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THE STONE-CECH COMPACTIFICATION
AND SHAPE DIMENSION

James Keesling

Introduction

This paper is a continuation of the work of Keesling [8]
and Keesling and Sher [9] in studying the shape properties
of the Stone-Cech compactification of a space. For a compact
space X, shape theory is the study of those properties of X
that can be deduced by considering the homotopy classes of
mappings of X into various polyhedra P, [X,P]. Here we are
concerned with P = Mn, a closed manifold which is a K(mw,1)
and also P = Snvsl. By considering maps of the Stone;éech
compactification onto these polyhedra we are able to draw
certain conclusions about the shape dimension of the Stone-
Cech compactification. Our specific results are as follows.
Let £f: X - Y be a map. Then f is homotopically onto provided
that if g: X +~ Y is homotopic to f, then g is onto Y. Let
n > 1 be a fixed integer and let M be a closed manifold
having the property that the universal covering space for m?
is R™. Suppose that X is locally compact and o-compact such
that for every compact set K = X, there is a compact set
L < X-K such that dim L > n. Then there is a map f: BX -+ M2
which is homotopically onto. Also f|BX-X is homotopically
onto M as well. This implies that the shape dimension of
BX is at least n and that the shape dimension of BX-X is at
least n also. If X is a LindeldSf space and K is a compactum

contained in BX-X, then if dim K > n and M® is as above, then
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there is a map f: K » M? which is homotopically onto. This

implies that for compacta K < BX-X, dimension and shape di-

mension coincide. This is generally not true since the di-

mension of the closed unit ball B® in R" is n, but the shape
dimension of B" is 0.

The above results are used to show the following. For
every n > 2, there is a polyhedron Pn of dimension n and a
map f: Pn + T™ to the n-dimensional torus T" such that f is
homotopically onto and f*: Hk(Tn) > Hk(Pn) is the zero
homomorphism for all k > 2. Also for every n > 2, there is
a metric continuum Xn such that the shape dimension of Xn is
n and dim Xn = n, but the shape dimension of the suspension
an is equal to 2. This last example answers a question of
S. Nowak [1l1].

We then consider maps onto SnvS1 and obtain similar re-
sults. However, in this case we encounter a dimension theo-
retic difficulty and the results are not quite so general as
are the results about mappings onto manifold K(mw,1l)'s.

It appears from the results in this paper and in [8] and
[9] that shape theory can be a useful tool in studying the
Stone-Cech compactification. The techniques and results

will likely have wider application in the future.

Preliminaries

The reader is assumed to be familiar with shape theory.
The paper by S. Marde$ié is a good reference [12]. We will
only be concerned about compact spaces in this paper, how-
ever, and thus will not need the full generality of [12]

which develops shape theory for all topological spaces. The
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reader is assumed to be familiar with the basic properties
of the Stone-Cech compactification. Either Gillman and
Jerison [2] or Walker [14] would be a good reference. In
dimension theory we need only the basic results which we
quote from [4] and the Appendix of [10]. We now state the
most important of these for easy reference. By dim X we

mean the Lebesgue covering dimension.

0.1. Theorem ([4, 19, p. 85]). The dimension of a
normal space X 18 the supremum of the integers n such that
there is an essential mapping onto ™.

Here an essential mapping f: X - 1" is a map such that
f|f_1(BdIn) cannot be extended to all of X with values in

BdI". We will also need the Sum Theorem for dimension.

0.2. Theorem ([4, Theorem 7, p. 148]). If X is a
normal space with X = U‘;;lxi with Xi closed for all i, then

dim X = sup{dim Xi}.
We will also need the Hopf Extension Theorem.

0.3. Theorem ([10, 36-17, p. 207]). Let X be a para-
compact space of covering dimension < n+l and A a closed
subset of X. Let f: A » s™. Then f is extendable over X
if and only if £*(H™(S™)) < i*(H™ (X)) where i: A + X is the

inclusion map.

If X is a compact space, then the shape dimension of X
is the least integer n such that there is a space Y with
dim Y = n such that Y shape dominates X. We will denote this

by Sd X = n. If X is a compact metric space, then this is
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the same as K. Borsuk's fundamental dimension, Fd X. Re-
sults from [11l] will be used concerning fundamental dimension.
We will now state and prove a useful elementary result about
shape dimension. (For a stronger result see the discussion

preceding Lemma 2.3 of [15] by J. Dydak.)

0.4. Theorem. Let X be a compact space with SdX < n.
Let £: X + P be a map with P a finite polyhedron. Then
there is a finite polyhedron Q with dim Q < n and maps
g: X > Qand r: Q + P such that rog is homotopic to f£.
Proof. ©Let Y shape dominate X with dim Y = n. Let
f: X > P be a map. Let F: X + Y and G: Y + X be shape
morphisms with GeoF = S(idx). Let £': Y - P be a map such
that S(f') = S(f)oG. Because Y is n-dimensional, there is
an open cover (/ of Y of order at most n+l such that the
barycentric map 95 Y + N({/) to the nerve of !/ factors the
map f' up to homotopy. That is, there is a map r: N({) » P
such that regy is homotopic to f'. Then Q = N({/) will have
dimension at most n. Let g: X + Q be a map such that
S(g) = S(gu)oF. Then S(reg) = S(r)eS(g) = S(r)OS(gU)oF =
S(f')oF = S(f)oGoF = S(f). Thus S(reg) = S(f). This implies

that rog and £ are homotopic since P is an ANR.

We let Hn(X,A) denote n-dimensional Cech cohomology with
integer coefficients where X is a paracompact space and A is
a closed subset of X. We assume a basic knowledge of Cech
cohomology. The following theorem follows from the Hopf

Extension Theorem.

0.5. Theorem. If X is a paracompact space of covering
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dimension n and A is a closed subset of X, then Hn(X,A) 18

isomorphic to [(X,A), (s™,p)]l.

1. Maps onto Manifold K (m,1) ’s

Let M® be a closed n-manifold whose universal covering
space is R®. For example, M® could be the n-dimensional
torus Tn. However, many more possibilities exist, see for
instance [5]. It is an unsolved problem whether the cover-
ing space of a closed n-manifold K(m,l) must be R" [3, §3, p.
423]. For n = 3, this is related to the Poincaré Conjecture.
Our proofs seem to require that the universal covering space
for M® be R" and so we make this assumption rather than that
M" be a closed manifold K(m,1). In this first section of the
paper we study maps from BX onto M. The results give us a
better understanding of the shape of BX and of compacta con-
tained in BX-X. The main results in this section are Theorems
1.2, 1.3, 1.6, and 1.8. 1In the next section we give some
further applications of these theorems. First we prove an

important lemma.

1.1. Lemma. Suppose that P is a finite polyhedron and
that H: BX X I +~ P <8 a homotopy. Suppose that P is the uni-
versal covering space for P. Let K be a compact set in P.
Then there is an open set U in P containing K such that the
elosure of U in P is compact and such that for each x € X if
h: {x} x I » P is any lift of the path H|{x} x I, then <if
h({x} x I) N K # @, then h({x} x I) =U.

Proof. Suppose not. Suppose it is false for the compact
set K € B. Let {U,},_, be a sequence of open sets in P such

i‘i=1

that (1) K < Ul’ (2) Ui c Ui+1 for all i, (3) Ui compact for
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all i, and (4) P = Uf Since the lemma is assumed false

1=lUi'
for K, for each i there is a point X5 € X such that some
lift h; of H|{xi} x I has the property that hi({xi} x I) n
K # ¢ and hy ({x;} x I) n (ﬁ—ui) # @. Let t; (1) € I be such
that hi(xi,ti(l)) € K and ti(2) € I be such that hi(xi'
ti(2)) 3 Ui‘ Then let x € BX be a limit point of the set
(x4~

that (1) x. -+ x, (2) t. (1) - (1) € I, and (3) t, (2) -
la 1o lg

Let {ia} be a subnet of the positive integers such

t(2) € I. Such a net and points t(l) and t(2) € I can be
found routinely and we omit the details. Now let O be a
contractible open set in P containing H(x,t(l)) such that the
covering map c: P+ P has the property that c restricted to
each component of c_l(o) is a homeomorphism onto O. By the
continuity of H: BX x I +~ P, there must be a B such that for
all o > B, H({xia} X Iia) < O where Ii is the subinterval of

o
I joining ti (1) to t(l). So we may suppose that H({xi } x
a

a

I, ) €0 for all a. Now K is compact in P and since the

o
components of c_l(o) form a discrete set in P, there can be
at most a finite number of these components which intersect
K. Call these components {Ol,---,ok}. For one of these com-
ponents O, there must be a subnet of {i_} such that h, (x. ,

j a iy iy

ti (L)) € 0j for all ia of the subnet. By renaming the sub-

a
net let us assume that h. (x, ,t. (1)) € 0., for all qa. Let

1y 1o 1g J
p: O » Oj be the inverse of cloj. Then let B = {x, } U
o

{x} = BX and let f: B +~ P be defined by £ = poH|B x {t(l)}.
Then f is a continuous 1lift for H|B x {t(l)}. Thus there is
a unique lift of H|B x I, H: B x I - P, such that ﬁ|B X
{t(1)} = £. Now by the definition of f = H|B x {t(1)},

H(x, ,t(l)) € O, for all a. Also H({x, } x I, ) = O for all
10. J l(! l(!
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. Thus H(x. ,t. (1)) € 0. also. H ) = h.
o ( iy’ 1a( )) j also Thus H|{xla} x I = hla
for all a. Now ﬁ(x,t(Z)) € Ui for some i. But since H is

continuous, there must be a B such that for all o > B,

H(xia,t.

i (2)) € Ui‘ There is also a y such that for all
o

a > vy, ia > i, Then let a > B and a > y. Then for this o,

H(x, ,t., (2)) € U, and i > i. This is a contradiction since
iy Tig i o

~

H(xia,tia(Z)) = hia(xia,tia(Z)) 4 u; and T; < Uy - This

contradiction proves the lemma.
We now proceed directly to the first main theorem of

this section.

1.2. Theorem. Let M® be a closed n-manifold whose
covering space is homeomorphic to R". Suppose that X is a
locally compact o-compact space such that for every compact
set K c X, there is a compact set L < X-K with dim L > n.
Then there is a map f: BX ~ M? which is homotopically onto.
Proof. Let X = U°i°=lKi where each K, is compact and
Ki < int Ki+l for all i. Let L, < X—Kl be a compact set with
dim L, > n. Let Ly, ©X - (u§=le U u?ii
> n. Then {Li}o.;l will be a sequence of disjoint compact

1
Kj) with dim Li+l

subsets of X with dim Li > n for all i and with L, = X-K,
for all i. Now if B is any compact set in X, then there is
an i with B < int Ki. Thus Li will have the property that
L, < X-B. Now let B" be the closed unit ball in R". Let

g;: Li + B" be an essential map (which is guaranteed to exist
by Theorem 0.1). Then define g: Uoj;lLi > R by g(x) = kgk(x)

for x € L_. Now U, is closed in X and X is Lindeldf,

X i=1%i
hence normal. Thus there is an extension of g to all of X

n

which we also call g. Let c: R - M" be the covering map.
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Then define f to be the Cech extension of cog: X + M*.

Now g: X -+ R" is onto and thus f: BX - M® is also onto.
We will now show that any map homotopic to f must also be

onto.

Claim 1. The map f: BX » M s homotopically onto.

Proof of Claim 1. Suppose that H: BX x I » M® be a
homotopy from £ to h. Note that g: X - R™ is a lift for the
map f|X: X » M®. Thus there is a unique map H: X x I - R®
such that ceH = H|X x I and H|X x {0} = g. Let h = H|X x {1}.
Then h is a lifting for the map h|X. We will show that h is
onto by showing that h is onto. Once we have shown this
Claim 1 will follow and the proof of Theorem 1.2 will be

complete.

Claim 2. The map ﬂ: X + R" is onto.

Proof of Claim 2. Suppose that x € R” with x 4 ﬁ(x).
Then by Lemma 1.1 there is an open set U in R™ with x € U
and U compact such that if y € X and ﬁ(y,t) = x, then
H({y} x I) € U. Let N be an integer such that N-B” contains

n-1

U. Then let X be the boundary of N+B" and
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- -1, .n-1 . n .
DN = N IN (L ) < LN' Now since =N LN + B~ was an essential

map, f|DN = N-gN|DN cannot be extended to a map of Ly
values in Zn_l. We will now get a contradiction to this.

taking

Then Claim 2 will follow.

Claim 3. There must be an extension of f]DN to L

N taking

values in Zn-l.

Proof of Claim 3. Now x is in the interior of N-B". Let

n-1

r: R® - {x} » & be the projection along the rays emanating

from x. Let s: Ly > 577! be defined by s = reh. Then s is

defined and continuous since ﬁ(y) # x for all y € X. Consider
the homotopy ﬁlDN x I. Note that if x ¢ ﬁ(DN x I), then

ﬁ(y,t) = x for some y € Dy and t € I. But for that vy,

1

ﬁ(y,o) € "% since H(y,0) = g(y). This contradicts the

choice of U and N, since by Lemma 1.1 H({y} x I) c U =

int N-B". Thus x £ ﬁ(DN x I). Thus roﬁIDN x I: Dy x I =+ gl
is defined and continuous and a homotopy joining the map

£|Dg to the map s|DN. However, s|Dg has a continuous exten-

n-1

sion to all of Ly having values in I , hamely roh. By the

Borsuk Extension Theorem f|DN must also have an extension to
n-1

LN with values in I . This proves Claim 3,

Claim 3 is a contradiction of the fact that f|Ly = Negy
was an essential map. This contradiction shows that h must
be onto and completes the proof of Claim 2. The fact that h
is onto shows that h: X » M" must be onto. Thus f is homo-

topically onto and the proof of the theorem is complete.

1.3. Theorem. Let M™ be a closed n-manifold whose

covering space is homeomorphic to R". Suppose that X is
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locally compact and c-compact such that for every compact
set K ¢ X, there is a compact set L < X-K such that dim
L > n. Then there is a map f: BX-X » M® which is homotopi-
ecally onto.

Proof. This follows from the proof of Theorem 1.2.
Let f: BX -» M be the map constructed in the proof of Theorem
1.2. We claim that f|BX-X is homotopically onto Me. Suppose
not. Then let h: BX-X -+ M" be a map homotopic to f which is
not onto M". We may assume that h(gX-X) < MP-0 where O is
an open n-ball in M? with M"-0 a manifold with boundary.
Now M"-0 is an ANR. Thus there must be an extension of h to
a neighborhood V of BX-X in BX taking values in M*-0. call
this extension h. Then h(V) < M’-0 is also not onto M. We
can also assume that h and f|V are homotopic as maps into
M. Since V is a neighborhood of BX-X, X-V = K must be com-
pact. Let N be such that for i > N, Li N K= f@. Then

L, =V for all i > N. Let U be an open set containing

N-1. = . . o
K U (Ui=lLi) such that U is compact with Ui=NLi < X-U. Then
let X' = X-U. Then one can repeat the proof of Theorem 1.2

to show that f|BX' must be homotopically onto M?. However,
X' is a closed subset of X which is normal and thus

cl XX' = BX'. This gives us a contradiction since h|clBXx'

B

is homotopic to f|cl XX' and hjcl XX' is not onto. This

B B
contradiction shows that f|B8X-X must be homotopically onto.

This proves Theorem 1.3.

1.4. Corollary. Suppose that X is any normal space
which contains a closed discrete set of compact sets {Li}:__:l

such that dim L; >n for all i. Let M® be a closed n-manifold



TOPOLOGY PROCEEDINGS Volume 2 1977 493

whose universal covering space is homeomorphic to R%.  Then
there is a map f£: BX ~» M® which is homotopically onto and such

that £|BX~X is also homotopically onto.

1.5. Remark. There are other extensions of Theorems
1.2 and 1.3 along the lines of Corollary 1.4, but there is

not space here to include them.

1.6. Theorem. Let n > 1 be an integer. Let X be a
locally compact and o-compact space such that for every
compact set K c X there is a compact set L = X-K such that
dim L > n. Then Sd BX > n and Sd(BX-X) > n.

Proof. Let T = M" in Theorems 1.2 and 1.3. Then there
is a map f: BX ~ 7" which is homotopically onto and such that
f|BX-X is also homotopically onto. Now if Sd gX < n, then
by Theorem 0.4 there would be an (n-1l)-dimensional compact
polyhedron Q and maps g: BX - Q and r: Q - T such that rog
is homotopic to f. But we can take r to be simplicial and
then dim r(Q) < n-1. Thus rog(8X) would not be all of ™,

This is a contradiction. Thus Sd(8X) > n. Similarly

Sd (BX-X) > n also.

Actually we will show a much stronger result about the
shape dimension of compacta in BX-X. In Corollary 1.9 we
will show that for X Lindeldf and K a compactum contained in
BX-X, dim K = Sd K. To prove this we will need Theorem 1.8.

First we need an easy lemma.

1.7. Lemma. Let X be Lindeldf and A < BX-X be such
that A is Lindelof and A is closed in X U A. Then cZBXA = BA.

Proof. We need to show that every continuous map
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f: A > [0,1] extends to a map F: cl XA -+ [0,1]. Let

B
f: A > [0,1]. Then X U A is Lindeldf and A is closed in

X U A. Thus there is an extension of £ to X U A. Call this
extension f again. Then f has an extension Bf to BX. Then

let F = BflclBXA. Clearly F is an extension of our original

map £f: A >~ [0,1].

1.8. Theorem. Let K be a compactum contained in BX-X
where X is a Lindeldf space. Let M® be as in Theorem 1.2.
Then ©f dim XK > n, then there is a map f: K ~» M which is
homotopically onto.

Proof. Actually we will construct a map f: BX - M
such that f£|K is homotopically onto. First we will need a
sequence of compact sets Li < K such that Li n Lj = @ for

i # j and with dim Li > n for all i.

Claim 1. There i8 a sequence of compacta L; =K such
that {Li}:=l is a disgoint collection with dim L, >n for
all i.

Proof of Claim 1. Suppose that for each x € K, there is
a set Ux open in K containing x such that dim ﬁ% < n. Then
one could cover K by a finite number of such open sets,
{Ul,~°-,Uk} with dim ﬁi < n. But then by the Sum Theorem for
dimension (Theorem 0.2), dim K < n, a contradiction. Thus

there must be an x, € K such that for every open set U con-

[

taining x dim ﬁ'i n. Now there must be a set Ul open in

l'
K and containing Xy such that dim K—U1 > n (by [4, Corollary

7, p. 80]). Then let Vl be a set containing x. and open in

1

K such that Vl < U, Then dim ¥ > n and dim(K—Ul) > n with

1

Vl n (K—Ul) = . Now let Xy € K-Ul be such that every set U
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containing X, and open in K-Ul has the property that dim

U > n. Then let U, be a set open in K-U, containing x, such

1

2 contain x2 with V2

5 < U2. Then Vl n V2 = f and dim

72 > n and dim(K—(Ul U U2)) > n. Continuing this process one

that dim(K—(Ul U U2)) > n. Then let V

open in K-U; such that v

gets a sequence of sets {Vi}:=l such that Vi n Vj = ¢ for

i # j and dim Vi > n for all i. Then L, = Vi are the required
compacta in K. This proves Claim 1.

We now resume the proof of Theorem 1.8. Let B" be the
closed unit ball in R™ and let g5t Li + B" be an essential

map. Let g: U°i°=lLi + R" be defined by g(x) = k-gk(x) for

x € L,. Now U?_
1=

K L; is Lindelof. Also K N (X u (U;_;L;)) =

171

o0 o . . o
Ui=lLi and thus Ui=lLi is closed in X U (Ui=lLi
is an extension g: X U (U:=1Li) + R®. Let c: R® » M" be the

). Thus there

covering map and f: BX ~» M® be the éech extension of the map

cog: X » M®., Then we claim that f|K is homotopically onto.

Claim 2. The map £|K is homotopically onto M2,

Proof of Claim 2. Let D = 01BX(Ui=lLi

actually f|D is homotopically onto. The proof proceeds

). Then D < K and

exactly as in the proof of Theorem 1.2. The only observation

that needs to be made is that clBX(U:=lLi) is equivalent to
B(U:=1Li) so that we may make use of Lemma 1l.1. However,

(<] oo
Lemma 1.7 shows that ClBX(Ui=1Li) = B(Ui=lLi). The proof of

Claim 2 is now clear. Claim 2 completes the proof of Theorem

1.8.

1.9. Corollary. Let X be a Lindeldf space and let K be
a compactum contained in BX-X. Then dim K = Sd K.

Proof. This is clear if dim K = 0 or -1, If
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dim K > n > 1, then by Theorem 1.8 there is a continuous map
£(K) = T" which is homotopically onto. Thus Sd K > n also.
Thus Sd K > dim K. However, Sd K < dim K by definition. Thus

Sd K = dim K.

1.10. Example. The above results imply that the shape
dimension of BR™ and BR™ - R” is n and thus that the dimen-
sion of these spaces is n also. By the results of Calder and
Siegel [1] we have that for k > 2, HX(BR™) = 0 = HX(RP).

Thus for each n > 2 there is a continuum Xn = BRn such that
sd Xn = n with Hk(Xn) = 0 for all k > 2. In the next sec-
tion we will show that this implies the existence of a metric
continuum Xn having these properties. This will provide a

counterexample to a question raised by Nowak in [11]}.

1.11. Example. Let L be the long line and X = L x .
Then B(X x I") = (L U {wl}) x 1™, The space BX has trivial

shape as does BX-X = {wl} x I™. Thus Sd BX = 0 = Sd(BX-X).

However, dim BX = dim(BX-X) n. Of course X is not o-compact
or Lindeldf. This shows that without some assumption on X
one cannot expect any of the theorems in this section to

hold.

2. Metric Continua and Polyhedra

In this section we apply the results of the first sec-
tion to show the existence of metric continua and polyhedra
which have surprising properties. One of the examples
answers a question of Nowak [11l]. We proceed with the ex-

amples.

2.1. Theorem. For each n > 2 there is a finite
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polyhedron P of dimension n such that there is a map
f: Pn > T with £ homotopically onto and with f*: Hk(Tn) -
Hk(Pn) the zero-homomorphism for all k > 2.

Proof. Let X = BRn. Then there is a map g: X > o
which is homotopically onto. Now Hk(BRn) = 0 for all k > 2
by [1]. Thus g*: Hk(Tn) - Hk(X) is the zero-homomorphism.
Now dim BR"™ = n and thus there is a cofinal set of finite
open covers of X having order at most n+l. Let {0&: o € A} be
this set. Now H*(X) = l_j;m{H*(N(Uq))} where N({/ ) is the nerve
of 0& and the bonding homomorphisms are induced by the pro-
jection maps LS N(UB) > N(Ua) for UB a refinement of Ua'
Now for a cofinal collection of the a's, there are maps
g, X > N((,) and r,: N(Ua) + T such that r g, is homotopic
to g where 9,: X - N(Uu) is a barycentric map for the cover
Ua. Note that r.: N(Uu) » ™" must be homotopically onto
since g is homotopically onto. Now Hk(X) = lim{Hk(N(OA))}
and thus g* = lim{r : (") » Hk(N(Ua))}. Since HX(TM) is
finitely generated for all k and g* = 0 for all k > 2, there
must be a 8 such that r&: Hk(Tn) > Hk(N(OA)) is the zero-

homomorphism for all o > B and all k > 2. Then let Pn =

N(US) and f = ry- This proves Theorem 2.1.

The above example has the property that for any map

n n

g: ™ + 5 , gof: Pn + S8 is null-~homotopic. This is by
Theorem 0.5 since dim Pn = n. One would tend to think that
the map f: Pn + T could not be degree zero and still be
homotopically onto. However, this is in fact the case and

the result is somewhat surprising.

2.2, Theorem. Let n > 2. Then there is a metric
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continuum X such that dim X = sd Xn = n and such that
B (x ) = 0 for all k > 2.
Proof. Let Yn = BR®. Let g: Yn > T be a map which

is homotopically onto. Then let {0&: a € A} be a cofinal
set of open covers of Yn such that the order of 0& is at
most n+l for all o € A. There must be a B € A such that there
are maps r

N(O%) + T and a barycentric map g Y - N(&b)

B:
such that rB

o > B the maps g : Y N(U&) and T

n
ogB is homotopic to g: Yn + . Then for all
8ot N(b&) - N(OE) have
the property that rBonBaogu is homotopic to g. Thus rBOWBu
N(O&) > 7% must be homotopically onto since g is homotopically
onto. Now H*(Yn) = lim{H*(N(&&)): a > B}. By an inductive

g Z
process one can construct a sequence B = al < az < sss in A
such that lim{Hk(N(Oh_))} = 0 for all k > 2. One uses the

i z
fact that Hk(Yn = 0 for all k > 2 together with the fact that
Hk(N(qx_)) is finitely generated for all i. Now let

i
m.: N({, ) = N({ ) be a projection map for each i. Then
1 Gi+l Oi
let X_ = lim{N({ ); w.}. Then X_ will be a metric continuum.
n b oy i n

the reason is that each of the N(a&)'s will be connected

since BRn is connected. Also dim Xn <n since dim N(O& ) <n

i
for all i. Also Hk(x) = lim{Hk(U&,); ﬂ;} = 0 for all k > 2.
-> 1 -

Now suppose that hi: Xn > N(Ua') are the maps making Xn the
i
inverse limit of the inverse system {N(O&_)}. Now consider
i

gBohl: Xn + ™. We claim that g5°hl is homotopically onto.

Claim. The map gB°hl is homotopieally onto.
Proof of Claim. Suppose not. Then there must be a k
such that g60ﬂ1°°"°ﬂk: N(b&k) + 1" is not homotopically

onto. However, this implies that gs°ﬂ is not

Bak+1
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homotopically onto since Tyosseomy is a projection map
. £ s s s
Bak+l rom N(U&k+l) to N(UB). This is a contradiction

since we have already remarked that gBon o is homotopically

B
onto for all a > B. Thus gB°h1 must be homotopically onto
as asserted in the claim.

Now by the Claim, gBohlz X, ™ is homotopically onto.
Thus Sd(xn) = Fd(xn) > n. Since dim X < n, we must have
dim xn = Sd Xn = n. We have already shown that Hk(xn) =0

for all k > 2. Thus Xn has the desired properties and Theorem

2.2 is proved.

2.3. Remark. Theorem 2.2 solves Problem 6.7 in [11].
J. Hollingsworth also has an example which solves this

problem.

2.4. Corollary. Let n > 2. Then there exists a metric
continuum X_ such that Sd X_ = dim X_ = n with SA(IX ) = 2
n \ n n n
where ZXn 18 the suspemsion of X,-
Proof. Let X, be the example in Theorem 2.2. Then

Sd(zxn) = 2 by [11, Theorem 4.4].

3. Maps onto sPy S1

In this section we show that there are maps of BX which
are homotopically onto other finite polyhedra P besides mani-
fold K(m,1l)'s. In particular we show that this is true for
P = snvsl. First we make the following observations about
maps onto wedges of manifold K(m,l)'s. The proofs are only

indicated since they are a straight forward modification of

the proofs in section one.

3.1. Theorem. Let n > 1., Let nl,---,nk be integere
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such that n; < n for all i and supposé that M, is a closed

ni
ni—manifold whose covering space is R . for i = 1,+¢¢,k.
Suppose that X is a locally compact c-compact space such that

for every compact set K c X there is a compact set L < X-K

such that dim L > n. Then there is a map f: BX - Vt=lMi

which is homotopically onto.

3.2. Theorem. Let n > 1. Let Ny,tee,ny be intggers
such that n, <n for all i and suppose that M, is a closed
ni
ni-manifold whose covering space is R . for i = 1,.°+,k.

Suppose that X is Lindeldf and that K is a compactum contained

in BX-X with dim K > n., Then there is a map £: K - v]j(FIMi

which is homotopically onto.

Indication of Proof of 3.1. Let {Li}:=l be disjoint
compact subsets of X with dim Li > n as in the proof of
Theorem 1.2. Then break this up into k infinite collections:
o
i=1"

ns n«
essential mapping where B J is the closed unit ball in R 7.

(L, (13} s+ {L; (K)}] . Then let g, (§): L (5) » B be an

. . k n5y
Then define a map g: X > Vj=1R by

s . . nj
glL; (3) = i-g;(3): L,(j) » R

This defines g on UE (j) and then extend in any

j=1Yi=1"1
n=
fashion to all of X. Then let c.: R J + M., be the covering

k k 05 k
., ,C.: Vv, -R - v, .M. be the
j=173 j=1 j=173

wedge of the cj's. Then let f: BX - v?=le be the Cech ex-

map for j = 1,+++,k and let v

tension of the map
k k
._1C.)°g: X > _aM..
Vy=1¢3)°9 '3=173
Then one can show that f is homotopically onto in a manner
similar to the proof of Theorem 1.2.

The proof of Theorem 3.2 is a similar modifjcation of
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the proof of Theorem 1.8. We now proceed to maps which are

homotopically onto SnvSl. The following proposition follows

from Theorem 10.3 of [16]. We include a simple proof for

completeness.

3.3. Proposition. Let X be a paracompact space of

dimension n. Then there is a closed set C < X and a map
f: (X,C) ~» (Bn,Sn_l) such that £ is not null-homotopic as a
map of pairs and if e: (Bn,Sn_l) - (Sn,p) 18 the map which

1

takes all of s to p, then ecf: (X,C) - (Sn,p) 18 also

not null-homotopiec as a map of pairs.

Proof. Let C be a closed subset of X so chosen that

n-1

there is a map f: C + S which cannot be extended to all

of X with values in Sn_l. Let i: C » X be the inclusion

map. Let f: X ~» B" be an extension of our original map

£: ¢ » 8?1, Let e: B® » s® be the quotient map taking

Sn_l to p € s™. Then the following diagram commutes and e*
is an isomorphism.

n-1 £*

e* ) 25 P x,0)

Hn(Sn,p) —_ Hn(Bn,S

6 s

1 2
- - * -
1 (s? £, gl
i*
Hn_l(X)

Now by the Hopf Extension Theorem (Theorem 0.3), there must

be an h € B 1(sP 1) with £*(h) ¢ i*E" 1 (X) or £ would have

an extension to X with values in s® 1. Thus 8,£*(h) # 0 in

H(X,C). Thus £%§,(h) # 0 and £*: H"(8",s""h) » E™(x,0) is
not the zero homomorphism. Thus f: (X,C) -+ (Bn,Sn_l) cannot

be null-homotopic. Also, since e* is an isomorphism,



502 Keesling

eof: (X,C) ~» (Sn,p) cannot be null-homotopic either.

3.4. Theorem. Let n > 2. Suppose that X is a
locally compact o-compact space such that for every compact
subset K of X there is a compact set L < X with dim L = n
and with L N K = @. Then there is a map £ of BX onto SnvSl
which is homotopiecally onto.

Proof. Let {Li}°i°=l be a sequence of compact subsets of
X having the following properties: (1) dim Li =n, (2)

Li n Lj = @ for i # j, and (3) if K is a compact subset of

X, then there is an i such that Li N K = @g. The construction
of such a sequence of Li's has been carried out in the proof
of Theorem 1.2. Now let Ci be a closed subset of Li and

fi: (Li’ci) + (Bn,Sn_l) be a map of pairs Wwhich is not null-
homotopic such that eofi is also not null-homotopic where

e: (8%,8™7°1) » (s",p). Such maps f, exist by Proposition 3.3.

1

Now let A be the universal covering space for s™vs® and

c: A - ghsl

the covering map. We can think of A as the
countable union of n-spheres attached to the real line R at
the integer points. Now let B be the countable union of

closed unit n-balls, Bn, attached at the integer points of R.

..

- \\\\§ -

-1 0

o~y
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Now define a map g: X + B by gILi

Then let g be any extension to all of X.

1977

503

= fi for each 1i.

Such an extension

exists since B is an absolute extensor. Let B? be the n-ball

attached at the integer point i in B.
attached at the integer point i in A.

h.: Bi + A be defined in the following

i
n-1

closed collar for the boundary Si of

the interior component of the boundary
n-1
take Zi

Let S? be the n-sphere
Let i > 1 and let
Let D. be a

i
B® and let 3771
i i

manner.
be

of Di‘ Then let hi

to the point i € A. Then let hi(Sg_l) map to the

point 2i € A and let hilDi map onto the arc [i,2i] « R < A,

Then let h; map the interior of Z?_l
st - {il}.
. -1
st
i
n
B.
n-1 i
by
st
i

homeomorphically onto

i=nh, ("t
1

i )

Then define ki:-Li + A by ki = hi°fi =

the following observation.

Claim 1. If m, 3 Ly

)

2i = h, (s%7
1 1

hiog. Then we make

+ A 18 homotopic to ki by a homotopy

H such that at each stage t of the homotopy H(Ci,t) A - S?,

n . n
then mi(Li) contains Si‘
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Proof of Claim 1. We can convert the homotopy H to one
which maps to S? by projecting all of A - S? to the point i.
Let H' be this homotopy and let mi and ki be the corresponding
ends of the homotopy. Then the homotopy is actually a homo-
topy of pairs H': (Li,Ci) x I+ (S?,i) from ki to mi. Now
ki is homotopic as a map of pairs to eofi (or to the map
e°fi followed by an orientation reversal of S?). Thus the
map mi is also homotopic to fi as a map of pairs. This implies
that mi(Li) = S? and thus that mi(Li) contains S?. This proves
Claim 1.

We now proceed with the proof of Theorem 3.4. Let
h: B + A be any map such that hIBi =h; for i =1,2,°*+. We
have already defined a map g: X +~ B and the covering map

c: A > s%sl. Then let q: x » s?st

Then let £ = Bg: BX - Snvsl. We will now show that this f is

be defined by g = ceheg.

homotopically onto.

Claim 2. If p: BX ~+ SnvSl 18 homotopie to £, then s? is
in the image of p.

Proof of Claim 2. Suppose that p is homotopic to £.
Then f|X has a lift to A, namely the map hog: X » A. Call
this map f. Let H be the homotopy from f to p and let H be
the 1ift of this homotopy starting at f and ending at p.
Consider the point O € R €« A, By Lemma 1.1 there is an open
set U in A with U compact with O € U such that if x € X and
h: {x} x I » A is any lift of H|{x} x I, then if O € h({x} x
I), then h({x} x I) = U. Now let N be an integer such that
if r is the projection of A onto R taking S? to i for each

i, then the projection of U is contained in (-N,N). Then for
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any x € X, if the homotopy ﬁ has the property that ﬁ({x} x I)

contains i € R © A, then roH({x} x I) < (i-N,i+N). Now let

n
M

{2M}. Now f{|LM X I must have the property that rOﬁ(CM,t) does

M > N. Then hog|LM maps onto Sy y [M,2M] = A with h°g(Cy,) =

not contain the point M for all t € I since 2M ¢ fI(CM x I) and

2M-M = M > N. Thus ﬁ(cM x I) «A -S Thus the map §|LM

n
M*
maps onto Sﬁ by Claim 1 (since kM in Claim 1 is just h°g|LM

ElLM). Thus p|LM maps onto S". Thus p contains S in its

image. This proves Claim 2.

Claim 3. If p: BX » SnvSl is homotopie to £, then p
contains Sl in its image.

Proof of Claim 3. Let H be the homotopy joining f to p.
Let f = hog: X » A and let H: X x I - A be the lift of
H|X x I joining f to p as in Claim 2. Let N be a positive
integer such that if x € X and 0 € h({x} x I) for some lift
of H|[{x} x I, then roh({x} x I) < (-N,N) where r: A + R is
the retraction of A to R which takes each S? to the point i.
Let M be a positive integer with M > 2N+l. Then noting that
E(CM) = {2M} < R and f(y) - M for some y € Ly we must have
that for all x € Cy, rop(x) > 2M=-N and for y rop(y) < M+N.
Thus for all x € Cy, rop{x) - rop(y) > 2M = N - (M+N) =
M - 2N > 1. Now by the proof of Claim 2, ﬁ(LM) = Sﬁ. Now
we want to claim that ﬁ(LM) contains all of the interval
[M + N, 2M - N]. If it does, then this interval maps onto
S1 by c: A ~» SnvSl. Thus p will contain Sl in its image and
Claim 3 will be proved. Thus Claim 3 will follow from Claim

4.

Claim 4. The map 13|LM contains [M + N, 2M - N] in its
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image.

Proof of Claim 4. Suppose not and suppose that z €
[M + N, 2M - N] with z £ S(LM). We may assume z is not an
integer point since the points in [M + N, 2M - N] not in the
image of §|LM is an open set. Then let LM = C U D where
C = (rop|Ly) "1(-=,2) and D = (ref|L,) "l(z,+=). This is a
separation of LM with CM <= D. Now since ﬁ(LM) contains Sn,
it must be that §(C) > Sa since ﬁ(D) n Sﬁ = @§. However, §|C
is homotopic to £|C in A and £|C: C + A factors through Bﬁ.
Thus EIC is null-homotopic and §|C is null-homotopic. Thus
;;|LM is homotopic to a map v by a homotopy H' with the pro-
perty that v|C is constant and H'|D x I = p|D. But then
flLM is homotopic to the map v by a homotopy H" which joins
the homotopies H and H'. The homotopy H" has the property
n

; and the map v does not contain sM in

its image. This contradicts Claim 1. This contradiction

that H"(CM x I) < A-S

shows that ﬁ(LM) contains all of [M + N, 2M - N] and Claim 4

is proved.

3.5. Theorem. Let X be locally compact and o-compact
and n > 2 be an integer. Suppose that X has the property that
for every compact set K © X there is a compact set L « X-K
with dim L = n. Then there i8 a map f: BX-X -+ SnVSl which is
homotopically onto.

Proof. The proof is a modification of the proof of

Theorem 1.3.

3.6. Theorem. Let K be a compactum contained in BX-X
where X 18 a Lindeldf space. Let n > 2. Then if dim K = n,

then there is a map f: K + SnvSl which is homotopically onto.
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Proof. The proof is similar to the proof of Theorem

3.7. Question. Is it true that if X is any paracompact
space with dim X > n, then there is a closed set C ©X and a

map f: (X,C) - (Bn,Sn_l) which is not null-homotopic such

that if e: (Bn,sn—l) > (s™,p) collapses s 1 o p, then

eof: (X,C) ~» (Sn,p) is also not null-homotopic?

3.8. Example. One problem in answering Question 3.7
is that we do not have a nice relationship between maps into
n-spheres and cohomology for infinite-dimensional spaces.
For instance for each odd prime p Kahn [6] has given an exam-
ple of an infinite-dimensional metric continuum Xp such that

Hk(xp) = 0 for all k > 0, but with Xp having essential maps

3+i(2p-2)

onto S for all i > 0.
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