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THE STONE-CECH COMPACTIFICATION 

AND SHAPE DIMENSION 

James Keesling 

Introduction 

This paper is a continuation of the work of Keesling [8] 

and Keesling and Sher [9] in studying the shape properties 

of the Stone-Cech compactification of a space. For a compact 

space X, shape theory is the study of those properties of X 

that can be deduced by considering the homotopy classes of 

mappings of X into various polyhedra P, [X,P]. Here we are 

nconcerned with P = M , a closed manifold which is a K(TI,l) 

and also P = Snvsl. By considering maps of the Stone-Cech 

compactification onto these polyhedra we are able to draw 

certain conclusions about the shape dimension of the Stone­

Cech compactification. Our specific results are as follows. 

Let f: X ~ Y be a map. Then f is homotopiaaZZy onto provided 

that if g: X ~ Y is homotopic to f, then g is onto Y. Let 

n > 1 be a fixed integer and let Mn be a closed manifold 

having the property that the universal covering space for Mn 

is Rn . Suppose that X is locally compact and a-compact such 

that for every compact set K c X, there is a compact set 

nL c X-K such that dim L > n. Then there is a map f: eX ~ M

which is homotopically onto. Also f\ex-x is homotopically 

onto Mn as well. This implies that the shape dimension of 

eX is at least n and that the shape dimension of eX-X is at 

least n also. If X is a Lindelof space and K is a compactum 

contained in eX-X, then if dim K > nand Mn is as above, then 
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there is a map f: K ~ Mn which is homotopically onto. This 

implies that for compacta K c eX-X, dimension and shape di­

mension coincide. This is generally not true since the di­

mension of the closed unit ball Bn in Rn is n, but the shape 

ndimension of B is O. 

The above results are used to show the following. For 

every n ~ 2, there is a polyhedron P of dimension n and a 
n
 

map f: P ~ Tn to the n-dimensional torus Tn such that f is
 
n
 

homotopically onto and f*: Hk(Tn } ~ Hk(P } is the zero
 n
 

homomorphism for all k > 2. Also for every n ~ 2, there is
 

a metric continuum X such that the shape dimension of X is 
n n
 

n and dim X = n, but the shape dimension of the suspension

n
 

EX is equal to 2. This last example answers a question of
 n 

s. Nowak [11]. 

We then consider maps onto snvsl and obtain similar re­

suIts. However, in this case we encounter a dimension theo­

retic difficulty and the results are not quite so general as 

are the results about mappings onto manifold K(n,l} IS. 

It appears from the results in this paper and in [8] and 

[9] that shape theory can be a useful tool in studying the 

Stone-Cech compactification. The techniques and results 

will likely have wider application in the future. 

Preliminaries 

The reader is assumed to be familiar with shape theory. 

The paper by s. Mardesic is a good reference [12]. We will 

only be concerned about compact spaces in this paper, how­

ever, and thus will not need the full generality of [12] 

which develops shape theory for all topologi~al spaces. The 
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reader is assumed to be familiar with the basic properties 

of the Stone-Cech compactification. Either Gillman and 

Jerison [2] or Walker [14] would be a good reference. In 

dimension theory we need only the basic results which we 

quote from [4] and the Appendix of [10]. We now state the 

most important of these for easy reference. By dim X we 

mean the Lebesgue covering dimension. 

a.1. Theorem ([-4, 19, p. 85]). The dimension of a 

normal space X is the supremum of the integers n such that 

there is an essential mapping onto In. 

Here an essential mapping f: X -+ In is a map such that 

flf-l(Bdl n ) cannot be extended to all of X with values in 

Bdln . We will also need the Sum Theorem for dimension. 

0.2. Theorem ([4, Theorem 7, p. 148]). If X is a 

normaZ space with X = U:=lXi with Xi cZosed fo~ aZZ i~ then 

dim X = sup{dim X,}.
1 

We will also need the Hopf Extension Theorem. 

0.3. Theorem ([10, 36-17, p. 207]). Let X be a pa~a-

compact space of covering dimension ~ n+l and A a closed 

subset of X. Let f: A -+ Sn. Then f is extendabZe over X 

if and onZy if f*(Hn(Sn» c i*(Hn(X» whe~e i: A -+ X is the 

incZusion map. 

If X is a compact space, then the shape dimension of X 

is the least integer n such that there is a space Y with 

dim Y = n such that Y shape dominates X. We will denote this 

by Sd X n. If X is a compact metric space, then this is 
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the same as K. Borsuk's fundamental dimension, Fd X. Re­

sults from [11] will be used concerning fundamental dimension. 

We will now state and prove a useful elementary result about 

shape dimension. (For a stronger result see the discussion 

preceding Lemma 2.3 of [15] by J. Oydak.) 

0.4. Theorem. Let X be a compact space with SdX < n. 

Let f: X + P be a map with P a f~nite polyhedron. Then 

there is a finite polyhedron Q with dim Q ~ n and maps 

g:	 X + Q and r: Q + P such that rog is homotopic to f. 

Proof. Let Y shape dominate X with dim Y = n. Let 

f: X + P be a map. Let F: X + Y and G: Y + X be shape 

morphisms with GoF S(id ). Let f': Y + P be a map suchX

that S(f') = S(f)oG. Because Y is n-dimensional, there is 

an open cover 0 of Y of order at most n+l such that the 

barycentric map gO: Y + N(O) to the nerve of 0 factors the 

map f' up to homotopy. That is, there is a map r: N(~ + P 

such that rogo is homotopic to fl. Then Q = N(O) will have 

dimension at most n. Let g: X + Q be a map such that 

S(g) = S(glj) of. Then S(rog) S(r)oS(g) = S(r)oS(glj)oF 

S(f')oF = S(f)oGoF = S(f). Thus S(rog) = S(f). This implies 

that rog and f are homotopic since P is an ANR. 

We let Hn(X,A) denote n-dimensional Cech cohomology with 

integer coefficients where X is a paracompact space and A is 

a closed subset of X. We assume a basic knowledge of Cech 

cohomology. The following theorem follows from the Hopf 

Extension Theorem. 

0.5. Theorem. If X is a paracompact space of covering 
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dimension n and A is a closed subset of x, then Hn(X,A) is 

isomorphic to [(X,A), (Sn, p) ] . 

1. Maps onto Manifold K (o,I)'s 

Let	 Mn be a closed n-manifold whose universal covering 

n space is Rn . For example, M could be the n-dimensional 

torus Tn. However, many more possibilities exist, see for 

instance [5]. It is an unsolved problem whether the cover­

ing space of a closed n-manifold K(n,l) must be Rn [3, §3, p. 

423]. For n = 3, this	 is related to the Poincare Conjecture. 

Our proofs seem to require that the universal covering space 

nfor M be Rn and so we make this assumption rather than that 

Mn be a closed manifold K(n,l). In this first section of the 

n •paper we study maps from eX onto M The results give us a 

better understanding of the shape of eX and of compacta con­

tained in eX-X. The main results in this section are Theorems 

1.2, 1.3, 1.6, and 1.8. In the next section we give some 

further applications of these theorems. First we prove an 

important lemma. 

1.1. Lemma. Suppose that P is a finite polyhedron and 

that H: 8X x I ~ P is a homotopy. Suppose that P is the uni­

versal covering space for P. Let K be a compact set in P. 

Then there is an open set U in P containing K such that the 

closure of U in P is compact and such that for each x E X if 

h: {x} x I ~ P is any lift of the path H!{X} x I, then if 

h({x} x I) n K ~ ~, then h({x} x I) c U. 

Proof. Suppose not. Suppose it is false for the compact 

set K c P. Let {U.}~ 1 be a sequence of open sets in P such 
1. 1.= 

that (1) K CUI' (2) U c for all i, (3) U compact fori Ui + l	 i 
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all i, and (4) P u~ lU'. Since the lemma is assumed false 
~= ~ 

for K, for each i there is a point xi E X such that some 

lift h. of HI{x.} x I has the property that h. ({x.} x I) n 
~ ~ 1. ~ 

K ~ ~ and h. ({x.} x I) n (P-U.) ~~. Let t. (1) E I be such 
~ ~ ~ ~ 

that hi(xi,ti(l» E K and t i (2) E I be such that hi(xi , 

t i (2» i Ui • Then let x E aX be a limit point of the set 

{xi}~=l. Let {i } be a subnet of the positive integers such a 

that (1) x. -+ x, (2) t. (1) -+ t (1) E I, and (3) t. (2) -+ 
~a ~a 1.a 

t(2) E I. Such a net and points tel) and t(2) E I can be 

found routinely and we omit the details. Now let 0 be a 

contractible open set in P containing H(x,t(l» such that the 

covering map c: P -+ P has the property that c restricted to 

each component of c-l(O) is a homeomorphism onto O. By the 

continuity of H: SX x I -+ P, there must be a a such that for 

all a ~ a, H({x. } x I. ) c: 0 where I. is the subinterval of 
~a ~a ~a 

I joining t. (1) to t(l). So we may suppose that H({x. } x 
~a ~a 

I. ) c: 0 for all a. Now K is compact in P and since the 
~a 

components of c-l(O) form a discrete set in P, there can be 

at most a finite number of these components which intersect 

K. Call these components {Ol,---,Ok}. For one of these com­

ponents O. there must be a subnet of {iN} such that h. (x. ,
J ~ ~a ~a 

t. (1» E O. for all i of the subnet. By renaming the sub­
~a J a 

net let us assume that h. (x. ,t. (1» E O. for all a. Let
l.a l.a l.a J 

p: 0 -+ O. be the inverse of cIO .• Then let B = {x. } U 
J J l.a 

{x} c: aX and let f: B -+ P be defined by f = poHIB x {tel)}. 

Then f is a continuous lift for HIB x {tel)}. Thus there is 

a unique lift of HIB x I, H: B x I -+ P, such that HIB x 

{tel)} = f. Now by the definition of f RIB x {t(l)}, 

H(x. ,tel»~ E Q. for all a. Also H({x. } x I. ) c: 0 for all
l.a J l.a l.a 
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a. Thus Ii (x. , t. (1» EO. also. Thus H I{x. } x I == h.1. a 1. a J	 1. a 1. a 
for all a. Now H(x,t(2» E U. for some i. But since H is1. 

continuous, there must be a 8 such that for all a > 8,-
H(x. ,t. (2» E U.• There is also a y such that for all1. a 1. a 1. 

a > y, i > i. Then let a > 8 and a > y. Then for this a,- a ­

H(x. ,t. (2» E U. and i > i. This is a contradiction since1. a 1. a 1. a 

H(x. ,t. (2» h. (x. ,t. (2» i U. and U. c U .• This1. a 1. a 1. a 1. a 1. a 1.a 1. 1. a 
contradiction proves the lemma. 

We now proceed directly to the first main theorem of 

this section. 

n1.2.	 Theorem. Let M be a closed n-manifold whose 

Rncovering space is homeomorphic to . Suppose that X is a 

locally compact a-compact space such that for every compact 

set K c X3 there is a compact set L C X-K with dim L > n. 

Then there is a map f: eX ~ Mn which is homotopicaZZy onto. 

Proof· Let X = U~ lK. where each K1.' is compact and1.= 1. 

Ki c int Ki +l for all i. Let L1 C X-Kl be a compact set with 

d · ( i i+l ) . h d'1.m Ll > n. Let L'+l C X - U._1L. U U._1K. W1.t 1.m L'+ l- 1. J- J J- J 1. 

> n. Then {Li}~=l will be a sequence of disjoint compact 

subsets of X with dim L. > n	 for all i and with L. X-K.1. - 1. C 1. 

for all i. Now if B is any compact set in X, then there is 

an i with B C int Ki . Thus Li will have	 the property that 

L. C X-B. Now let Bn be the	 closed unit ball in Rn . Let1. 

g.: L. ~ be an essential map (which is guaranteed to existBn 
1.	 1.
 

Rn
by Theorem 0.1). Then define g: U~=lLi ~ by g(x) = k9k(x) 

Now U~ lL. is closed in X and X is Lindelof,1.= 1. 

hence normal. Thus there is'an extension of 9 to all of X 

nwhich we also call g. Let c: Rn ~ M be	 the covering map. 
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Then define f to be the Cech extension of cog: X ~ M
n . 

x 

RnNow g: X ~ is onto and thus f: aX ~ Mn is also onto. 

We will now show that any map homotopic to f must also be 

onto. 

Claim 1. The map f: eX ~ Mn is homotopically onto. 

nppoof of Claim 1. Suppose that H: aX x I ~ M be a 

homotopy from f to h. Note that g: X ~ is a lift for theRn 

n Rn map fix: X ~ M • Thus there is a unique map H: X x I ~ 

such that coH = Hlx x I and Hlx x {O} = g. Let h Hlx x {l}. 

Then h is a lifting for the map hlx. We will show that h is 

onto by showing that h is onto. Once we have shown this 

Claim 1 will follow and the proof o~ Theorem 1.2 will be 

complete. 

Claim 2. The map h: X ~ Rn is on~o. 

n ;/ ­ppoof of Claim 2. Suppose that x E R with x ~ h(X). 

Then by Lemma 1.1 there is an open set U in Rn with x E U 

and IT compact such that if y E X and H(y,t) = x, then 

H({y} x I) c U. Let N be an integer such that NeBn contains 

n-l nu. Then let L be the boundary of NeB and 



TOPOLOGY PROCEEDINGS	 Volume 2 1977 491 

-1 n-l	 n
DN = NegN (E ) c: LN·	 Now since gN: L -+ B was an essential

N 

map, flDN = NegNIDN cannot be extended to a map of L taking
N 

values in En-I. We will now get a contradiction to this. 

Then Claim 2 will follow. 

Claim 3. There must be	 an extension of flD to L taking
N N 

values in En-I. 

Proof of Claim 3. Now x is in the interior of NeBn • Let 

Rn En lr:	 - {x} -+ - be the projection along the rays emanating 

lEnfrom x. Let s: L -+ - be defined by s = roh. Then s isN 

defined and continuous since h(y) 'I- x for all y E x. Consider 

the homotopy HID x I.	 Note that if x E H(D x I) , thenN N 

H(y,t) x for some y E D and t E I. But for that y,N 
n-l .H(y,O) E E sJ.nce H(y,O) = 9 (y) • This contradicts the 

choice of U and N, since by Lemma 1.1 H({y} x I) c: U c: 

int NeBn • Thus x t H(D x I). Thus ro~IDN x I: x I -+ E
n - l 

N DN 

is defined and continuous and a homotopy joining the map 

flD to the map sID However, SID has a continuous exten­
N

.N N 

sion to all of LN having values in En-I, namely roh. By the 

Borsuk Extension Theorem flDN must also have an extension to 

. hI' ~n-lL WJ.t va ues J.n • This proves Claim 3.N	 
L 

Claim 3 is a contradiction of the fact that flL = NegN N 

was an essential map. This contradiction shows that h must 

be onto and completes the proof of Claim 2. The fact that h 
is onto shows that h: aX -+ Mn must be onto. Thus f is homo-

topically onto and the proof of the theorem is complete. 

n1.3. Theorem. Let M be a closed n-manifold whose 

Rncovering space is homeomorphic to . Suppose that X is 
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locally compact and a-compact such that for every compact 

set K c x, there is a compact set L c X-K such that dim 

n
L > n. Then there is a map f: eX-X ~ M which is homotopi­

cally onto. 

Proof. This follows from the proof of Theorem 1.2. 

nLet f: eX ~ M be the map constructed in the proof of Theorem 

n 

not onto M We that h(eX-X) Mn-O where 0 is 

1.2. We claim that flex-x is homotopically onto M . Suppose 

not. Then let h: 8X-X ~ Mn be a map homotopic to f which is 

n . may assume c 

an open n-ball in Mn with Mn-O a manifold with boundary. 

Now Mn-O is an ANR. Thus there must be an extension of h to 

a neighborhood V of 8X-X in eX taking values in Mn_O. Call 

this extension h. Then h(V) c Mn-O is also not onto Mn . We 

can also assume that hand flv are homotopic as maps into 

Mn . Since V is a neighborhood of eX-X, X-V K must be com­

pact. Let N be such that for i > N, L n K ~. Theni 

Li c V for all i > N. Let U be an open set containing 

N-l 00
K U (Ui=lLi ) such that IT is compact with Ui=NLi C X-U. Then
 

let X' = X-U. Then one can repeat the proof of Theorem 1.2
 

to show that flex' must be homotopically onto Mn . However,
 

x' is a closed subset of X which is normal and thus
 

clexX' = ex'. This gives us a contradiction since hlclexX'
 

is homotopic to flclexX' and h\ClexX' is not onto. This
 

contradiction shows that f\ex-x must be homotopically onto.
 

This proves Theorem 1.3.
 

1.4. Corollary. Suppose that X is any normal space 

which contains a closed discrete set of compact sets {L.}~ 1
1 1= 

such that dim L > n for all i. Let Mn be a closed n-manifoldi 
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whose universal covering space is homeomorphic to Rn . Then 

nthere is a map f: SX ~ M which is homotopically onto and such 

that f I SX-·X is also homotopica l lyon to. 

1.5. Remark. There are other extensions of Theorems 

1.2 and 1.3 along the lines of Corollary 1.4, but there is 

not space here to include them. 

1.6. Theorem. Let n ~ 1 be an integer. Let X be a 

locally compact and a-compact space such that for every 

compact set K c X there is a compact set L c X-K such that 

dim L > n. Then Sd SX ~ nand Sd(SX-X) ~ n. 

Proof. Let Tn = Mn in Theorems 1.2 and 1.3. Then there 

is a map f: SX ~ Tn which is homotopically onto and such that 

flSx-x is also homotopically onto. Now if Sd SX < n, then 

by Theorem 0.4 there would be an (n-l)-dimensional compact 

polyhedron Q and maps g: SX ~ Q and r: Q ~ Tn such that rog 

is homotopic to f. But we can take r to be simplicial and 

then dim r(Q) ~ n-l. Thus rog(SX) would not be all of Tn. 

This is a contradiction. Thus Sd(SX) > n. Similarly 

Sd(SX-X) > n also. 

Actually we will show a much stronger result about the 

shape dimension of compacta in eX-x. In Corollary 1.9 we 

will show that for X Lindelof and K a compactum contained in 

ex-x, dim K = Sd K. To prove this we will need Theorem 1.8. 

First we need an easy lemma. 

1.7. Lemma. Let X be Lindelof and A c SX-X be such 

that A is Lindelof and A is closed in X U A. Then clSXA SA. 

Proof. We need to show that every continuous map 
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f: A ~ [0,1] extends to a map	 F: c1 A ~ [0,1]. Let
8X

f: A ~ [0,1]. Then X U A is LindelBf and A is closed in 

x U A. Thus there is an extension of f to X U A. Call this 

extension f again. Then f has an extension 8f to 8X. Then 

let F = 8flc18XA. Clearly F is an extension of our original 

map f: A ~ [0,1]. 

1.8.	 Theorem. Let K be a compactum contained in 8X-X 

nwhere X is a Lindelof space. Let M be as in Theorem 1.2. 

nThen if dim K ~ n, then there is a map f: K ~ M which is 

homotopically onto. 

nProof. Actually we will construct a map f: 8X ~ M

such that flK is homotopically onto. First we will need a 

sequence of compact sets L C K such that L n L fiJ fori i j 

i ~ j and with dim L ~ n for all i.i 

Claim 1. There is a sequence of compacta L c K suchi 

that {Li}:=l is a disjoint collection with dim L > n fori 

al l i. 

Proof of Claim 1. Suppose that for each x E K, there is 

a set U open in K containing x such that dim U < n. Then x x 

one could cover K by a finite number of such open sets, 

{Ul,---,U } with dim Vi < n.	 But then by the Sum Theorem fork 

dimension (Theorem 0.2), dim K < n, a contradiction. Thus 

there must be an xl E K such that for every open set U con­

taining xl' dim U -> n. Now there must be a set Ul open in 

K and containing xl such that dim K-U > n (by [4, Corollaryl ­

7, p. 80] ) • Then let V be a set containing xl and open inl 

K such that VI c · Then dfm V > nand dim(K-U1 ) > n withUl l 

VI n (K-U ) = fiJ. Now let x E K-Ul be such that every set Ul	 2 
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containing x and open in K-U has the property that dim2 l 

IT > n. Then let U be a set open in K-U containing x such
2 l 2 

that dim(K-(U U U )) ~ n. Then let V contain x with Vl 2 2 2 2 

open in K-U such that V c U • Then V n V = ~ and diml 2 2 l 2 

~ nand dim(K-(U U U )) ~ n. Continuing this process oneV2 l 2

gets a sequence of sets {Vi}:=l such that Vi n V = ~ forj 

i ~ j and dim V. > n for all i. Then L. V. are the required
1 -	 1 1 

compacta in K. This proves Claim 1. 

We now ~esume the proof of Theorem 1.8. Let Bn be the 

closed unit ball in R
n 

and let gi: Li ~ Bn be an essential 

R
n 

map. Let g: U:=lL ~ be defined by g(x) = kegk(x) fori 

x ELk. Now U:=lLi is Lindelof. Also K n (X U (U:=lLi )) 

U:=lLi and thus U:=lLi is closed in X U (U:=lLi ). Thus there 

R
n

is an extension g: X U (U:=lL ) ~ . Let c: R
n 

~ M
n 

be thei 
ncovering map and f: SX ~ M be the Cech extension of the map 

cog: X ~ Mn . Then we claim that flK is homotopically onto. 

nClaim 2. The map flK is homotopically onto M . 

Proof of Claim 2. Let D = Clsx(U:=lLi ). Then D c K and 

actually flD is homotopically onto. The proof proceeds 

exactly as in the proof of Theorem 1.2. The only observation 

that needs to be made is that Clsx(U:=lLi ) is equivalent to 

S(U:=lLi ) so that we may make use of Lemma 1.1. However, 

Lemma 1.7 shows that Clsx(U:=lLi ) = S(U:=lLi ). The proof of 

Claim 2 is now clear. Claim 2 completes the proof of Theorem 

1.8. 

1.9. Corollary. Let X be a Lindelof space and let K be 

a	 compactum contained in ax-x. Then dim K = Sd K. 

Proof. This is clear if dim K = 0 or -1. If 
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dim K > n ~ 1, then by Theorem 1.8 there is a continuous map 

f(K) = Tn which is homotopically onto. Thus Sd K > n also. 

Thus Sd K > dim K. However, Sd K < dim K by definition. Thus 

Sd K = dim K. 

1.10.	 Example. The above results imply that the shape 

Rndimension of SRn and BRn - is n and thus that the dimen­

sion of these spaces is n also. By the results of Calder and 

Siegel [1] we have that for k > 2, Hk(SRn ) = 0 = Hk(Rn ) . 

Thus for each n > 2 there is a continuum X = SRn such that n 

Sd X n with Hk(X ) = 0 for all k > 2. In the next sec­n n 

tion we will show that this implies the existence of a metric 

continuum X having these properties. This will provide a n 

counterexample to a question raised by Nowak in [11]. 

1.11. Example. Let L be the long line and X = L x In. 

Then S(X x In) = (L U {WI}) x In. The space BX has trivial 

shape as does SX-X = {wI} x In. Thus Sd SX 0 = Sd(SX-X). 

However, dim SX = dim(SX-X) n. Of course X is not a-compact 

or Lindelof. This shows that without some assumption on X 

one cannot expect any of the theorems in this section to 

hold. 

2. Metric Continua and Polyhedra 

In this section we apply the results of the first sec­

tion to show the existence of metric continua and polyhedra 

which have surprising properties. One of the examples 

answers a question of Nowak [11]. We proceed with the ex­

amples. 

2.1. Theorem. For each n > 2 there is a finite 
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polyhedron Pn of dimension n such that there is a map 

f: P ~ Tn with f homotopically onto and with f*: Hk(Tn ) ~ n 

Hk(P ) the zero-homomorphism for all k > 2. n 
nProof· Let X = SR . Then there is a map g: X ~ Tn 

which is homotopically onto. Now Hk(SRn ) = 0 for all k > 2 

by [1] • Thus g*: Hk(Tn ) ~ Hk(X) is the zero-homomorphism. 

Now dim SRn n and thus there is a cofinal set of finite 

open covers of X having order at most n+l. Let {U : a E A} be 
a 

this set. Now H*(X) = lim{H*(N(U ))} where N(U~) is the nerve 
~ a u. 

of U and the bonding homomorphisms are induced by the pro-a 

jection maps TI : N(U ) ~ N(U ) for Us a refinement of Ua.aS S a 

Now for a cofinal collection of the a's, there are maps 

g : X ~ N(U ) and r : N(U ) ~ Tn such that r og is homotopica a a a a a 

to g where go.: X ~ N(U ) is a barycentric map for the cover 
a 

Ua. Note that r : N(U ) ~ Tn must be homotopically onto a a 

since g is homotopically onto. Now Hk(X) = lim{Hk(N(U ))} 
~ a 

~ Hk(N(U ))}. Since Hk(Tn ) is 
a 

finitely generated for all k and g* = 0 for all k > 2, there 

must be a S such that r*: Hk(Tn ) ~ Hk(N(U)) is the zero­a a 

homomorphism for all a > Sand all k > 2. Then let P- n 

r . This proves Theorem 2.1. 
a 

The above example has the property that for any map 

g: Tn ~ sn, gof: P ~ Sn is null-homotopic. This is by
n 

Theorem 0.5 since dim P = n. One would tend to think that 
n 

the map f: P ~ Tn could not be degree zero and still be 
n 

homotopically onto. However, this is in fact the case and 

the result is somewhat surprising. 

2.2. Theorem. Let n > 2. Then there is a metric 
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aontinuum X suah that dim X Sd X nand suah that 
n n n 

kH (X ) = 0 for all k ~ 2. n 

Proof. Let Y = SRn. Let g: Y ~ Tn be a map which 
n n 

is homotopically onto. Then let {U : a E A} be a cofinal 
a 

set of open covers of Y such that the order of U is at 
n a 

most n+l for all a E A. There must be a SEA such that there 

are maps r : N(U ) ~ Tn and a barycentric map gS: Y ~ N(U )
S S n S

such that r og is homotopic to g: Y ~ Tn. Then for all 
s s n 

a > S the maps grv: Y ~ N (U ) and 1T : N (U ) ~ N (US) have 
~ n a Sa a 

the property that rso1TSaoga is homotopic to g. Thus r o1T :
S Sa 

N(U ) ~ Tn must be homotopically onto since 9 is homotopicallya 

onto. Now H*(Y ) = lim{H*(N(U )): a > S}. By an inductive 
n ~ a 

process one can construct a sequence S = a < a < ••• in A
l 2 

such that lim{Hk(N(U ))} 0 for all k > 2. One uses the 
~ ai 
kfact that H (Y = 0 for all k > 2 together with the fact that n 

Hk{N{UUi» is finitely generated for all i. Now let 

1T .: N ( U ) ~ N (U ) be a projection map for each i. Then 
~ ai+l ui 

let X = lim{N ( U ); 1T.}. Then X will be a metric continuum. 
n + ui ~ n 

the reason is that each of the N(U ) 's will be connected 
U 

since SRn is connected. Also dim X < n since dim N(U ) < n 
n - ai 

for all i. Also Hk(X) = lim{Hk(U ). 1T~} = 0 for all k > 2. 
~ ui ~I 

Now suppose that hi: X ~ N(Uui) are the maps making X the n n 

inverse limit of the inverse system {N(U )}. Now consider
ui 

ngeohl: X ~ T. We claim that gsohl is homotopically onto. n 

Claim. The map gsoh is homotopiaally onto.l 

Proof of Claim. Suppose not. Then there must be a k 

such that geo1Tlo ••• o1Tk: N(UUk) ~ Tn is not homotopically 

onto. However, this implies that gSOTI Q is not 
~uk+l 
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homotopically onto since TIlo ••• OTIk is a projection map
 

from N(Uak+ ) to N(U ). This is a contradiction
TI Sak+l l S

since we have already remarked that gSOTI is homotopically


Sa
 
onto for all a ~ s. Thus gsohl must be homotopically onto
 

as asserted in the claim.
 

Now by the Claim, gsohl : X ~ Tn is homotopically onto.
 n
 

Thus Sd(Xn ) = Fd(Xn ) > n. Since dim X < n, we must have
 

dim X = Sd X = n. We have already shown that Hk(X) 0 n n n 

for all k > 2. Thus X has the desired properties and Theorem n 

2.2 is proved. 

2.3. Remark. Theorem 2.2 solves Problem 6.7 in [11]. 

J. Hollingsworth also has an example which solves this
 

problem.
 

2.4. CoroZZary. Let n > 2. Then there exists a metric 

continuum X such that Sd X dim X n	 n n 
I 

where	 LX is the suspension of X • n n

Proof. Let X be the example in Theorem 2.2. Then n
 

Sd(LX ) = 2 by [11, Theprem 4.4].
n

3.	 Maps onto SDvSl 

In this section we show that there are maps of aX which 

are homotopically onto other finite polyhedra P besides mani­

fold K(TI,l) 's. In particular we show that this is true for 

P = SnvSl. First we make the following observations about 

maps onto wedges of manifold K(TI,l) 's. The proofs are only 

indicated since they are a straight forward modification of
 

the proofs in section one.
 

3.1. Theorem. Let n > 1. Let n1 ,···,nk be integers 
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such that n
i

2 n for all i and suppose that Mi is a closed 
n' 

ni-manifold whose covering space is R 1 for i = l,···,k. 

Suppose that X is a locally compact a-compact space such that 

for every compact set K c X there is a compact set L c X-K 

such that dim L > n. Then there is a map f: eX -+ V~=lMi 

which is homotopically onto. 

3.2. Theorem. Let n > 1. Let nl,···,nk be integers 

such	 that n i 2 n for all i and suppose that Mi is a closed 

ni
ni-manifold whose covering space is R for i = l,···,k. 

Suppose that X is Lindelof and that K is a compactum contained 

kin ex-x with dim K > n. Then there is a map f: K ~ vi=lMi 

which is homotopically onto. 

Indicatioft of Proof of 3.1. Let {Li}~=l be disjoint 

compact subsets of X with dim L > n as in the proof of
i 

Theorem 1.2. Then break this up into k infinite collections: 

n'
{Li(l)}~=l,···,{Li(k)}~=l· Then let gi(j): Li(j) -+ B] be an 

nj nj
essential mapping where B is the closed unit ball in R . 

k n' 
Then define a map g: X -+ vj=lR ] by 

n' 
g IL i (j) = i· g i (j): L i (j) -+ R J
 

· d f' k (.)
00	 •Th 1S e 1nes g on Uj=lUi=lLi ] and	 then extend 1n any 
n' 

fashion to all of X. Then let c.: R ] -+ M. be the covering
] ] 

k) k nj k 
map for j = 1 I • I k and let v. lC':	 v. lR -+ v. 1M. be the• • ]=]]= ]= ] 

wedge of the c.'s. Then let f: eX -+ v ~ 1M. be the Cech ex­
] ]= ] 

tension of the map 

k k 
(vj=lCj)og: X -+ vj=lMj . 

Then one can show that f is homotopically onto in a manner 

similar to the proof of Theorem 1.2.
 

The proof of Theorem 3.2 is a similar modifjcation of
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the proof of Theorem 1.8. We now proceed to maps which are 

homotopically onto snvsl. The following proposit~on follows 

from Theorem 10.3 of [16]. We include a simple proof for 

completeness. 

3.3. Proposition. Let X be a paracompact space of 

dimension n. Then there is a cZosed set C c X and a map 

f: (X,C) ~ (Bn,Sn-l) such that f is not nuZZ-homotopic as a 

map	 of pairs and if e: (Bn,Sn-l) ~ (Sn,p) is the map which 

n-l ntakes aZZ of S to p, then eof: (X,C) ~ (S ,p) is aZso 

not nuZZ-homotopic as a map of pairs. 

Proof. Let C be a closed subset of X so chosen that 

there is a map f: C ~ 
sn-l which cannot be extended to all 

n-lof X with values in S . Let i: C ~ X be the inclusion 

Bn map. Let f: X ~ be an extension of our original map 

n-lf: C ~ S . Let e: Bn ~ Sn be the quotient map taking 

sn-l to p E sn. Then the following diagram commutes and e* 

is an isomorphism. 

e* f* 
----+ --+ 

Now by the Hopf Extension Theorem (Theorem 0.3), there must 

be an h E Hn-l(Sn-l) with f*(h) ¢ i*Hn-l(X) or f would have 

an extension to X with values in sn-l. Thus 02f*(h) ~ 0 in 

Hn(X,C). Thus f*ol(h) ~ 0 and f*: Hn(Bn,Sn-l) ~ Hn(X,C) is 

not the zero homomorphism. Thus f: (X,C) ~ (Bn,Sn-l) cannot 

be null-homotopic. Also, since e* is an isomorphism, 
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eof: (X,C) -+ (Sn,p) cannot be null-homotopic either. 

3.4. Theorem. Let n > 2. Suppose that X is a 

ZocaZZy compact a-compact space such that for every compact 

subset K of X there is a compact set LeX with dim L = n 

and with L n K =~. Then there is a map f of ax onto snvsl 

which is homotopicaZZy onto. 

Proof. Let {Li}~=l be a sequence of compact subsets of 

X having the following properties: (1) dim Li = n, (2) 

L. n L. = ~ for i ~ j , and (3) if K is a compact subset of 
~ J 

X, then there is an i such that L. n K ~. The construction 
~ 

of such a sequence of L. 's has been carried out in the proof 
~ 

of Theorem 1.2. Now let Ci be a closed subset of Li and 

n n-lf i : (Li ,Ci ) -+ (B' ,S ) be a map of pairs which is not null-

homotopic such that eofi is also not null-homotopic where 

e: (Bn,Sn-l) -+ (Sn,p). Such maps f. exist by Proposition 3.3. 
- ~ 

Now let A be the universal covering space for snvsl and 

c: A -+ snvsl the covering map. We can think of A as the 

countable union' of n-spheres attached to the real line R at 

the integer points. Now let B be the countable union of 

closed unit n-balls, Bn , attached at the integer points of R. 

B 

R 
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Now define a map g: X ~ B by 9lL = f i for each i.i 

Then let g be any extension to all of X. Such an extension 

exists since B is an absolute extensor. Let B~ be the n-ball
J_ 

attached at the integer point i in B. Let S~ be the n-sphere
1. 

attached at the integer point i in A. Let i > 1 and let 

h. : B. ~ A be defined in the following manner. Let D. be a 
1. 1. 1. 

closed collar for the boundary Sin-l of B~ and let L~-l be 
1. 1. 

the interior component of the boundary of Di • Then ~et hi 

take L~-l to the point i E A. Then let hi(Sin-l ) map to the 

point 2i E A and let h. ID. map onto the arc [i,2i] eRe A. 
1. 1. 

Then let hi map the interior of E~-l homeomorphically onto 

S~ - {i}.
1. 

n-lS. 
1. 

B~n-l 1. 
~. 

1. 

i 2i 

Then define k i :· Li ~ A by k i h. of. hiog. Then we make 
1. 1. 

the following observation. 

CZaim 1. If m : L ~ A is homotopic to k by a homotopy
i i i 

H such that at each stage t of the homatopyH (Ci"t) c A - s~" 

then m. (L~) contains S~. 
1. 1. 1. 
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Proof of CZaim 1. We can convert the homotopy H to one 

which maps to s~ by projecting all of A - s~ to the point i. 
1 1 

Let HI be this homotopy and let mi and ki be the corresponding 

ends of the homotopy. Then the homotopy is actually a homo­

topy of pairs HI: (L;,C;) x I + (S~,i) from k! to m!. Now 
~ ~ 1 1 1 

kl is homotopic as a map of pairs to eof i (or to the map 

eof. followed by an orientation reversal of S~). Thus the 
1 1 

map mi is also homotopic to f i as a map of pairs. This implies 

that mi(Li ) s~ and thus that mi(Li ) contains s~. This proves 

Claim 1. 

We now proceed with the proof of 'Theorem 3.4. Let 

h: B + A be any map such that hiB. = h. for i = 1,2,···. We 
1 1 

have already defined a map g: X + B and the covering map 

c: A + snvsl. Then let q: X + snvsl be defined by q = cohog. 

Then let f = eq: eX + Snvsl. We will now show that this f is 

homotopically onto. 

CZaim 2. If p: ex + Snvsl is homotopic to f~ then Sn is 

in the image of p. 

Proof of CZaim 2. Suppose that p is homotopic to f. 

Then fix has a lift to A, namely the map hog: X + A. Call 

-this map f. Let H be the homotopy from f to p and let H be 

the lift of this homotopy starting at f and ending at p. 
Consider the point 0 ERe A. By Lemma 1.1 there is an open 

set U in A with IT compact with 0 E U such that if x E X and 

h: {x} x I + A is any lift of HI{x} x I, then if 0 E h({x} x 

I), then h({x} x I) c U. Now let N be an integer such that 

if r is the projection of A onto R taking S~ to i for each 
1 

i, then the projection of U is contained in (-N,N). Then for 
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any x E X, if the homotopy H has the property that H({x} x I) 

contains i E RcA, then rOH({x} x I) c (i-N,i+N). Now let 

M > N. Then hoglLM maps onto S~ U [M,2M] c A with hog(C
M

) = 

{2M}. Now HILM x I must have the property that roH(CM,t) does 

not contain the point M for all tEl since 2M E H(C I) and
M

x 

2M-M = M > N. Thus H(CM x I) c A - ~~. Thus the map PIL
M 

n 
maps onto SM by Claim 1 (since k in Claim 1 is just hoglLM M 

fiLM). Thus PILM maps onto Sn. Thus p contains Sn in its 

image. This proves Claim 2. 

Claim 3. If p: SX + SnvSl is homotopia to f, then p 

aontains 51 in its image. 

Proof of Claim 3. Let H be the homotopy joining f to p. 

Let f hog: X + A and let H: X x I + A be the lift of 

Hlx x I joining f to p as in Claim 2. Let N be a positive 

integer such that if x E X and 0 E h({x} x I) for some lift 

of HI{x} x I, then roh({x} x I) c (-N,N) where r: A + R is 

the retraction of A to R which takes each S~ to the point i. 
1 

Let M be a positive integer with M > 2N+l. Then noting that 

f(C ) = {2M} c Rand f(y) - M for some y E LM we must haveM

that for all x E CM' rop(x) > 2M-N and for y rop(y) < M+N. 

Thus for all x E eM' rop(x) rop(y) > 2M - N - (M+N) 

M - 2N > 1. Now by the proof of Claim 2, P(LM) ~ S~. Now 

we want to claim that P(L ) contains all of the intervalM

[M + N, 2M - N]. If it does, then this interval maps onto 

51 by c: A + 5n v5 l • Thus p will contain 51 in its image and 

Claim 3 will be ~roved. Thus Claim 3 will follow from Claim 

4. 

Claim 4. The map PILM aontains [M + N, 2M - N] in its 
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image. 

Proof of Claim 4. Suppose not and suppose that z E 

[M + N, 2M - N] with z , p(L ). We m4Y assume z is not anM

integer point since the points in [M +N, 2M N] not in the 

image of plL is an open set. Then let LM = CUD whereM 

C = (ropILM)-l(-oo,z) and D = (ropILM)-l(Z,+oo). This is a 

n
separation of LM with CM c D. Now sirice p(LM) contains SM' 

must be that - n - n -Il." t p(C) =SM since p(O) n SM =~. However, p C 

is homotopic to flc in A and flc: C ~ A factors through B~. 

Thus flc is null-homotopic and pic is null-homotopic. Thus 

plL is homotopic to a map v by a homotopy HI with the pro­M 

perty that vic is constant and HI 10 x I = piD. But then 

fiLM is homotopic to the map v by a homotopy H" which joins 

the homotopies H and HI. The homotopy H" has the property 

that H"(CM x I) c A-S~ and the map v does not contain s~ in 

its image. This contradicts Claim 1. This contradiction 

shows that p(L ) contains all of [M + N, 2M - N] and Claim 4M

is proved. 

3.5. Theorem. Let X be locally compact and a-compact 

and n > 2 be an integer. Suppose that X has the property that 

for every compact set K C X there is a compact set L c X-K 

with dim L = n. Then there is a map f: aX-X ~ SnvSl which is 

homotopicaZZy onto. 

Proof. The proof is a mOdification of the proof of 

Theorem 1.3. 

3.6. Theorem. Let K be a compactum contained in aX-X 

where X is a Lindelof space. Let n > 2. Then if dim K = n, 

then there i8 a map f: K ~ SnvSl which is homotopically onto. 
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Proof. The proof is similar to the proof of Theorem 

1.8. 

3.7. Question. Is it true that if X is any paracompact 

space with dim X ~ n, then there is a closed set C C X and a 

map f: (X,C)	 ~ (Bn,Sn-l) which is not null-homotopic such 

n n-l n n-lthat	 if e: (B,S ) ~ (S ,p) collapses S to p, then 

eof: (X,C) ~	 (Sn,p) is also not null-homotopic? 

3.8. Example. One problem in answering Question 3.7 

is that we do not have a nice relationship between maps into 

n-spheres and cohomology for infinite-dimensional spaces. 

For instance	 for each odd prime p Kahn [6] has given an exam­

pIe of an infinite-dimensional metric continuum X such that 
p 

Hk(X ) = 0 for all k > 0, but with X having essential maps
p	 p 

onto	 S3+i(2p-2) for all i > O. 
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