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ON THE DUALITY OF CARDINAL INVARIANTS

Brian M. Scott

0. Introduction

Considering the relationships amongst cardinal invariants
of a Tl space as diagrammed in Figure 1, one can scarcely
fail to be struck by the evident symmetry. This paper is the
result of an attempt to derive that symmetry from the duality
between 1X, the lattice of open sets of X, and oX, the lattice
of closed sets in X. Since both lattices are complete, with
0 and 1, and distributive,l we make the blanket assumption:
all lattices are complete, distributive lattices with 0 and
1. We further assume that all spaces are Ty -

Notation for topological cardinal invariants follows
Juhdsz [1], save that A(X) = sup{|D|: D = X is closed &
discrete}l is Hodel's discreteness character. Lower-case
Greek letters denote ordinals (which are thought of as sets
of smaller ordinals), except that k, A, and y denote cardi-

nals, i.e., initial ordinals.

1. Basic Definitions

We begin by introducing some basic terminology. Let L
be a lattice, let S = L, and let x € L. S is a G-cover of x
iff x <V¥S. S is an F-cover of x iff y € L and y » x # 0 imply

y ns #0 for some s € S. If S is both an F- and a G-cover of

l'Distributivity' is finite distributivity: x a~(y v 2z)
= (XA y)v (xnan2), and X »(y A~ 2) = (xv y)a (xv 2z). A
distributive lattice, even if it is complete, need not be com-
pletely distributive; i.e., it need not be true in such a lat-
tice that x A VA = V{x A a: a € A} and x A VA = A{x v a:
a € A}. In the lattice oX, for example, VF = clxu?, _so, if
x'€ VI\UF, then {x} aVF = {x} # § =v{{x} n F: F € F}.
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X, we say that S covers x. If S is an F-cover (a G=-cover) [a
cover] of 1, we say simply that S is an F-cover (a G-cover)
[a cover] of L. S is a base for L iff for each x € L there
is an S(x) < 8 such that S(x) covers x and x =V¥S{(x). S is
irreducible iff x £ v(8\{x})) for each x € S. Finally, a
sequence <X€: £ < o) of elements of L is an H-sequence iff

xE < xrI whenever £ < 1 < a. Our basic cardinal invariants

of L are now defined as follows.

w(L) = w + inf{|S|: S is a base for L}
h(L) = w + sup{|a|: L has an H-sequence of length a}
c(L) = w + inf{k:v S < L (S covers L + 3T <
S(|T| < k & T G-covers L))}
i(L) = w + sup{|S|: S c L is irreducible}
d(L) = w + sup{|S|: S is an irreducible cover of L}

These are, respectively, the weight, height, covering degree,
irreducibility degree, and discreteness degree of L.

We shall also be interested in ¢ (L*), where ¢ is some
cardinal invariant, and L* is the dual lattice of L, obtained
by interchanging < and >, A and v, Aland v, and 0 and l.2
For notational convenience, and to avoid having too many
lattices floating about, we shall write ¢* (L) instead of

¢ (L*) .

1.0. Proposition. d(L) < c(L) < h(L) < w(L) < |L]|,
and A(L) < i(L) < h(L).
Proof. That d(L) < i(L) and w(L) < [L| is obvious.

d(L) < c{(L): Let S be an irreducible cover of L, and

2The lattice oX is dual to tX. If V c 1X, and F ¢ oX,
A = uV, AV = Int 0V, vF = clyu?, and AF = n7.
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let x € S be arbitrary. If S\{x} were a G-cover of L, then
we should have x < 1 = Vv (S\{x}), a contradiction; thus,
|s| < ¢(L), and the result follows.

c(L) < h(L): Let A = c(L), « = h(L), and suppose that
K < A. Then there is a cover, S, of L with no G-subcover of
power k. Enumerate S = {Xg: & < u} (for some u > k). Let
Yo = Xp- Given Tn = {yE: £ < n} <8 for some n < K+, ob-
serve that |Tn| < kK, so VTn < 1, and there is a p < p such
that xp £ VTn; let yn = xp. Now, for n < K+, let zn =
VTn < 1. Obviously (zn: n < K+> is an H-sequence, which is
impossible.

i(L) < h(L): Let § = {XE: £ < k} be irreducible. For
n < k, let Y, = V{xg: £ < n}, and let T = {yn: n < «}. For

any n < k, y

A

n V(S\{xn}) % x,, sox £y, and hence

Yy, < X vy, = yn+l. Thus, (yn: n < k) is an H-sequence,
and h(L) > «.

h(L) < w(L): Let (xg: £ < a) be an H-sequence, and let
B be a base for L. For n < a, let Bn < B be such that

X, = an. Then Bn+l\U{BE: £ < n} # 0 whenever £ + 1 < a,

since VU{BE: £ < n} =vix £ <n} < xn < Xn+l' Thus, if

E:

o > w, |B] > |a|. (The case a < w requires only trivial modi-

fications and will henceforth be ignored.)

1.1. Proposition. 1i(L) = i*(L).
Proof. Let S = {XE: £ < k} be irreducible in L. For
n < x, let Y, = W(S\{xn}), and let T = {yn: n < kr. If
< < hy < but , SO and
3 n Kk, then xn < yg, u xn £ yn s yg # yn, n
|T| = «. Moreover, if n < «, X, 2 A(T\{yn}), so A(T\{yn}) £

Yy and T is therefore irreducible in L*.
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1.2. Proposition. h*(L) < w(L) (and hence, of course,
h(L) < w*(L)).
Proof. Let (xgz £ < o) be an inverted H-sequence; i.e.,

£ < n < o implies x > xn. Let B be a base for L. 1If

g

£+1
but bE £x

£E + 1 < a, then x < xg, so there must be a b, € B such

g

that b, < x LetB0={b£:£+l<u};

€ £ E+1°
clearly the members of B, are distinct, so (for a > w)

18] > [8y] = |a

The relationships demonstrated so far are shown sche-
matically in Figure 2; the analogy with Figure 1 is clear.
To complete it, however, we need a notion for lattices cor-
responding to that of "subspace” for topological spaces. The
notion we take is that of a "nice" homomorphic image, or
quotient lattice, of L.

Fix S € L, and define an equivalence relation, E on

SI
L as follows: x Es y iff x » s =y a s for all s € S. ES

is then a lattice congruence, so we may form the quotient
lattice L(S) = L/ES. Dually, we have L'(S) = L/Eé, where

]
X ES
obviously distributive. For x € L, let [x] denote the

y iff x vs =y v s for all s € S. L(S) and L'(S) are

Es—equivalence class of x, so that [-] may be regarded as
the canonical homomorphism from L onto L(S). Define ¢:

A

L(S) = L: [x] »A[x], and, for x € L, let X = ¢([x]). Since
Xans=(A[x]) ns=A{y rns: ye [x]} = x as for any x € L
and s € S, it is clear that X € [x]. Indeed, it is easy to
see that in general X =v{x A s: 5 € S}, (and therefore

s =8 for s € S). The importance of the map ¢ stems from

the following result.
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1.3. Proposition. ¢ is an order-preserving injection.

”

Proof. Suppose that [x] < [y]; we must show that X < ¥.

Now [X a §] = [X] A [§] = [x] A [y] = [x] = [R], so R A § €

[X], and hence X » ¥ = ¥, i.e., 8 < §. But if ¥ = §, then

<
A A
X < Y.

A

[x] = [x] = [y] = [yl, so in fact
Indeed, it is clear now that X < g iff [x] < [yl.

l1.4. Proposition. (i) [+] preserves arbitrary infima,
and, in fact, (ii) L(S) is complete.

Proof. Fix A c L, and let x = AA. Clearly [x] is a
lower bound for [A] (= {[a]l: a € A}). Suppose that [y] is
a lower bound for [A], with [x] < [y]. Then § < a < a for
all a € A, whence § < X, and therefore [y] = [§] < [x]. It
follows that [y] = [x] = A[A], which establishes (i).

Now let x = ¥{a: a € A}. Clearly [a] = [4&] < [x] for
a € A, so [x] is an upper bound for [A]. Suppose that [yl
is also an upper bound for [A], with [y] < [x]. Then clearly

a < y for each a € A, and thus x < ¥ <y, and it follows that

[x] = [y] = v[A].

1.5. Proposition. [S] covers L(S); moreover, if T < S
with VT < VS, then [T] Zs not a G-cover of L(S).

Proof. By the proof of 1.4, v[S] = [v{s: s € S}] =
[wvs] = [1], so [S] is a G-cover of L(S). If [x] # [0], then
there is an s € S such that x A s # 0, so that [x] A ([s] #
[0]1; [S] is therefore also an F-cover of L(S). Finally, if
T €S and VT < VS, then s VT for some s € S, whence
S AVT #s =s al, and [VT] # [1l], so that [T] is not a

G-cover of L(S).
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In the case of L'(S) we define the map [-] analogously.
For x € L, X is now v[x]; as before, ﬁ ¢ [x], and the map
[x] » X is an order-preserving injection. Also, [+] pre-
serves arbitrary suprema, and L' (S) is complete. Details
are left to the reader, together with the observation that
L'(s) is isomorphic to (L*(S))*.

If S = {s}, we write L(s) instead of L({s}). The quo-
tients L(s) and L'(s) (for s € L) are particularly well-
behaved: L(s), for example, can be identified in an obvious
way with {x € L: x < s} = {X: x € L}, an observation which

makes the next result almost obvious.

1.6. Proposition. For any s € L, c*(L(s)) < c*(L).

Proof. Let A be a cover of (L(s))*; that is, by abuse
of notation, A < L, a < s for each a € A, AA = 0, and, if
X < s, then x v a < s for some a € A. Let x € L with x < 1;
if x va=1for all a € A, then s = s A (x va) = (s a xX) v
(s na) = (s r x) v a for all a € A, and it follows from the
choice of A that s A x = s. But then s < X, so that x v a =
x < 1 for all a € A. This contradiction shows that A is in
fact a cover of L* and has a G-subcover, C, (in L¥*), of power
at most c*(L). Since C can obviously be viewed as a G-sub-

cover of A in (L(s))*, the result follows.

We now define the "hereditary" version of our cardinal
invariants: for any invariant ¥, ¥ (L) is the supremum of all

Y(L(S)) and Y (L'(S)) as S ranges over subsets of L.

1.7. Proposition. h(L) = h(L), and I(L) = i(L).

Proof. It suffices to show that for any s c L,
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h(L(s)) < h(L), h(L'(S)) < h(L), i(L(S)) < i(L), and
i(L'(S)) < i(L). We prove only the first of these; the rest
are proved similarly.

If ([XE]: £ < o) is an H-sequence in L(S), <§E: £ < a)

is an H-sequence in L (by the remark following 1.3).

1.8. Proposition. (i) h(L) = c(L). (44i) i(L) = d(L).
Proof. (i) for any § = L, c(L(S)) < h(L(S)) < h(L),

and similarly for L'(S), so it suffices to show that h(L) <

c(L). Let k = h(L), and let X < k be regular. Then there

is an § = {sg: £ < A} in L such that (sE: £ < A) is an
H-sequence. If T < S with |T| < A, then obviously VT < Vs,
so [T] is not a G-cover of L(S) (by 1.5). Thus, c(L(S)) > A,
and (i) follows.

(ii) If S € L is irreducible, then [S] is an irreducible
cover of L(S), since, for any s € S, V(S\{s}) < ¥S. The
result now follows as above for (i).

As may be seen from Figure 3, we now have relationships

which mimic exactly those of Figure 1. 1In the next section

we show that the similarity is anything but accidental.

2. The Connection with Topology

Our first result is a catch-all theorem specifying the

relationship between Figures 1 and 3.

2.0. Theorem. Let X be a T, space, and let L = 1X.

Then:
(¢) o(x) = |L|; (i2) w(X) = w(L);
(Z2%2) h(X) = h(L); (Zv) L(X) = c(L);
(v) A(X) = d(L); (vi) s(X) = i(L);
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(vii) |X| = w*(L); (viii) z(X) = h*(L);

(Zx) d(X) = c*(L); (x) c(X) a*(L).

Proof. Parts (i), (ii), (iii), (vii), and (viii) are
obvious. To see (iv), note that A ¢ L is a G-cover of L iff
A covers X (as a family of open sets) iff A covers L. Part
(ix) follows from the observation that A < L* G-covers L* iff
cl U A =X (thinking of A as a family of closed sets) iff
UA is dense in X, and A F-covers L* iff UA = X. Thus if A
is a cover of L*, and D < X is dense, choose, for x € D, an
a(x) € A with x € a(x); then {a(x): x € D} is a G-subcover
of A in L* of power at most |D|, and therefore c*(L) < d(X).
Since {{x}: x € X} is a cover of L* having no G-subcover of
power less than d(X), (ix) is established.

If, now, D € L is irreducible, then clearly D is irre-
ducible as a family of open sets in X, and thus s(X) > |D|,
i.e., s(X) > i(L). Conversely, if D £ X is discrete, there
is a V € L and a bijection f: D «»> V such that D N f(x) = {x}
for each x € D; since V is obviously irreducible in L, we
have proved (vi). If D is also closed, V may be chosen to
cover X (by £(x) = (X\D) U {x}), so A(X) < d(ﬁ), and the
reverse inequality is easily obtained by "reversing" the con-
struction.

It remains only to verify (x). But A <€ L* is an irre-
ducible cover of L* iff A covers X and va € A (a ¢ cl
uU(av{al)) iff {X\cl U(A\{a}): a € A} is a pairwise disjoint
family of non-empty, open sets in X, and the proof is com-

plete.

The results shown in Figure 1 are therefore deducible
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from those of Figure 3, and the "closed-versus-open" duality
is seen to be anything but accidental.

We close this section by stating without proof the re-
sult which justifies our rather odd-seeming definition of

¥ for ¢ a cardinal-valued lattice invariant.

2.1. Proposition. Let X be a T, space, and let L = 1X
(resp. L = oX). Then {L(S): S ¢ L} U {L"(S): S < L} s, up

to isomorphism, {tY¥: Y < X} (resp., {o¥Y: Y c X}). Specifi-

e

cally, if p € {1t,0}, L = pX, and S = L, then L(S) p(us),

Y
2

and L'(S) p(X\NS), the isomorphisms being x » x N US and

X b X\NS, respectively.

3. More Ambitious Lattice-Theoretic Results

In this section we attempt to mimic, for lattices, some

more sophisticated topological results.

3.0. Proposition. |L| < ZW(L).

3.1. Proposition. |L]| §_W(L)h(L)-

Proof. Fix a base, B, for L of power w(L), and let
X € L. There is a B(x) < B which covers x exactly. But,
if [*]: L » L(x) is as in Section 1, [B(x)] is a cover of
L(x) and has a G-subcover, [Bo(x)], of power at most
c(L(x)) < h(L). 1If, now, x # y, clearly BO(x) # Bo(y); and

h(L)

since B has only w(L) subsets of power <h(L), we are done.

Recall that for any set X, [X]=X = {A c x: |a]l < «k}.

3.2. Proposition. Let x = i(L). Suppose that X,
Y € L are such that

(a) VX € XIy € Y (x n y = 0), and
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(b) whenever X, € (x13K, v, € 1v13X, and AY, £ VX,

there is an x € X such that x < AYO and x £ WXO.

€ (x15X and v, € (v15X sueh that AY, <X

Then there are X < 0

0
Proof. Suppose not. A simple recursion suffices to

construct families D {XE: £ < K+} and E = {yg: £ < K+} in
L such that

(i) D <X and E

n

Y,

(ii) ve < ¢t x, A y, = 0), and

£
(1ii) vn < k7Gx <alygs € <n} s x £VWIx: £ < b

But then D is irreducible, which is impossible. For, if

n < K+, and X < V(D\{xn}), then X < M{XE: E < nt v

£
xn = xn A xn < xn A (w{xg: £ <ntw yn) = xn A V{xgz £ < n}t

< xn (by (iii)), which is absurd.

vix,: n < § < 3 < W{xgz £ <n} v yn(by (iii)), and hence
\

3.3. Theorem. Let k¢ = i(L). Suppose that X, Y = L
satisfy (a) of 3.2, and suppose further that X is a base for

L. Then there are X, € [X]iK and YO € [Y]-<—'< such that

0

AY, < VX

0
Proof. We check that X and Y satisfy (b) of 3.2. Sup-

0

pose that X, € [X]iK, Y, € [Y]iK, and AYO £ VX Since X is

0 0"
a base for L, there is an A © X such that MYO =yA. If

for each a € A, then clearly AY, = WA < ¥X

0 < o’ SO there

a </VX,

is an a € A such that a £ VXO.
To proceed further along these lines we introduce

another invariant. Let B be a base for L, and let y € L;

a family X € L is a B-base at y iff vx € X (y A~ x = 0) and

vb € B (y ab=20>3x¢ X (b <x)). The B-character of y,

x(y,B), is defined to be the smallest cardinal of a B-base
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at y. The B-character of L, x(L,B), is sup{yx(b,B): b € B};
and the character of L, x(L), is the least B-character of L
for B a base for L. Finally, the B-weight charucter of L,
w(L,B), is sup{x(b,L): b € B}, and the weight character of
L, w(L), is the least B-weight character of L (B a base for
L).

These rather odd definitions are motivated by the fol-
lowing observations. Suppose that X is a space, and let 7
be a base for the lattice oX; then F o 30 = {{x}: x € X},
and therefore trivially x(oX) = x(ox,]o), and w(oX) = w(cx,]o).

1f {x} € F,, an Jo-base at {x} is a family 8 < oX such that

0’
x € UB, and such that whenever x ¢ H € oX, there is a B € 8
containing H. Let / = {X\B: B € 8}; clearly 8 is an ]o—base
at {x} iff / is a pseudobase for x in X. Moreover, B8 is a
oX-base at {x} iff V is a base at x. Thus, x(oX) = p(X),

and w(oX) = X(X). (This result is later recorded as Proposi-
tion 4.1.) The foregoing definitions are the result of an

attempt to capture the notions of character and pseudocharacter

of a space without reference to the atomicity of oX.

3.4. Lemma. Let B be a base for L, and let k, X, and
Y be as in 3.2. Assume further that X < B and that Y contains
a B-base at each x € X. Then for each b € B such that
b A x =0 for all x € X, there is an X(b) € [X1=X such that
b < vX(b).

Proof. Fix such a b. For each x € X, find y(x) € Y

such that x A y(x) = 0 and b < y(x). Let Y = {y(x): x € X};
then X and Y satisfy the hypothesis of 3.2, so AYO < vX(b)
for some YO € [?]iK and X(b) € [x]iK. Since b < mYo, we are

done.
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3.5. Theorem. Let k = i(L), and let X be such thatAK =);
e.g., A = 2. If X is a base for L such that x(L,X) < A,
then there is an % € [X]1S) such that if x € X is disjoint
from each member of i, then x 5_vi(x) for some X(x) € [i]iK.

Proof. Suppose that n < K+ and that X, € [X]ik and

£
Y, € [L]iA have been defined for each £ < n so that Y, con-

13 g€
tains an X-base for each x € XE' Put Xﬁ = U{XE: £ < n} and
Yﬁ = U{YE: £ < n}, and, for each A ¢ [X]:]]—<—K and C € [Yﬁ]iK,

if AC £ VA, choose x(A,C) € X so that x(A,C) < MAC and
x(A,C) £ vA. (See the proof of 3.3 for details.) Let
x, = {x(a,0): ac¢ [x;)]iK, Ce [y;}]i'(, and AC £ VA}, and let
Yn be the union of X-bases B(x) for all x € Xn, with
[B(x)| < A for all x € X . Continue.

Now let X = U{Xn: n < K+} and ¥ = U{Yn: n < K+}; clearly
|i| <K * A=, and X, ¥, and X satisfy the hypotheses of

3.4 in place of X, Y, and B, respectively.

3.6. Proposition. If X is a base for L, k <8 a cardi-
nal, and Y € X is such that whenever x € X is disjoint from
each y € Y, there i1s a Y(x) € [Y]—<-K such that x < VY (X),
then Y = {vA: A € [Y]ZX} is an F-cover of L.

Proof. 1If x E X and x £ a for any a € Y®, then x meets
some y € Y, whence x meets some a € YK. Since X is a base

for L, every z € L meets some a € ¥,

3.7. Corollary. If x = i(L), 2K = A, and B is a base

for L with x(L,B) < A, then there is an X € [B]ix such that

XK F-covers L.

3.8. Problem. Find a "reasonable" condition on L to



TOPOLOGY PROCEEDINGS Volume 2 1977 375

guarantee that the hypothesis of 3.7 holds with ) = 2K, say.

We next turn to some seemingly unrelated results whose
discovery was, however, motivated by attempts to solve the
above problem. We begin by considering a stronger order on
L: for x, y € L, we write x << y iffx < y and there is a
z € L such that x » 2z = 0 and y v z = 1. A sequence (xgz

§ < a) is a K-gequence iff x, << xn whenever £ < n < a;

€
equivalently, <Xg= £ < a) is a K-sequence iff there is a
sequence (xé: &+ 1 < a) called a co-K-sequence for <Xg:

£ < o), such that x! A~ x,. = 0 and x! v x = 1 for each ¢

£ £ £ g+l
with &+1 < a. We define the depth of L, k(L), to be

w + sup{|a|: L has a K-sequence of length a}.

3.9. Lemma. Let (xg: § < a) be a K-sequence, and let

(xé: &€+ 1 < a)be a corresponding co-K-sequence. Then

o 1] —_ 1 1 1]
whenever £+1 < o, either Xg = X£+l’ or XE >> x€+l.
] = |-
Proof. X£+l A XE+1 = 0 and xg+l v xg 1, and moreover
1 . ) 1 - 1 1] 1]
x£+l = X£+l A (xg v x£+l) = Xé+l A Xg' so that X£+l < xg.

3.10. Lemma. If (xn: n < 4) is a K-sequence with
co-K-sequence (xﬁ: n < 3), then xé A X << xé A X whenever
X3 < X.

Proof. By the proof of 3.9, it suffices to show that

1 Al L} p— 1 ) p—
Xy A X < Xy A X. If not, X5 A X = X) A X, SO that Xy A Xy =
] - = ] =
Xy A Xg A x = 0. But then Xy = X5 0 (xl v xo) Xy A Xqy
whence x, < x,, which is impossible.

3.11. Corollary. k(L) = k*(L).

A slightly weaker notion is that of a free sequence in
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€ < n} a

L: <X£: £ < a) is a free sequence iff V{x

E:

V{XE: n<&<a}l =0 for each n < a.

3.12. Lemma. Let (xgz & < k) be a K-sequance with

co-K-sequence (xé: £ < x) For each & < k, let yE = x! A

g

x€+2; then (yn: n <k &n Zs even) is free.

Proof. For any even n < k, w{ygz\g < n & & is even} <
X w{ygz n<§g <« &g is even} i_xé, and X x% = 0; it
suffices to show that each yn # 0, which follows from the

(x! A x_,.) =%

computation Xn+l v yn n+1 \% n n+2 n+1l

v xn+2 -

>
n+2 Xn+1

3.13. Theorem. If <XE: § < o) is a free sequence in
L, then o < F where x = w(L) « c*(L).

Proof. Suppose that there is a free sequence (xg:
£ < K+> in L. For n < K+, let Y, = V{xgz £ < n}, let

Yy = W{xgz n<g«< «*}, and let y

let B be a base for L with w(L,B) < «.

v{yn: n < «x"}. Finally,

Suppose that b € B with b S_A{y%: n < K+} <y, and
choose W € [L]iK so that whenever z A b = 0, there is a w € W

such that w » b = 0 and z < w. Since clearly b a yn = 0 for
all n < K+, there is, for each r < K+, a wn € W such that
b aw =0 and Yo S W But |W| < «, so there is a w € W

+
+]’< such that wn

and an A € [k w for all n € A. Then

y = v{yn: n € A} <w, sobar y=20, and it follows that
Ay'!: n < "1 = o.
+
Moreover, for any n < «x , xn < y%, but xn A yﬁ+l =0,

SO yl41 < Y, and {yﬁ: n < k'} has no G-subcover of L* of

power less than K+. But c* (L) < «x, so {ya: n < K+} must

not F-cover L*, i.e., there must be a z < 1 such that
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Z v yﬁ =1 for all n < et

Fix n < et arbitrarily. Then yn =y, (z v ya) =
yn A 2, SO yn < z; it follows that y < z, so that z v ya =
z < 1 for all n < K+, which is the final contradiction.

3.14. cCorollary. k(L) < w(L) + c*(L).

4. More Topological Consequences

4.0. Proposition. If L = 1X, x(L) = w(L) = 1.
Proof. Fix V € 1X. If W € tX is disjoint from V,
then W < X\cl V < X\V.
(More generally, x(L) = w(L) = 1 whenever L has the fol-

lowing property: for each x € L, x o V{y € L: y A~ x = 0} =0.)

4.1. Proposition. If L = oX, then x(L) = Y(X), and
w(L) = x(X).

Proof. In each case consider the base of singletons.

4.2, Proposition. If L = oX, then k(L) = k(X).

Proof. We show that k(L) < k(X); the reverse inequality
is proved even more easily.

Let (xg: £ < k) be a K-sequence in L with co-K-sequence

(xé: £ < kY. In X, then, XE n xé =g, XE+1 u Xg = X, and

X, < Int x for each £ < k. Define Vg = X\xg (for & < «);

13
then V

£E+1

S clv cx! cv so <V€: £ < k) is a depth

E+1

sequence in X.

g+l g’
We now give a number of topological cardinal relation-

ships which follow from the results of Section 3 and the

"translation theorems" above and in Section 2. As usual,

X is a T, space.

1
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h(X)

w(X)) 2|x|, w(X) s

4.3. Propgsition. o(X) < min{2
x| 2 %)y,

(It is interesting that the relationship o(X) < |X]Z(X)

is more obvious as a consequence of duality than it is purely

topologically.)

4.4, Theoren. (Hodel's version of a lemma due to
éapirovskiz.) Let k¢ = s(X), and let V be an open cover of
X. Then there are D € [X]1<X and W ¢ (V12X such that

uW U cl D = X.

(4.4 follows from 3.3: L, X, and Y are to be replaced

by oX, {{x}: x € X}, and {X\V: V ¢ V}, respectively.)

4.5, Theorem. (Essentially due to éapirovskiz.) Let
K = s(X), let A= X, and suppose that Y(X) < X; then there

i8 an A € [X]iA sueh that X = UY{cl S: S ¢ [A]iK .

By applying 3.3 to 1X we get the rather uninteresting
result that if k = s(X) and V is an open cover of X, there
is a W € V12X such that UV is dense in X. (Fix a base, 8,
that refines V/, and take the collections 8 and {X\cl B:

B € B} for the X and Y, respectively, of 3.3.) 1In fact, the
conclusion holds even if just c(X) < «. Analogously, 4.5
has the even worse dual: if s(X) = « and / is an open

cover of X, then there is a W € [V]iZK whose union is dense

in X.

4.6. Theorem. (i) A free sequence in X can be no

longer than X(X) » L(X). (ii) k(X) < min{x(X) - L(X), c(X)}.
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The presence of c(X) in 4.6 (ii) may require comment:
a free sequence in 1X is a family of pairwise disjoint,

non-empty, open sets, and the result follows from 3.12.

5. Remarks

The lattice-theoretic approach, and duality, break
down badly when we consider cardinal inequalities which hold
only in the presence of separation axioms. A good example

h(x) for Hausdorff X; a look at

is the relationship |X| < 2
its proof shows that Hausdorffness is used only to guarantee
that if F € 0X is neither # nor an atom, (i.e., a singleton),
F

then F = FO U Fl for some F € oX with g < Fi < F for

0’ "1
i < 2. The lattice X always has this property (for T1 X),
yet the dual inequality, w(X) < 2z(x)' is false in general
for Tl spaces: consider the co-finite topology on a set of

z (X) for Hausdorff X?)

power (2w)+. (Question: Is w(X) < 2
What makes the proof 'go'is the atomicity of ¢X; and since an
atomic lattice is always isomorphic to the lattice of closed
sets of some topology on its atoms, the result seems to be
essentially topological.

There does, however, appear to be a sort of duality at
work even here. Suppose that ¢ is a cardinal invariant
appearing on the right-hand side of Figure 1, and suppose
that ¢(X) < "thing" for Hausdorff X; it often happens that

¢*(X) < "dual of thing" when X is T For example,

3
s (X)
x| < 2P x| < 227 and a0 < 25 for Hausdorff
s(X
X, whereas w(X) < ZZ(X), w(X) < 22 ( ), and L(X) < ZS(X)
for T, X. (Of course, w(X) < 2d(X) if X is T so some of

3 3'
these inequalities can be improved; still, they are at least



580 Scott

true.) It would be interesting to know what, if anything,

underlies this phenomenon.
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