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THE SPACE OF RETRACTIONS OF A COMPACT
HILBERT CUBE MANIFOLD IS AN ANR

T. A. Chapman!

1. Introduction

Let M be a compact Q-manifold and let C(M) be the space
of all continuous functions from M to M equipped with the sup
norm metric. By the space of retractions of M we mean the
closed subset R(M) of C(M) defined by R(M) = {e € C(M)|e? = e}.
The purpose of this paper is to prove the following result.

Theorem. R(M) is an ANR.

While it is well known that C(M) is an ANR, it is not at
all obvious that R(M) is an ANR. In general, the problem of
identifying subsets of C(M) which are ANRs is extremely diffi-
cult. Recently Ferry proved that the space of homeomorphisms
of M is an ANR [4]. The main idea used there was the a-Approx-
imation Theorem, which gave conditions under which a homotopy
equivalence is close to a homeomorphism. This was then used
to retract a neighborhood of a suitable function space onto
the homeomorphism group of M.

Our strategy in the proof of the Theorem stated above is
to find a neighborhood of R(M) in C(M) which retracts onto
R(M). Note that the image of any element of R(M) is a com-
pact ANR. So a first step in our proof is to show how each
element of C(M) which is sufficiently close to R(M) gives
rise to a compact ANR. Once this is done a retraction of M

is constructed which has this ANR as its image.  This then

1Supported in part by NSF Grant MCS 76-06929.
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defines our map of a neighborhood of R(M) onto R(M). The
hardest part of the proof is the construction of the compact
ANR. To give the reader some idea of what is going on in the
sequel we now give a brief descriptidn of how this is done.
Choose any e € C(M) which is close to R(M) and let
e: M + M be a Z-embedding which is close to e. Then form
the infinite direct mapping cylinder Del and the infinite
inverse mapping cylinder Iel as pictured below. They are
formed by piecing together countably many copies of the

mapping cylinder of e MM and both have natural projec-

tions to the reals R (see §2).

D, o
l - - -
-—O04~ 400
Ie - - - - =
1
-—C04~ >-00
Since e

1 is a Z-embedding, both Del and Iel are Q-manifolds.

In 84 we construct a homeomorphism h: Iel - Del which preserves
the ends +» and -». By using retractions along mapping
cylinder rays this enables us to get a strong deformation
retraction of Del to a compact Q-manifold. This is obtained
by first deforming the end -« in Del along mapping cylinder
rays of Del to a compact portion of the space, and then de-
forming the end +« in De1 along mapping cylinder rays sup-

plied by h(Iel) to a compact portion of this space. The
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compact Q-manifold which is captured in between these two

deformations is our desired compact ANR.

There is one part of this entire program which is quite
unsatisfactory. In §§3, 4, and 5 there are "hidden conditions"
which somehow say that if e € C(M) is sufficiently close to
e2, then e is close to a retraction. These conditions are
unpleasant to formulate in one simple statement. In particu-

lar, they do not imply the following plausible looking ques-

tion.

Question 1. For every € > 0 is there a § > 0 such that
if e € C(M) and d(e,e?) < 8, then e is e-close to a retrac-

tion?

(Here d is the sup norm metric on C(M).)

This is related to the result of [3], which implies that if
e € C(M) and if there is a pointed homotopy e = ez, then
there is an obstruction in the projective class group
Ronl(M) to homotoping e to a retraction.

Since it is now fashionable to have lz—factors in func-
tion spaces (22 = separable Hilbert space), the following

question seems reasonable.
Question 2. Is R(M) homeomorphie to R(M) x 22?

By the results of [6], an affirmative answer would imply
that R(M) is an lz—manifold.

In this paper we assume that the reader is familiar with
basic Q-manifold apparatus such as can be found in the first

four chapters of [2]. We also rely quite heavily on the paper
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[4] . Some of our techniques of proof come from ideas in [4],
and in some cases we directly use results which are estab-

lished in [4].

2. Definitions and Notation

The purpose of this section is to introduce some material
which will be used in the remaining sections. Recall from §1
that we are given a compact Q-manifold M which we will keep
fixed throughout the remainder of this paper. We will regard
M as a subset of the Hilbert cube Q and fix a neighborhood V
of M for which there is a retraction of V onto M. If x,y € M
are sufficiently close together, then the straight line seg-
ment [x,y] from x to y lies in V, and therefore the retrac-
tion applied to [x,y] defines a canonical path in M from x to
y. Thus if f,g: X » M are maps which are sufficiently close,
then there is a canonical homotopy from f to g which takes
place along the canonical paths mentioned above. Now fix a
neighborhood U = C(M) of R(M) such that if e € U, then e and
e2 are so close that they are canonically homotopic. Denote

2

this canonical homotopy by e e = e”. Clearly if e € R(M),

£l
then e = e2 and e is the constant homotopy.
For any map f: X - Y we let M(f) denote its mapping
cylinder. It is obtained from the disjoint union X x [0,1]
UY by identifying (x,1) with f£(x). We write M(f) = X x
[0,1) U Y and identify X with its O-level, X x {0} < M(f).
By the rays of M(f) we mean the intervals [x,1l) U f(x) < M(f).
For any space X and map f: X - X, the infinite direct

mapping cylinder of f, denoted Df, is the guotient space ob-

tained from the disjoint union
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ee» uUxX x [-1,0] ux x [0,1] LX x [1,2] U =~ ,
by identifying (x,n) in X x [n-1,n] with (£(x),n) in X x
[n,n+1]. In a natural way Df may be coordinatized by ele-
ments of X x R.* Thus there is no confusion when we write

(x,t) € Df. We will also identify X x {t} with an obvious

subset of D and in general we use Df[a,b] to denote the sub-

f’

set of D_ which corresponds to X x [a,b] in X x R. The in-

f

finite inverse mapping cylinder of £, denoted I, is the
quotient space obtained from the above disjoint union by
identifying (x,n) in X x [n,n+l] with (f(x),n) in X x [n-1,n].

We also coordinatize If by X x R and use If[a,b] to denote the

subset of If which corresponds to X x [a,bl].

We are going to need sliced versions of these direct and
inverse mapping cylinder constructions. Let E: M x C(M) - M
x C(M) be defined by E(x,e) = (e(x),e) and form the infinite

mapping cylinders I_ and DE' Then I_, and D_ are both coordi-

E E E
natized by M x R x C(M). Let p: DE + C(M) be defined by

pi(x,t,e) = e and let q: IE + C(M) be defined by qg(x,t,e) = e.
1

Then pnl(e) = D, and q “(e) = I,. For each e € U define a

map ug: De + M x R by ue(x,t) = ( (x),t), where (x,t) €

et—n
De[n,n+l). Then define u: p_l(U) + M x R x U by u(x,t,e) =
(ue(x,t),e). The ue's are the levels of u. Also define
d: M x R x U ~» p_l(U) by d(x,t,e) = (de(x,t),e), where

de(x,t) = (e l_t(x),t) € Dg» for (x,t) € De[n,n+1). Simi-

n+
larly, define u': q—l(U) + M x R x U by u'(x,t,e) = (ué(x,t),eL

where ué(x,t) (x),t), for (x,t) € Ie(n,n+l]. Finally,

(en+l—t
define d': M x R x U » q (U) by d'(x,t,e) = (dJ(x,t),e),

*
Be wary, this is a non-continuous coordinatization.
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where d!(x,t) = (e, _ (x),t) € I_, for (x,t) € M x (n,n+l].
Now let A < U and let mn: { + A be a continuous surjection.
Amap £: € » p Y(A) is sliced if £1 T(e) < p t(e), for all
e € A, We use fe: w—l(e) - p_l(e) for the various levels of
f. Two sliced maps f,g: § + p_l(A) are strongly homotopic
if there is a sliced homotopy et: f=g, ak>0, and a map
€: R(M) UA -+ [0,») such that
(1) € is 0 on R(M) and positive on A - R(M),
(2) the levels u_(8,),, u,f : n"l(e) » M x R differ by at
most k in the R-coordinate and at most e(e) in the
M-coordinate, for all e and t.

We say that f,g are strongly close if we omit the homotopy

et in the above definition by demanding that uefe,uege:

nl(e) » M x R differ by at most k in the R-coordinate and at

most €(e) in the M-coordinate. A sliced map f: € + p L(A) is
said to be a strong homotopy equivalence if there is a sliced
map g: p-l(A) + ¢ and sliced homotopies 8,: fg = id, ¢,:
gf = id such that et and f¢t are strong homotopies.

Write @ = [0,1] x [0,1) x <<« and let s = (0,1) x (0,1)

X eees_, Choose any homeomorphism o: M -+ M x Q and let M0 =
o l(Mxs). This gives us a pseudo-interior of M. Any com-

pactum in M, is a Z-set in M, and there exist arbitrarily

0

small maps of M into MO' A very nice property of MO is that

Z-sets in M, can be canonically unknotted in M [1l]. Let

0
Z = C(M) be the space of embeddings whose images lie in MO'
Then each e € 2 is a Z-embedding and clearly 2 N R(M) = f#.
Note also that for e € 1z, I, and D, are Q-manifolds.

- P
In the sequel we will be dealing with p l(Z) -+ Z and

q—l(Z) g Z. The following useful observation tells us why
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these spaces are easier to handle than the full spaces

p q
DE > C(M) and IE + C(M).

- p -
Theorem 2.1. p l(Z) > Z and q l(Z) g 2 are locally
trivial bundles.
Proof. Just use the canonical Z-set unknotting results

of [1].

3. Construction of a Strong Homotopy Equivalence

The main result of this section is Theorem 3.5, which

proves that for some neighborhood U, = U of R(M) there is

1

a strong homotopy equivalence of q_l(Ul) to p_l(U For

1) -

notation let Q: DE > DE be the sliced homeomorphism defined

by Qe(x,t) = (x,t+l), and let I: D_ ~» DE be the sliced map

E
defined by Ze(x,t) = (e(x),t). It is clear that by deforming

down mapping cylinders in D, (one notch to the right) we get

E
a strong homotopy id = QI.

Lemma 3.1. For some neighborhood Ui < U of R(M) there
i8 a strong homotopy Z|p—1(Ui) = (2|p—1(Ui))2-
Proof. Choose Ui so that for any e € U], the homotopy
is very near the constant homotopy. Specifically, we

e2 o e3 and

eet

want Ui chosen so that the homotopies ee

e e: e2 = e3 are canonically homotopic rel the ends. This

means that there is a two-parameter homotopy F

t:

t,u: M - M such

that F = ee F e, e, and each {Ft u(x)|0 <u < 1} is
., fucx

t,0 £’ “t,1 7 St
the canonical path from eet(x) to ete(x). For any e € Ui we

now describe a homotopy of Ze to ZZ. It will be clear from

the construction that our desired strong homotopy from

Z]p—l(Ui) to (Z|p—l(Ui))2 can be obtained by applying these
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homotopies on the various levels.
It will suffice to construct a homotopy ¢t: De[O,l] >

De[O,l] such that

(1) ¢,
(2) ¢,
(3) ¢tIM x {0}: M x {0} » M x {0} is given by ¢t(x,0)

Zo1Dg[0,11,

2
(z D 10,1107,

(e, (x),0),
(4) ¢t|M x {1}: M x {1} > M x {1} is given by ¢, (x,1)

(e, (x),1).

1]

Conditions (3) and (4) define ¢t on the ends of De[O,l]. On

M x {1/2} we obtain ¢t by deforming (e(x),1/2) down the rays

of De[O,l] to the base, applying the homotopy ee, : e2 = e3,

and then deforming back up De[O,l] to (e2(x),l/2). On

M x {s}, 0 < s < 1/2, ¢_ is obtained by deforming (e(x),s)

to (e(x),2s), applying e, e = e2, and then deforming back

t

to (e2(x),s). Finally, on M x {s}, 1/2 < s < 1, ¢t is ob-

tained as on M x {1/2}, except that the homotopy Ft 25-1°
I

e2 ~ e3 is used in the base.

Corollary 3.2. Z|p-l(Ui) 18 strongly homotopiec to id.

Proof. We have already observed the strong homotopy

id = QL. Restricting to p_l(Ui) and multiplying on the right

by I we get

tlp~t

wp) = aclp hwn? = axjptwl) = ia.

Definition. Define f.p. maps £: q_l(U) > p_l(U) and

g: P—l(U) - q-l(U) by £ = du' and g = d'u.

Lemma 3.3. For some neighborhood U1 c Ui of R(M) there

18 a strong homotopy et: fglp_l(Ul) = id,
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Proof. Choose U, = Ui so that for each e € U
6

1’ the
1-£81-£8¢8¢ ¢ = e6 is canonically homotopic to
6 6

the constant homotopy e6: e = e rel the ends. For any

homotopy e

e € Ul we now describe a level of our homotopy St. We want
to describe a homotopy fege ~ id on De. We only need a

6, for then Corollary 3.2 gives (Ze)6 = id.

homotopy f_g_ = (Z)
. 6 -

To get f g = ()" consider fege|De[0,l]. On the ends
it is given by (x,0) - (e6(x),0) and (x,1) - (e6(x),l). For
any (x,t) € De[O,l],O <t <1, it is given by (x,t) -
(el_tel_tetet(x),t). Using our given canonical homotopy of

6 6

€1_t®1-t88: © = e to the constant homotopy we get a homo-
topy of fegelDe[O,l] to (Ze)GIDe[O,l] rel the ends. This suf-
6

fices to define our homotopy fege = (Ze) .

Lemma 3.4. There is a homotopy ¢, : gf|q-l(Ul) = id such
that f¢t 18 a strong homotopy.

Proof. Analogous to the proof of Lemma 3.3.

Theorem 3.5. f|q_l(Ul): q_l(Ul) -+ p—l(Ul) is a strong

homotopy equivalence.

Proof. Apply Lemmas 3.3 and 3.4.

4. Construction of a Homeomorphism

Let f: q_l(Ul) > p_l(Ul) be the strong homotopy equiva-
lence of Theorem 3.5. Our main result in this section is
Theorem 4.5, where we prove that there is a neighborhood
U

< U, of R(M) and a sliced homeomorphism h: q—l(U2 n sz -

2 1
p-l(U2 N Z) which is strongly close to flq_l(U2 n z.
It will be convenient to generalize some notation which

was introduced in §2. Let A <« U, w: 6 -+ A be a surjection,
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W be a metric space, and let £f,g: 6 - p—l(A) x W be sliced
maps. This means that ert(e) ugrtie) cpl(e) x W, for
all e € A. We say that f,g are strongly close if there is a
k > 0 and a map €: R(M) U A » [0,») such that
(1) ¢ is 0 on R(M) and positive on A - R(M),
(2) the levels (u xid,)f_, (u_xid)g,: nl(e) »M xR x W
differ by at most k in the R-coordinate and at most
e(e) in the MxW-coordinate, for all e.
(We use the standard product metric on MxW.) Our procedure
for constructing h is analogous to procedures used in [4].

The following is the first step.

Lemma 4,1. There are sliced homeomorphisms
= _ -1 -

hy: g H(Uy N 2) x (3,31 > p7h(U; 0 B) x (-3,3]

2:
whieh are sirongly close to fxid.

Proof. Using the fact that plp—l(Ul N z) and
qlq-l(Ul N 2) are locally trivial bundles we proceed as in

Proposition 5.5 of [4].

Definition. If h1 and h2 are constructed carefully,
then hhst(p™H(U) 0 2) x (-2,2)) lies in p 1(U; n 2) x (-3,3).
Thus

h = nnytp™h ) no2) x (-2,2): p7Hu 2y x
(-2,2) > p~huy 0 2) x (-3,3)

defines an open embedding which is strongly close to id. 1In
what follows we assume that k = 1 in the definition of h
being strongly close to id. This does not detract from the
generality of the argument. We also use he for the level of

h taking De x (=2,2) into De x (=3,3).
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The following is the main step in our proof of Theorem
4.5. It and Lemma 4.3 are technical results which are used
to prove Lemma 4.4. Then Lemma 4.4 is used to prove Theorem

4.5.

Lemma 4.2. For some neighborhood Ui c Uy of R(M) there
18 a sliced embedding
0: (Dg[-5/2,5/21 n p h(uj n 2)) x [-3/2,3/2] »
(0g[-5/2,5/21 n p™H(U] n 2)) x (-3,3)
such that
(1) 8, = id on (De{—5/2} x [-3/2,3/2]) U (D {5/2} x
[-3/2,3/2]), for all e € Ui nz,
(2) 6, = h, on D [-1/2,1/2] X [-3/2,3/2], for all
e € U,

1
(3) the image of ee contains De[-5/2,5/2] x [-4/3,4/3]1,

n az,

foralle € U]'_ nez,

(4) & is strongly close to id.
Proof. Define a subset X of p_l(Ul nz) x (-3,3) as

follows:

1

X = h((Dg[1/2,=) N p " (U; N 2)) x (=2,2)) n

. ]
(g (==,5/2] 0 P T(U; N 2)) x (=3,3)).

The shaded region below is a picture of Xe =X n (De x (-3,3)).

3

2 A o] Favﬂh~_-—
-1

[ P RO B e

-3 -2 -1 0 1 2 3
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Let r: X -~ M x {5/2} x (U; n 2) x (~3,3) be the sliced
map arising from mapping cylinder collapses and let r.:
X - p_l(Ul n zZ) x (-3,3) be the sliced homotopy arising from
mapping cylinder deformations such that ry = id and r, = r.
Also we let
a: h((Dgl-3/2,1/21 np h(u; 0 2)) x (-2,2)) U X > X
be the retraction along mapping cylinder rays supplied by h.

Then for some neighborhood Gl c U, of R(M),

1

ri = arg: X 0 (p7l(e, N 2) x [-30/16,30/16]) »

t
X 0 (p7HE 07 x (-3,3))

is a well-defined homotopy such that r6 = id and ri =r|x n

(p-l(G1 nz) x [-30/16,30/16]). The remainder of the argu-

ment is carried out in the following five steps.

Step 1. The homotopy (rré)e: X n (De x [-30/16,30/16]1)

e
+ M x {5/2} x (-3,3) gets "smaller” as e gets closer to

R(M), i.e. lim d((xxr!) _,(rrl) ) = 0.
e+R (M) t'e 0'e

Proof. Choose any e € Gl N Z which is close to R(M).
We will prove that (rrt'__)e is a small homotopy. There are
two cases. Choose any point (x,u,v) € Xe n (De x [-30/16,
30/16]}), where (x,u) € D, and v € [-30/16,30/16]. If
(ry) (x,u,v) € X_, then a has no effect and

(rart)e(x,u.V) = (rrt)e(x,u,V) = re(x,u,V).

Iif (rt)e(x,u,v) ¢ xe, then we must have u < 3/2. This implies

that re(x,u,v) = (xl,5/2,v), where X4 is close to e(x). We
also have (rt)e(x,u,v) = (x',u',v), where e(x) is close to
e(x'), and therefore (art)e(x,u,v) = (x",u",v'), where e(x")

is close to e{(x') and v' is close to v. Finally,

(rart)e(x,u,v) = (x'",5/2,v"'), where x'"" is close to e(x").
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All this means that x'" is close to Xl'

Remark. We have just shown that r|X N (p—l(Gl n z) x
(-3,3)) is a "small equivalence" over M x {5/2} x (Gl nz) x
[-30/16,30/16], for G1 close to R(M). Such maps can be
locally converted to homeomorphisms (see Theorem 3.6 of [4])

We will need this in the next step.

Step II. There is a neighborhood G, € Gy of R(M) and
a subset Y of X n (P—l(G2 nz) x (-3,3)) so that

(1) Y contains X N (p71(G, n 2) x [-7/4,7/4]),

(2) there exists a sliced homeomorphism ¢: Y » M x {5/2}
X (G2 n2) x [-29/16,29/16]) which is strongly close
to r|Y,

(3) ¢|M x {5/2} x (6, N 2z) x [-3/2,3/2] = id.

Proof. Let
r'o=xlx 0 (p7he; n2) x (-3,3): x 0 (pTHE, 02

x (=3,3)) » M x {5/2} x (G nz) x (=3,3).

It follows from Step I that there is a map €: G, N Z + (0,x)

1
which extends to a map €: R(M) U (Gl nz) - [0,») satisfying

€(R(M)) = 0, and r' is a sliced e-equivalence over M x {5/2}
X (Gl nz) x [-30/16,30/16]. (See Definition 3.5 of [4].)
In analogy with Theorem 3.6 of [4] there is a neighborhood

G, <G, of R(M) and a subset Y of X (p'l(G nz x (=3,3))

2 1
so that

2

(1) Y contains X n (p~ 1

(G2 nz x [-7/4,7/41),

(2) there exists a sliced homeomorphism ¢': ¥ - M x
{5/2} x (G2 nz) x [-29/16,29/16] which is sliced
§-homotopic to r'l|Y,

where 6: G2 Nz - (0,) is a map which extends to a map
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§: R(M) U (G, n2) » [0,=) satisfying §(R(M)) = {0}.

Note that (1) implies that M x {5/2} x (G, N 2) x
[-3/2,3/2] is a sliced Z-set in Y. (See §4 of [4] for an
excellent presentation of sliced Z-sets.) By (2) we note
that ¢'|M x {5/2} x (G, n2) x [-3/2,3/2] a sliced Z-embedding
which is sliced é§-homotopic to id. Thus by Theorem 4.4 of
[4] we can correct ¢' to obtain a sliced homeomorphism
¢: Y > M x {5/2} x (G2 n z) x [-29/16,29/16] which is §-homo-
topic to ¢' and which satisfies ¢|M x {5/2} x (G, N 2) x
[-3/2,3/2] = id. It is easy to check that ¢ is strongly

close to rl|Y.

Step III. There is a sliced homeomorphism V: (DE[1/2,
5/21 0 p (G, N 2)) x [-29/16,29/16] » Y such that
(1) Yy = h on M x {1/2} x (G, n 2) x [-3/2,3/2],
(2) y = id on M x {5/2} x (G, n 2z) x [-3/2,3/2],
(3) y is strongly close to id.
Proof. Consider a composition of sliced homeomorphisms,
v': (Dgl1/2,5/2) n p (G, n 2)) x [-29/16,29/16] »
M x {5/2} x (G, N Z) x [-29/16,29/16] 03y,
where the first homeomorphism is obtained from mapping cylinder
collapses. By Theorem 4.4 of [4] we can correct y' to obtain

our desired V.

Step IV. There is a sliced embedding
vps (0g[1/2,5/2] np~t(G, n 2)) x [-3/2,3/2) »
X0 (716, n 2) x (-3,3))
such that
(1) ¥, = h on M x {1/2} x (6, n 2) x [-3/2,3/2],
(2) vy = id on M x {5/2} x (G, n Z) x [-3/2,3/2],
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(3) 12 is strongly close to id,
(4) the image of Y, contains X n (p'l(G2 nz x [-4/3,
4/31),
(5) w;l(M x {5/2} x (G2 nz) x (~3,3)) = Mx {5/2} x
(G, n2) x [-3/2,3/2],
(6) yIh(h(M x {1/2} x (6, 0 2) x (-2,2))) = M x {1/2} x
(G, n 2) x [-3/2,3/2].
Proof. Let yi = |D [1/2,5/2] n p 1(G, n 2) x [-3/2,3/2].
Then Wi satisfies (1)-(4). To get an embedding wl which
satisfies (5) and (6) we just push the image of wi away from

the ends.

Step V. There is a sliced embedding
¥y (Dgl-5/2,-1/21 0 271G, 0 2)) x [-3/2,3/2] ~

x'n (e7hG, n 2 x (-3,3)),

where
X' = h((Dg(~=,-1/2] 0 p7H(U; N 2)) x (-2,2)) n
((bg[-5/2,=) 0 p MUy 0 2)) x (-3,3)),
such that
(1) ¥, = id on M X {-5/2} x (G, n z) x [-3/2,3/2],
(2) ¥, = h on M x {-1/2} x (G, n 2) x [-3/2,3/2],

(3) ¥, is strongly close to id,

(4) the image of Y, contains X' N (p71(G, n 2) x
[-4/3,4/31),

(5) w3t x {=5/2} x (G, N 2) x (<3,3)) = M x {-5/2} x
(G, N 2) x [-3/2,3/2],

(6) w3t x {-1/2} x (G, n 2) x (-2,2)) = M x {-1/2}
X (G2 n z) x [-3/2,3/2].

Proof. Similar to Step IV.
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We now show how to finish off the proof. Let Ui = G
define 6 by piecing together y, on (Dg[-5/2,-1/2] N p_l

2;

(U 0 2)) x [-3/2,3/2], ¥y on (Dy[1/2,5/2] N P T(U] N 2)) x
[-3/2,3/2], and h on (Dg[-1/2,1/2] N p’l(ui nz)) x [-3/2,

3/2]. By construction, 6 fulfills our requirements.

Lemma 4.3. There i1s a neighborhaod Ui c Ui of R(M) and
a eliced homeomorphism 9p: p—l(Ui naz)y x (-3,3) » p-l(Ui n z)
x (=3,3) such that
(1) g, s supported on p—l(UI nz) x [-2,2]
(2) 9; is strongly close to id,
(3) g) = h on (Dy[7n-1/2,7n+1/2] 0 p 1(uy 0 2)) x (-1,11,
for n any integer.
Proof. We will construct a sliced homeomorphism o of
(Dg[~7/2,7/21 0 p~1(UY N 2)) x (-3,3) onto itself such that
(1) o = id on M x (Ui nzy x {-7/2,7/2} x (-3,3),
(2) o is supported on (D;(-7/2,7/2] N p_l(Ui Nz x
[-2,21,
(3) @ = hon (D [-1/2,1/2] np (U} n2)) x [-1,1],
(4) o is strongly close to id.
By patching together an infinite number of such homeomorphisms
we can easily obtain our desired g,- So all we have to do is
construct a.
Let 6 be the sliced embedding of Lemma 4.2. Extend 6
via the identity to a sliced embedding
8: (Dg1-7/2,7/2] np 1(U] n2)) x [-3/2,3/2] »
(05 [-7/2,7/21 0 p™H(U] 0 2)) x (-3,3).
Let ¢: (Dg(-7/2,7/2]1 0 p 1(U n 2)) x (-3,3) » M x {7/2} x

(Ui N 2zZ) x (-3,3) be a sliced homeomorphism obtained from



TOPOLOGY PROCEEDINGS Volume 2 1977 425

mapping cylinder collapses, and consider the embedding
A:omox {772} x (U} N 2Z) x [-3/2,3/2]

f;l (bgl-7/2,7/2) 0 p7HU} 0 @) x [-3/2,3/2]

§ (og1-7/2,7/21 n p~Huy n 2 x (-3,3)

2 M x {7/2} x (U] nz) x (-3,3).
(Certainly ¢ can be constructed so that the (-3,3)-coordinates
are not affected.) Note that the image of A contains
M x {7/2} x (Ui N 2) x [-4/3,4/3]. Thus A|M x {7/2} x
(Ui n z) x (-5/4,5/4) is an open embedding. By the Deforma-
tion Theorem of [5] we can choose a neighborhood UI < Ui of
R(M) and a sliced homeomorphism a, of M x {7/2} x Uy n z) x
(-3,3) onto itself such that

(1) a, is supported on M x {7/2} x (ug n z) x [-2,2],

1
(2) 4, = id on ¢ (M x {-7/2,7/2} x (U] n Z) x (-3,3)),

(3) @ = A on M x {7/2} x (uy N z) x [-1,1]1,

(4) o, is strongly close to id.

1
Then o = ¢_1a1¢ fulfills our requirements.

Lemma 4.4. There is a neighborhood U, = Up of R(M) and
a sliced homeomorphism h: p_l(U2 n z) x (=3,3) » p-l(U2 n z)
x (=3,3) such that

(1)

h is supported on p_l(Uz nz) x [-2,2],
(2) A =h on p'l(u2 N z) x [-1/2,1/21,
h

(3) ie strongly close to id.

Proof. 1If 9, is as in Lemma 4.3, consider the open

embedding

Lhe p7luy o2y x (-2,2) > p7HUY 0 2) x

h 1

1= 97 h:p
(-3,3) .
We have h; = id on (Dg[7n-1/2,7n+1/2] N p-l(Ui nz)) x [-1,1]
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and h, is strongly close to id. 1If we again use the ideas

1
of Lemma 4.3 we can find a sliced homeomorphism §2 of
(Dg(1/2,7+1/2]1 0 p~(u, n 2)) x (-3,3) onto itself (for some
neighborhood U, = Ui of R(M)) such that
(1) §, is supported on (D, [1/2,7+1/2] n p (U, N 2))
[-2,21,
(2) §2 is strongly close to id,
(3) §, = hy on (D [1/2,7+1/2] n p (U, n 2)) x [-1/2,
1/2],
(4) §, = id on M x {1/2,7+1/2} x (U, N 2) x (-3,3).
Then homeomorphisms of this type piece together to give a

homeomorphism 9, of p-l(U2 n z) x (=3,3) onto itself. Putting

h = 9,9, we are done.

Theorem 4.5. There is a neighborhood U, = U; of R(M)

1

and a sliced homeomorphism fi: q_l(U2 Nz »p (U, n2z

2
which is strongly close to f|q_l(U2 nz.
Proof. Let h be as in Lemma 4.4. Then
hyla™tw, n2) x [-3,1/21: q"1(u, 0 2) x [-3,1/2]
> phw, n2) x [-3,3],
Bhylq"t (W, n2) x [-1/2,31: "1 (U, n 2) x [-1/2,3]
+p hu, n2) x [-3,3]
are sliced embeddings which piece together to give a sliced
homeomorphism
h': q'l(uz nz x [-3,3] » p‘l(u2 nz) x [-3,3]
which is strongly close to f£xid. Since q_l(U2 n z) g U, nz

and p_l(U2 n z) 2u,n z are locally trivial bundles we can

2
push in the [-3,3]-factor to obtain our desired result.

5. Construction of a Retraction
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The main result of this section is Theorem 5.2, where we
prove that there is a neighborhood G = U of R(M) and a retrac-
tion of R(M) U (G N 2) to R(M).

Let u: p-l(U) + M x R x U be the map of §2 and consider
the restriction u: p'l(u NZz)-MxRx (UN 2). We know
that p YU n2) U nz is a locally trivial bundle. It is
easy to approximate u by a sliced Z-embedding i: p_l(U naz -
M x R x (U N Z). This can be done so that U is strongly
homotopie to u, i.e. there exists a sliced homotopy u, : a = u,
ak >0, and a map €: R{(M) U (U n 2) » [0,») such that

(1) € is 0 on R(M) and positive on U N Z,

e} De + M x R differ by at most

(2) the levels (ut)e,u

k in the R-coordinate and at most e{(e) in the M-co-
ordinate, for all e and t.

This should be compared (but not confused) with the defini-

tion given in 82 of strongly homotopic maps into D Here

B
is a result which will be needed in the proof of Theorem 5.2.
Lemma 5.1. There is a neighborhood Gy cU of R(M) and
a sliced retraction s: M x R X (Gl n z) - ﬁp—l(Gl N 2) which
18 strongly close to the map L of M x R x (G; N 2) to itself
which sends (x,t,e) to (e(x),t,e).
Proof. Consider the map s' = id: M x R x (U N 2Z) -

ﬁp-l(U N 2) and let G, —« U be a neighborhood of R(M) so that

1
du: p_l(Gl) -+ p-l(Gl) is strongly homotopic to id (compare
with Lemma 3.3). We will homotop s'|M x R X (Gl N Z) to our
desired sliced retraction.

Note that s'|ﬁp-l(Gl N 2) is given by wd, which factors

into ﬁdﬁﬁ-l. Since U is strongly homotopic to u and du is
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strongly homotopic to id, we conclude that s']ﬁp—l(Gl n z)
is strongly homotopic to id with the homotopy taking place
in ﬁp—l(Gl N Z). Consider the subset

X = (MxRx (G n2z) x {0 u (@ (G N2 x 1)
of M x R X (G1 N 2) x I. It is a sliced Z-set and therefore
it can be fiberwise collared (see Corollary 4.10 of [4]1).
This means that we can find a neighborhood W « M x R x
(Gl N 2) x I of X and a sliced retraction 61: W + X. Define

6,: M X R X (Gl nNz) x I » W by ez(u,t) = (o,¢(a)+t), where

2
$: M x R x (G, N z) » [0,1] is a map which takes Gp 1 (G, N %)
to 1.* Define h: X » Gp 1(Gy n 2) by h(x,0) = s'(a), for

@ €MxRx (G N 2z, and hlﬁp_l(Gl N 2) x I is given by the
strong homotopy s‘lﬁp-l(Gl N 2) = id. Then our desired

s: M x R x (Gl n z) - ﬁp-l(Gl n zZ) is defined by s(a) =

helez(a,l).

Now let fi: ¢”1(u, n 2) » p M(u, n 2) be the sliced
homeomorphism of §4 and let G = G, N U,. Then ﬁﬁ|q—l(G n z)

is strongly close to u': q—l(G Nz -MxRx (Gn 2).

Theorem 5.2. There is a retraction of R(M) U (G N 2Z)
to R(M).

Proof. We will define a map 6: G N Z to R(M) which ex-
tends to our desired retraction. To simplify notation we
assume that for any (x,t,e) € q—l(G nz) and A(x,t,e) =
(x',t',e), |t-t'| < 1. With this in mind define

N = (bg[-1,%) np t(e n2) - Krg(l,® n

gt n2).

*
We are imitating here the usual proof of the homotopy
extension theorem.
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It is not hard to see that p: N+ G N Z is a locally trivial
bundle with compact Q-manifold fiber which lies in
g (-1,21 npt na.
We can construct a sliced retraction 91: DE[—4,5] n
p_l(G N z) » N which is strongly close to id by
(1) using the mapping cylinder retraction of DE[-4,-1]
Np1(G Nz toMxRx {-1} x (G n 2),
(2) use the mapping cylinder retraction of IE[l,w) n
q_l(G nNz) toMx R x {1} x (G N Z) (conjugated
with h).

Then 6. = @0.% T is a sliced retraction of 8(Dg[-4,5]1 n

2 1
p—l(G N 2)) to G(N) which is strongly close to id.

Recall the sliced retraction s: M x R x (G N Z) ~+
ﬁp_l(G N Z) of Lemma 5.1 which is strongly close to I. For
the sake of simplicity assume that the bound on s in the
R-coordinate is 1. Then we must have

s(M x [-2,3] x (6 0 2)) < @D [-4,5] n p T(G n 2)).

Also we have 4(N) M x [-2,3]1 n (G N Z). Thus 93 = 8,8

2
defines a retraction of M x [-2,3] x (G N Z) to U(N) which
is strongly close to I.

Let k: M x [-2,3] x (G N Z) » Mx (GN Z) be a sliced
homeomorphism so that as e € G N Z gets closer to R(M),
ke: M x [-2,3] - M gets closer to projection. Then our
desired 8: G N Z - R(M) is defined by letting ee: M > M be
given by 6 = ke(63)ek;l. It is easy to check that 6 fulfills

our requirements.

8. Proof of the Theorem

By use of Theorem 5.2 the proof is fairly straightforward.



430 Chapman

Any map e: M + M can be approximated by a Z-embedding into
Mo, so it is clear that there is a map ¢: C(M) - R(M) U 2
which is the identity on R(M). If g: R(M) U (G N 2Z) + R(M)
is the retraction of Theorem 5.2, then 6¢: W + R(M) is a
retraction, where W © C(M) is a neighborhood of R(M) which

lies in ¢ T(R(M) U (G N 2)).
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