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ON THE CANCELLATION OF SHAPES
FROM PRODUCTS

J. G. Hollingsworth and R. B. Sher

K. Borsuk [1l] has raised the following question concern-
ing the "cancellation law" for shapes of compacta: 1Is it
true that Sh(X)xsh(s!) = sh(¥)xsh(s') implies that Sh(X) =
Sh(Y)? The answer to this question is generally "no." Spe-
cifically, Charlap [2] has constructed compact manifolds M

and N such that M ¥ N and mxs! 2 nxsl, (In fact, M and N

are Riemannian manifolds and stl is diffemorphic to NXSl.)
As in the case of the analogous question in the homotopy
theory of compact ANR's, the problem lies in the fundamental

group. Thus, in this brief note we are able to establish the

following.

Theorem. Suppose X and Y are approximatively l-connected

compacta and Sh(X)xSh(SY) = sh(Y)xsh(sl). Then Sh(X) = sh(Y).

For our purposes, we shall find most suitable the ANR-
systems approach to shape due to Marde$i¢ and Segal [3]. By
[4], this approach may be regarded as equivalent to Borsuk's.

We shall adopt, along with the terminology of [3], the
following notations.

(i) R shall denote the real numbers;

(ii) Sl is the set of complex numbers z such that |z| = 1;

(iii) exp:R Sl is the exponential map;
(iv) If A is a space, then a:A - Axsl is defined by

a(a) = (a,l) for all a € A;
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(v) If A and B are spaces, T:AXB + A is defined by
m(a,b) = a for all (a,b) € AxB.
Of course o and 7 depend on the space A and, in the case
of m, B. However, context shall make the meaning clear in

each case.

Proof of the theorem. We may regard X and Y as being

subsets of Q, the Hilbert cube. Let X : U, 2 U, 22U, D ¢+-

1 2 3
be an inclusion ANR-sequence for X in Q and Y : v, @ v2 o
V3 D e+¢ be an inclusion ANR-sequence for Y in Q. Then
X' : Ul><S:L o U2><S:L o U3><S:L D> s++ and Y' : VlXS:L o V2><S:L o
1 1 1

V3xs D +++ are inclusion ANR-sequences for Xx§

respectively, in QXSl. Hence, there exist system maps

and YxS—,

£' = (£',£)) : X' ~ Y' and g' = (g',gi) : ¥Y' + X' such that

g'f' = l&' and f'g' = l!" Let £ = £' and, for each positive

: i = ' . imi - '

integer i, fi = nfia : Uf(i) - Vi. Similarly, let g g' and
= ] . . .

9; = mTgio s vg(i) he Ui’ The proof will be complete if we are

able to establish that:

(1) £ = (£,£) : X »

(o]

and g = (g,9;) : ¥ > X are system
maps, and

(2)i£=l§and£gzlz.

Assertion (1) is easily verified, and we shall not pre-

sent the details. The reader familiar with shape theory will

note that there are obvious system maps a: X - X' and

1

m: Y' > Y, associated with the maps a: X - XXS~ and

i YXSl + Y respectively, so that £ = 7 £f'a. A similar com-
ment applies to g.
To confirm the first part of (2), we are required to

show that if i is a positive integer, then there exists an
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: N . o , .
integer k > f£(g(i)) such that lUk gifg(i)luk in U;. Since
g'f' = lx,, we know that there exist a positive integer

j > f£(g(i)) and a homotopy H : UjXSlXI -+ Uixsl such that for

all (x,y) € ijsl, Hi(x,y,0) = (x,y) and H(x,y,l) = g! )(x,y).

i g(l
Since X is approximatively l-connected, there exists an integer

k > j such that each loop in U is contractible in Uj' De-

k
fine G : URXI > U5 by G(x,t) = mH(x,1,t) for all x € Uk and
t € I. Then, if x € Uk' G(x,0) = mH(x,1,0) = m(x,1) = x and
G(x,1l) = mH(x,1,1) = ﬂglfg(l)(x,l) = nglf! o{x). We con-

i“g (i)
~ ) ]
clude that lUk o ngifg(i)a in Ui'

Since each loop in Uy is contractible in Uj’ the map

|u, xs Ya: u Vg(i)xsl can be lifted through the cover-

5 1) X

ing 1 xexp: V_,. . XR > V_ . /X
Vg (i) g(i) g(i)

Consider the following diagram.

l ~
ST to a map f : Uk a4 Vg(i)xR'

Vg (i) R L xexe
1
V_, .\ XS
~ m - g(i)
f /
1 x exp Vg(i)
a
U > U xgt v_,. xst U.xst U
k k '——k_: g (i) —_— — "
a fé(i)lu xS =l m

The two "outermost” triangles commute, while the "innermost"

triangle commutes up to homotopy via the map K : Vg(i)XRXI >

Vg(i)xsl defined by K(x,r,t) = (x,exp(rt)) for all (x,r,t) ¢

V_,. XRxI. It thus follows that, as maps into U,, 1 o
g(i) i’ Tug

mg! fg( ) = ﬂg'(lXexp)f = ﬂgiaﬂf = ﬂgiaﬂ(lxexp)f =

(rg} a)(ﬂ(f )|U xst) ) )|Uk° We have thus succeeded

g1fg(i
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in showing that g f = lX' Of course a symmetric argument

shows that f g = ly, and the proof is complete.

Remark. It is obvious that Sl may be replaced in the
above proof by any complex K of type (II,1). We need only
replace exp:R ~+ Sl by the universal cover P:K -+ K, noting

that K is contractible.

Bibliography

1. Karol Borsuk, On several problems of the theory of shape,
Studies in Topology, Academic Press, N.Y., 1975, 67-69.

2. Leonard S. Charlap, Compact flat Riemannian manifolds:
I, Ann. of Math. (2) 81 (1965), 15-30.

3. Sibe Marde$ié¢ and Jack Segal, Shapes of compacta and
ANR-systems, Fund. Math. 72 (1971), 41-59.

4. , Equivalance of the Borsuk and ANR-system ap-
proach to shapes, Fund. Math. 72 (1971), 61-68.

The University of Georgia

Athens, GA 30602

The University of North Carolina at Greensboro

Greensboro, NC 27412



	a02209.pdf



