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Sl?ACES WITH u-MINIMAL BASES 

H. R. Bennett and E. S. Berney 

In [1] C. E. Aull observed that every quasi-developable 

space has a a-minimal base and in [2] he asked if each space 

with a a-minimal base was also a quasi-developable space. 

In this note examples are given which show that spaces with 

a-minimal bases need not be quasi-developable. A structural 

condition is given which forces a space with a a-minimal base 

to be a quasi-developable space. 

Let N, Q, and R denote the natural numbers, the rational 

numbers and the real numbers respectively. Also let all 

spaces be regular T1-spaces. 

Definition 1. A collection C of sets is said to be 

minimal if whenever Vee then uV = U{D E V} is a proper 

subset of UC. 

In [6] 

lections. 

In [1] 

minimal collections are called irreducible col-

Aull gave the following definition. 

Definition 2. A base B for a 

a-minimal base if B u{Bn : n E N} 

topological space X is a 

and each B n is a minimal 

collection. 

Definition 3. A topological space X is a quasi-

developable space if there is a base B such that 

B = U{B : n E N} and if x E X and 0 is an open set con
n 

taining x, then there is a natural number n such that 
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x E st(x,B ) = U{B E B : x E B} C O. tf, for each natural n n 

nUITLber n, B is a cover of X, then X is said to be a developan 

ble space (or a Moore Space if X is T ) . 
3

Quasi-developable spaces have been studied extensively 

in [3], [4], and [5]. 

The following theorem illustrates some conditions 

under which spaces with a a-minimal base are metrizable 

spaces. Notice that the same conditions force quasi-

developable spaces to be metrizable spaces [3]. 

Theorem 1. (Aull [1]) Let X be a space with a 

a-minimal base. If X is hereditarily separable or heredi

tarily Lindelof or hereditarily Kl-compact, then X is a second 

countable space. 

Recall that the Sorgenfrey Line is the real line with 

a topology generated by the collection {[a,b): a,b E R, 

a < b} where [a,b) = {x E R: a < x < b}. 

ExampZe 1. There is a hereditarily paracompact space 

X with a a-minimal base that has a closed subset that is 

homeomorphic to the Sorgenfrey Line. Thus X is not a quasi-

developable space and the property of having a a-minimal base 

is not a hereditary property. 

2Let X = {(x,y) E R : y > O} and let the topology for 

X be generated by a base B described as follows: 

(i) if (x,y) E X and y > 0, then let {(x,y)} E B, and 

(ii) if (x,D) E X and n E N, then let B(x,n) E B 

where B(x,n) = {(a,b): 0 < a - x < ~ and b(a - x)-l < ~} U 

{(x,D)}. Let C(x,n) = B(x,n) U {(x +~, ~)}. If 
n 
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C
l 

= {{ (x,y)}: (x,y) E X, Y > O} and if, for each natural 

number n > 1, C = {C(x,n): x E R}, then C= u{C : n E N}
n n 

is a a-minimal base for X. This easily follows since C(x,n) 

is the only member of C that contains (x +~, 12). Notice n n 
that Y = {(x,O) E X: x E R} with the relative topology is 

homeomorphic to the Sorgenfrey Line. Since the Sorgenfrey 

Line is a non-·second countable hereditarily separable space, 

Y does not have a a-minimal base. Since quasi-developability 

is a hereditary property [3] and Y is not quasi-developable, 

X is not a quasi-developable space. 

Recall that a perfect (= closed sets are G ) quasi8 

developable space is developable [3]. Since semi-metric 

spaces are perfect, the next example illustrates how far 

removed a space with a a-minimal base is from a quasi-

developable space. 

ExampZe 2. There is a hereditarily paracompact semi-

metric space X with a a-minimal base that is not a quasi-

developable space. 

2Let X = R and let the topology for X be generated by a 

base B consisting of sets of the following form: 

(i) {(x,y)} E B if (x,y) E X and y ~ 0, and 

(ii) B(x,n) E B if (x,O) E X where, for each n E N, 

B (x, n) = { (a ,b) E X: I a - x I < !. and I b (x - a) -1 1 < !.}.
n n 

With this topology X is the well known "bow-tie" space and 

is known to be: a hereditarily paracompact semi-metric space. 

If (x,O) E X and n E N, let C(x,n) B(x,n) U 

1{ (x + ! 
n' 2)}· Let Cl 

{ { (x, y) } E X: y ~ O} and if n E N 
n 

and n > 2, let; C = {C (x, n) : x E R}. It easily follows that 
n 
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C= U{C : n E N} is a a-minimal base for X. Since X is a n 

perfect, non-developable space it cannot be quasi-developable. 

Example 3. There is a hereditarily paracompact space X 

with a a-minimal base that does not satisfy the first axiom 

of countability. 

Let X be the space in Example 2. If the compact subset 

A = {(x,O) E X: 0 < x < l} is identified to a point, the re

sulting quotient space X/A is a hereditarily paracompact 

semi-stratifiable space that does not have a countable local 

base at A. To see that X/A has a a-minimal base it is suf

ficient to find a collection Cof open subsets of X such that 

(i) each member of Ccontains A, 

(ii) C is a a-minimal collection, and 

(ii) whenever 0 is an open subset of X that contains A, 

then there is some C E Csuch that A c CeO. 

To find such a collection C let J be the collection of 

all finite open covers of A such that if F E J, then the 

members of F are basic open sets of the form B(x,n} where 

(x,D) E A and n is an arbitrary natural number. It follows 

wthat the cardinality of J is c = 2 • If Fa = {B(x(i} ,n(i)): 

i E A }, then let T = {x(i): i E A}. For each F E J 
a a a a 

choose some real number x E [0,1] such that x ; T and, if 
a a a 

a ~ p, then x ~ x • Let Ya be a positive real number such a p 
2

that (xa'Ya) is a boundary point of UF n {(x,y) E R : y > O}a 
2considered as a subset of R with the usual Euclidean topology. 

For each n E N, let H denote the collection of all the Yaws n 
1 1

such that n+l < Y ~ n· If Y E H , let C (UF n a a n a a 
2 1

{(x,Y) E R : Y < n+l}) U {(xa'Y )}· Let C {C : Y E H }a n a a n 
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and let C= u{C : n EN}. It is clear that C is the needed n 

collection since if Y E H , then C is the only member of a n a 

C that contains (x ,Y ). Thus X/A has a a-minimal base, but n a a 

is not a first-countable space. 

If E = u{E : n E N} is a a-minimal base for a space X 
n 

and if A is any subset of X, let EIA = u{E IA: n E N} where 
n 

B IA {B n A: B E B }.
n n 

The following theorem gives a structural condition for 

a space with a a-minimal base to be a quasi-developable space. 

Theorem 2. Let E be a a-minimal base for a space X. 

If~ for each subset A of X~ EIA is a a-minimal base for the 

subspace A w/:th the relative topology~ then B is a a-disjoint 

base for x. 

Proof. Let n be arbitrary and let B and B be members
l 2 

of En Since En is a minimal collection, Bl is not contained 

in B and B is not contained in B . If B n B ~ ~, let2 2 l l 2 

y E B n B and let x E B such that x ~ B Let A {x,y}.2 .
l 2 l 

Then BnlA is not minimal since B n A contains B n A. Froml 2 

this contradiction it follows that B n B =~. Thus B is al 2 

a-disjoint. base for X. 

It might be conjectured at this point that if each sub

space of a space X has a a-minimal base, then X is a quasi-

developable space. The fo~lowing example shows that this 

conjecture is false. 

ExampZe 4. There is a hereditarily paracompact semi-

metric space X which is not a quasi-developable space but 

every subspace of X has a a-minimal base. 

Let D be subset of R of cardinality M . Let X D x
l 



6 Bennett and Berney 

1
{t: t = a or t E {n: n EN}} and let the topology for X be 

generated by a base B described as follows: 

(i) if (x,y) E X and y t- O, then { (x,y) } E B, 

(ii) if (x, 0) E X and n E N, then B(x,n) E B where B(x,n) 

{(x,O) } U {(a,b) E X: a t- x and max {Ia - xl, Ib I} < !}.
n 

It is readily seen that X is a hereditarily paracompact 

semi-metric space. Thus, if X was a quasi-developable space, 

it would be a paracompact Moore Space and thus metrizable. 

If X was metrizable it would have a a-discrete base 

U = U{U In EN}. For each n E N, there could be at most 
n 

countably many members of Un intersecting DX{O} since DX{O} 

is a hereditarily Lindelof space in the relative topology. 

Thus there would be a countable subcollection of U which 

serves as a base for the points of DX{O} in the space X. 

It is easily seen that no countable subcollection of U can 

act as a base for the points of this subset of X. Thus X is 

not metrizable and, hence, not quasi-developable. 

To see that each subspace of X has a a-minimal base let 

A be a non-empty subset of X and consider A with the relative 

topology. Let 

Al { (x,y) E A: y ~ a}, 

A2 { (x, 0) E A: B(x,n) n Al is uncountable for 

each n E N}, 

A(2,n,k) = {(x,O) E A2 : B(x,n) n Al n {(a,b): 

b (n + k + l)-l} is uncountable, and 

A3 .= A - (A u A )l 2

Let B
1 

= {{ (x,y) }: (x,y) E AI} 

For each pair of natural numbers (n,k) let f(n,k) be a 

one-to-one map from A(2,n,k) into {(a,b) E Al : b= (n+k+l) 
-1 

} 
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such that if (x,D) E A{2,n,k), then 

-1 I 1D -( If (n,k) (x,D) - {x, (n + k + 1) ) < n 
Let C (x"n,k) = {{x,D)} U {f (n,k) (x,D)} U {B (x,n + k + 2) 

n A), if (x,O) E A{2,n,k). Let B{n,k) {C{x,n,k): (x,D) E 

A{2,n,k)} and let B = u{B{n,k): (n,k) E N2 }.2 

For each (x,D) E A there is an open set Ox containing3 , 

(x,D) such that Ox n Al is at most a countable set. Since 

Aj is a Lindelof space in the relative topology, the existence 

of the ° 's allows the construction of an open set Osuch x 

that A3 is contained in ° and ° n A, is a countable set. If 

rand s are rational numbers, (t,v) EOn A and n E N, letl 

B{r,s,n,t) = {{a,b) E A: r < a < s, Ibl < !} - {{t,b) E A: 
n 

b > D}. Note that if r < x < s and (x,D) E A then
3

, 

B{r,s,n,t) is an open set (in the subspace A) containing 

(x,D). It follows that B = {B{r,s,n,t): r,s E Q, n E N,
3 

(t,v) EOn Al , and B{r,s,n,t) c O} is a countable collection 

of sets. It follows that B = B U B U B is a a-minimall 2 3 

base for the subspace A and, hence, each subspace of X has 

a a-minimal base. 

It follows from Example 3 that Theorem 2 cannot be 

simplified to state that if each subspace of X has a a-minimal 

base, then X is a quasi-developable space. 

In most classes of spaces that generalize metric spaces 

compactness is enough to force metrizability. For example, 

a compact quasi-developable space is metrizable. The follow

ing example shows that this is not the case with spaces with 

a-minimal bases even in the class of LOTS (= linearly ordered 

topological spaces). This example further distinguishes a 

space with a a-minimal base from a quasi-developable space. 
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Example 5. There is a compact, connected LOTS with a 

a-minimal	 base that is not quasi-developable. 

Let X be the unit square with the topology induced by 

the lexicographic ordering [7]. It is clear that X is a 

compact, connected LOTS that is not metrizable and, thus, not 

quasi-developable. 

Since the elements of X are ordered pairs (a,b) of real 

numbers, let open intervals in X be denoted by ] (a,b), (c,d) [ 

where (a,b) precedes (c,d) in the lexicographic ordering of 

X. 

Let	 X = Al U A2 U A3 U A4 where
 

{ (x, 0) E X: 0 < x < I},
Al 

A { (x, 1) E X: 0 < x < I},
2 

A { (x, y) E X: 0 < x < 1, 0 < Y < I}, and3 

A {(O,O) , (0,1) , (1,0) , (l,l)} .
4 

For each n E {1,2,3,4}, a a-minimal collection E of 
n 

open subsets of X will be constructed such that En will be 

a base for the points of An. 

Let T = {(a,b,c,d) E Q4: 0 < a < b < c < d < l}. Since 

T is countable, T = {(a ,b ,c ,d ) E Q4: 0 < a < b < c < n n n n n n n 

d < 1, n E N}.n 

For each i E N, let gi be a one-to-one mapping of 

{x E R: a < x < b } onto {x E R: c < x < d }. If n E N,i i i i
 

(x,O) E Al and c < x < d then let B(x,i,n) =
 i ,i
 
-1 1 -1 1 1 1


] (g i (x), n+l) , (g i (x), n) [U] (c i ,1 - n) , (x, n) ,£ • If 

n E N, (x,l) E A and a < x < b then let C(x,i,n)
i

,
2 i
 

1 1 1 1

] (x,l - n)' (bi'n) [U] (gi (x) 'n+l) , (gi (x) 'n) [. Notice that both 

B(x,i,n) and C(x,i,n) are open sets in X. 
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Let B(i,n) {B(x,i,n): (i < x < d } and let ((i,n) = i
 

{C(x,i,n): a < x < b } and observe that each of these col
i i
 

lections is a minimal collection. Let B
l 

= B{U(i,n) :
 

2 2
( i , n) E N } and B2 = U{( ( i , n): ( i , n) E N } . 

Let {Ol,02'···} be a countable base for the Euclidean 

topology on {x E R: 0 < x < I}. For each x E {x E R: 

o <	 x < I} let D(x,n) {x} x 0 Then 0 = {D(x,n):n n
 

x E R, 0 < x < I} is a pairwise disjoint collection of open
 

subsets of X. Let B
3 

= U{On: n EN}. 

Since X is a first-countable space, let B4 be a countable 

collection 'of open sets such that B
4 

contains a local base 

for	 each of the points of A4 . 

Then B U B2 U B U B4 is the desired a-minimal base forl 3 

X. 

Recall that a perfect Lindelof space is a hereditarily 

Lindelof space. Thus if the space of Example 5 were perfect, 

it would be a hereditarily Lindelof space and, hence, 

metrizable. Since it is not metrizable, it cannot be per-

feet. 
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