasi-develop-
ment can often be modified in order to obtain the desired condi-
tion. The next corollary gives one situation in which this is
always the case. A p-base (point separating open cover) for a
space X is a collection B of open sets such that whenever

X,y € X, x # y, there is some B € B such that x € B and y € B.

Corollary 3.3. Let £f: X » Y be a perfect map. If X is
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quasi-developable and has a countable p-base then Y is quasi-
developable.

Proof: Suppose { QD}T is a quasi-development for X and
B = {Bn: n € N} is a countable p-base. For every n,k € N let
QLn,k = {GNB:G € G } Let 3C1,3C2,--- be an enumeration
of all collections obtained by taking unions of a finite number
of eleWents of {QLn,k: n,k € N}. It is easily verified that if
x € C N U where C € X is compact and U is open there is some

m € N such that jcm covers C and St(x,SCm) < U. The corollary

now follows from Theorem 3.2.

Corollary 3.4. Suppose X is Hausdorff and f: X ~ Y is a
perfect mapping such that f—l(y) 18 a singleton set for all but
countably many y € Y. If X is quasi-developable then so is Y.

Proof: Let E = {y € Y: |f_l(y)| >1}; then E is a countable
set. For each y € E the compact subspace f_l(y) of X is quasi-
developable and thus separable metrizable [Be]. There is a
countable collection ¥ (y) of closed subsets of f_l(y) such
that whenever x,z € f_l(y), X # z, then there is some F € $(y)
where x € F and z € F. Let B= {X -F: F € F(y), y € E};
then B is a countable open cover of X such that whenever y € Y
and X,z € f_l(y), X # z, then there is some B € B such that
X € B, z € B. A construction similar to that used in Corollary

3.3 will now finish the proof.

Corollary 3.4 can also be proven directly without reference
to Theorem 3.2. 1In this case one shows first that Y is first
countable and then a quasi-development for Y is constructed by

considering the points of E separately.

4. Spaces With a o'-point Finite Base
A base ¥ for the topology of a space X is said to be o-

point-finite if B can be expressed as B = U EBn where each EBn
n=1
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is point-finite. Filippov stated in [Fi] that the perfect image
of a space with a o-point-finite base has a o-point-finite base,
but he did not give an explicit proof. Some recent interest has
been shown in seeing a proof of this result, and since a proof
has not appeared in print we provide one here. This proof was
obtained by the author several years ago while working on some
related material with E. Michael. We begin with a lemma that

may have some independent interest.

Lemma 4.1. If @ is a point-finite collection of subsets of
X, AcCX, and n € N, then there are at most a finite number of
minimal covers F of A, by elements of @, such that | F| = n.

Proof: Suppose there is an infinite collection ¢ of minimal
covers (of A) consisting of subcollections from 2 of cardinality
n. Pick a maximal collection Rc @ such that R F for infinitely
many members F € ¢, and let &' = {F€6:Rc F}. Clearly
0<|R| <n, so Rdoes not cover A and there is some y € A - (UQR).
Hence if ¥ € ', there is some Fe F - R such that y € F. Since
only finitely many elements of @ contain y, there must be some

F.€ @ such that y € F, € F - R for infinitely many members

0 0
F€6'. Then R U {Fo}c F for infinitely many members ¥ of g,

which contradicts the maximal condition placed on R.

Theorem 4.2 [Fi]l. If X has a og-point-finite base and
f: X > Y is a perfect mapping then Y has a c-point-finite base.
[e2]
Proof: Suppose B= U 93n is an open base for X where each
n=1

B_ is point-finite. For each n,k € N, let

n k
o L, ={Fc U B;: |F| =n}.
i=1

n,
For ¥ €0 let
nrk k
‘f)l'bk( Fy=1{aeu 93i: ¥ is a minimal cover of f_l(f(A))}.

i=1
and let Uk(if) =Y - f[X - U(?)uk(ff))l. Define 6U,n’k=

{Uk(ff):3‘e<p and U = U{GU,n ki n/k € N}. To show that U

n,k}
is a base for Y, let y € Wc Y where W is open in Y. Since
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f_l(y) is compact, there is n,k € N and ¥ € ®,,x Such that F
is a minimal cover of f_l(y) and U ¥ c:f_l(W). ‘Now, if r_zk
and A € ﬁ B, such that AN £ 1(y) # g and £ 1 (@) = UTF
then A eﬁi%r(if); thus r can be chosen large enough so that
f_l(y)c U 9Rr(ff) and it follows that y € Ur(ﬂd c W. To com-

is point-

plete the proof of the theorem we show that each QLn Kk
’

finite. Let y € Y and pick a fixed x € f_l(y). If

y € Uk(g')e Gan (so F € q)n,k) then f-l(y)c U@TLk(f}') and

¥
X € Akfor some A € 9Ek(ff); since x € A for only finitely many

A€ .BIEBi it suffices ‘to prove that each A out of -ngBi is in
onlylginitely manyvgnk( F) for Fe ®. - But this égllows from
Lemma 4.1 and the definition of the 9Rk(ff). That completes the

proof of the theorem.

The following example, due to R. W. Heath and G. M. Reed,
shows that a o-disjoint base is not necessarily preserved under

a perfect mapping.

Example 4.3. There is an example of a Moore space X with
a o-disjoint base and a perfect mapping f£: X -+ Y where Y does
not have a o-disjoint base.
If R is the set of real numbers let H = {(x,y) € R x R: y >0},

X, = R x {0}, X, = R x {-1}, and X = H U X, U Xy. Describe a

0 1
local base for each point as follows: All points in H are
isolated in X. If a € R and n € N, let

u (a,0) = {(a,0)} U {(x,y) € H: x =y + a, y<1/n}
and

Un(a,—l) = {(a,-1)} U {(x,y) € H: x = -y + a, y<1l/n}.
Then {Un(a,O)}:=1 and {Un(a,—l)}:=l are local bases at (a,0) and
(a,-1) respectively. It is easily verified that this induces
a topology on X making X a regular, developable space with a

o-disjoint base. Let Y be the quotient space obtained from X

by identifying the points (a,0) and (a,-1) for each a € R, and
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let F: X > Y be the corresponding quotient map. Then f is a
perfect map, and Y does not have a o-disjoint base. This last
fact can be shown directly, or it can be noted that Y is homeo-
morphic to the space described in Example 1 of [He]. Heath has
shown this example is a nonscreenable Moore space, and hence

could not have a o-disjoint base.
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