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PL HOMOLOGY 3-SPHERES AND
TRIANGULATIONS OF MANIFOLDS

Ronald J. Stern!

One of the least understood but important groups arising
in geometric topology is GH, the abelian group obtained from
the set of oriented 3-dimensional PL homology spheres using
the operation of connected sum, modulo those which bound
acyclic PL 4-manifolds.

H

In this paper we will show how the group 83 and the fol-

lowing theorem of Rohlin play an important role in triangulat-

ing topological manifolds.

V. A. Rohlin Signature Theorem ([4]1, [8]1, [12], [15]1).
Every closed oriented smooth 4-manifold M* whose second
Stiefel-Whitney class vanishes has signature o(M) € 2 divisi-
ble by 1l6.

By classical smoothing theory the same theorem holds
for PL 4-manifolds. However, the theorem is an important
undecided result for topological 4-manifolds.

Given a PL homology 3-sphere H3, then H3 bounds a
parallelizable PL d4-manifold W'. Let a(#’) € z, be the
Kervaire-~Milnor-Rohlin invariant given by

a(83) = a(@) /8 (mod 2)
is the closed {(polyhedral) homology 4-manifold

cH3. That o (%) is divisible by 8 follows from

U
3
4

the fact that the cup-product pairing of W' is an even

lSupported in part by NSF grant MCS 76-06393.
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quadratic form (see [14]). Also, an application of Rohlin's
theorem and the additivity properties of the signature show
that u(H3) is independent of the bounding parallelizable
manifold W4, and in fact o determines a well-defined homo-
morphism o: 6? - Z2.

The classical example of a PL homology 3-sphere is the
Poincaré homology 3-sphere H3 = SO(3)/A5, where AS is the
even permutation group on five objects = the 60 orientation
preserving symmetries of the dodecahedron. 1In fact nl(x) =

(a,bla3 = b° = (ab)z) # 0. Now H3 is also the boundary of
the Milnor plumbing W4 of 8 copies of the unit tangent disk
bundle of 82 according to the Dynkin diagram

0-0-0-0-0-0-0
;

(For this and other descriptions of H3 see [9]). It is then

an excellent exercise for an algebraic topology class to show

that 0(W4) = 8, thus demonstrating that the homomorphism
oz 62 i 22 is surjective.
We now have a short exact sequence
0 » ker(a) » 6% 32 > 0
er (o) 3 2

Not one concrete fact is known about eg other than the
existence of the surjection a: e? -+ 22' For instance, it
is not even known if eg is finitely generated.

The importance of the group ker(a) is explained by

Theorem 1. (Galewski-Stern [6], [7], T. Matumoto [13]).
Let M be a topological manifold with 3M triangulated as a
simpliecial complex. If m > 6, then there is an element

T(M) € H°(M,3M;ker(a)) such that T(M) = 0 if and only if
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there is a simplicial triangulation K of M with K|3M compati-
ble with the given triangulation on 3M. Moreover, there are
|H4(M,8M;ker(u))| such triangulations on M up to concordance

rel oM.

Two triangulations Ko and K, of M are concordant rel 3M
if there is a triangulation K of MxI such that K| (3MxI) is
compatible with the given triangulation on 3MxI and such that
K|Mx{i} is compatible with K, for i = 0,1.

It should be noted that a priori there are two obstruc-
tions in Theorem 1 to triangulating M, but one of these ob-

structions vanish since

Theorem 2. (R. D. Edwards [3]). Let H3 be any PL

homology 3-sphere. Then Sz*H3 = Z3H3 is homeomorphic to SE.
The importance of even a little understanding of eg is
explained by
Corollary 3. (Galewski-Stern [6], [7], T. Matumoto
[13]). If there is an element X € 6? with a(x) = 1 and
2x = 0, then all topological m-manifolds, m > 6 (> 7 if
3M # 0) can be triantulated as simplicial complexes.
This leads us to the following well-known conjectures.
Conjecture 1. The group Gg contains an element of order

two.

Conjecture 2. The group ker(o) is the zero group.

In the remainder of this paper we will first consider
the relationship between the simplicial triangulation ob-

struction of Theorem 1 and the combinatorial triangulation
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obstruction of Kirby-Siebenmann [10]. These results are

implicit in [7]. We will then show how elements of eg yield

k n

exotic PL manifold structures on I” x T, k + n > 5, which

are the standard PL structure on BIk X Tn, and how elements

of ker(a) yield possibly exotic simplicial manifold structures

on Ik X Tn, k + n > 5, which are the standard PL manifold

structure on SIk X Tn. Furthermore, we will demonstrate

k n
x T are non-

that the exotic PL manifold structures on I
exotic when considered as simplicial manifold structures.
Here, 7" is the cartesian product of Sl n-times, and Ik is

the cartesian product of the unit interval k-times.

Recall the short exact sequence

0>k ol 3
er (a) - 37 Z2 + 0
and the resulting Bockstein exact coefficient sequence
o B
e s uton B Stz > B (ke (o)) e

If M is a polyhedral homology m-manifold, there is an ele-
ment r (M) € H4(M;6§) such that r(M) = 0 if and only if there
is a PL m-manifold N and a PL acyclic map f: N + M (see [1],
[2], [11l]). If M is also a topological manifold, let
A(M) € H4(M;Z2) denote the Kirby-Siebenmann obstruction to
putting a PL manifold structure on M [10]. Theorem 11.1 of
[7] shows that
(4) a,r(M) = A(M)

Note that this identifies A(M) as a simplicial cohomology
class in the case that M has a simplicial triangulation K.
For then A(M) is represented by the cocycle a': C4(M) - ZZ’
where C4(M) is the free abelian group generated by the dual

4

4-cells e; of the (m-4)-simplices o of K and a'(eﬁ) =

o(link(c,K)). In particular, a topological m-manifold M,
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m>5 (> 6 if 3M # §) has a PL manifold structure if and only
if there is a simplicial triangulation K of M such that the
Kervaire-Milnor-Rohlin invariant of every 3-dimensional link
of K is zero.

Since the obstruction to putting a PL manifold structure
on a topological manifold M and the obstruction to putting
a simplicial manifold structure on M are lifting obstructions,
standard obstruction theory shows that

(5) BA(M) = T(M)

Furthermore, we have by Corollary 12.5 of [7] that if

Byt H4(M;Z2) > HS(M;Z) is the integral Bockstein homomorphism,

then B,A(M) = 0 implies that T(M) = 0.

Now to the construction of exotic triangulations on

¥ ™, k + n > 5, Let SPL(Ik x T, 3) denote the set of

concordance (hence isotopy) classes of PL manifold structures

on Ik x T extending the standard PL manifold structure on

k

31 x T". similarly, let § (Ik n

TRI x T, 3) denote the set of

concordance classes of simplicial manifold structures on

Ik x i extending the standard PL manifold structure on

31" x . There is a natural map SPL(Ik x T, 3) -

Tn
S (Ik x Tn, 3). By the work of Kirby-Siebenmann [10],
k

TRI
|H3"k

ISPL(I x 7h, 3) | (th; 2 for k + n > 5; and by

2) |
wrg (T % T 0| = [ETR(ker (0) ] for

k +n > 6. Our goal is to construct non-trivial elements of

Theorem 1, |J§

k n k n
SPL(I x 70, 9) and Sppr(IT x T, 3) and show that the
3 n 3 n .
natural map SPL(I X T, 3) ~» STRI(I x T, 3) is the zero
map for n > 2.
Let H3 be a PL homology 3~sphere and let F3 = H3 -

int 13. Then F3 x 1" has as boundary a PL homology
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(n+2) -sphere Hn+2. Hence, by doing surgery on the interior

of the parallelizable manifold F3 x I™ we have that Hn+2

bounds a contractible PL(n+3)-manifold P"*3 if n > 2. By

identifying the 1" factor in 8Pn+3 = Hn+2 = a(F3 x I

3

n
) so as
n . n+

to get T, we have a PL(n+3)-manifold M

82 x T, Note that Mn+3 is homotopy equivalent rel 8Mn+

to I3 x ™. Since any manifold which is homotopy equivalent

to Ik x T rel 3, k + n > 5, is homeomorphic to Ik

with boundary
3

x " rel 3
[16], we have that Mn+3 is homeomorphic to 13 x ™ rel 3.

The image of the PL manifold structure on Mn+3 under this

homemorphism yields a PL manifold structure FH3 on I3 x T8

extending the standard PL manifold structure on 313 X Tn,

. 3 n
hence determines an element [FH3] € SPL(I x T°, 3).

Theorem 6. [FH3] =0 <2f and only <if u(H3) = 0. Further-

~ 3 n 3 n ~

more, the natural map z, = SPL(I x T, 3) »> 5TRI(I x T, 9) =
n ker(a) <Zs the zero map.

Proof. Let Mn+3 be as above and let h: Mn+3 -> I3 x T

be a homeomorphism which is the identity over 313 x T,

3 n n+3 3

Attach a copy of I° X T to M along 8Mn+

manifold M' homeomorphic to S3 x ™", Note that M' bounds

to obtain a PL

Qn+4 = (cH3 x ) U {handles}. By Theorem 2 Qn+4 is simpli-

cially triangulated topological manifold which is an s-cobor-

dism between Mn+3 and I3 x % rel 3. By the observations

following (4), cH3 x ot possesses a PL manifold structure

extending the natural one on H3 x ™ if and only if a(H3) = 0.

This also follows from Theorem C of [17].

Let Q2+4 be the topological manifold obtained by ad-

joining the mapping cylinder of h to Qn+4 along Mn+3. Then
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Q2+4 is homotopy equivalent to 14 x " rel 3 QE+4 = S3 X Tn,

4 4 n

+4 .
hence Q: is homeomorphic to I4 x ™ rel 3 1% x ™. This

homeomorphism induces a simplicial manifold structure Zy3

on 14 x T and a simplicial manifold concordance between

FH3 and the standard structure on I3 x 7", It now follows

that [Tg3] = 0 if and only if o(H’) = 0 and that

5§ 3 ™, 3) > § (I3 x T%, 3) is the zero map for

(1 TRI

L

n 2.

| v

Perhaps Theorem 6 morally justifies Conjecture 2 above.

Note that in the proof of Theorem 6, the simplicial

manifold structure ZH3 on 14 x % can be assumed to be the

standard PL manifold structure on 3I4 x T if u(H3) = 0,

for we can assume that h: Mn+3 > 13 x T is a PL homeomorphism.

There results for each PL homology 3-sphere H3 with u(H3) =0

4 n ~
an element [ZH3] € JTRI(I x T, 3) = ker(a).

Theorem 7. Let H3 and ﬁ3 be PL homology 3-spheres with

u(H3) = a(§3) = 0. Then [ZH3] = [ZE3] i1f and only i1f there

ig a PL homology cobordism between H3 and §3.

Proof. Recall that I3 is the simplicial manifold

structure on I4 x % induced by a simplicial manifold struc-

4

ture on the topological manifold Qn+ = (cH3 X Tn) U {handles}.

Similarly, Z§3 is induced by a simplicial manifold structure

on the topological manifold §n+4 = (cﬁ3 x ™) U {handles}.

Let X4 be a PL homology cobordism between H3 and ﬁ3. Now

4 3 4 4

H® = cH” U X U cH® is a polyhedral homology manifold having

the homology of S4 and with H4 X R2 a topological manifold.

4 ¥« R? is a topological manifold

x I) U (cu? x ™) u (5n+4 x I) is a

By Theorem 1.4 of [7], cH

5 _ n+4

so that p°t (Q
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simplicially triangulated topological manifold. By attaching

4 n+5

x ™ cp we obtain a simplicially tri-

angulated topological manifold Yn+5 = (Qn+4 x I) U (cH4 X Tn)

5

PL handles to X

—n+4

U {handles} U (Q x I) homotopy equivalent to I° x T". BAn

application of the PL s-cobordism theorem to the boundary

5 n+4

PL s-cobordism in Yn+ between aQ“+4 and 3Q , each of

which we identify with 314 x ™ via a PL homeomorphism,

yields a simplicially triangulated topological manifold

. . +4
Y2+5 homotopy equivalent to I5 x T and with 3Y2+5 = Qn U

S3 % Tn x I U §n+4. There results a concordance between

ZH3 and Zﬁ3 .

Conversely, suppose [ZH3] = [Zﬁ3]. Then there is a

5

simplicially triangulated topological manifold Wn+ with

nts Qn+4 ] S3 x 7% x Iy Qn+4 and with a homeomorphism

oW
£: w2 > 14 x ™ x I which is PL over 31% x ™ x I. Let
m: cHS x T > 1% x ©® ana T: o x ™ » 1% x T be homology

. . . n . .
equivalences which fiber over T . There is no obstruction

to extending m and T to a homotopy equivalence p: Wn+5 > I4x

4 -1 4 4

n xTan)+3Ix

™ x 1, with p|£ 1% x 7% x 1): £ (a1

n

T x I a homotopy equivalence. Homotope p so that

4 3 & (pt.) x I.

There results a PL cobordism X? between H°> and H>. There is

pl£ 1 (31% x ™ x I) is PL transverse to S
a transversality theory for maps of homology manifolds pro-
vided that the target is a PL manifold (Theorem 3.7 of ([5]).

So homotope p rel f_l(BI4 x % x I) to be homology transverse
4

to I” x (pt.) x I. There results a homology manifold cobor-
dism X5 between cH3 and cﬁ3 extending X4. Now ax5 bounds
the homology manifold X5, so that r(axs) = 0. But the only

3 3 3 3

non PL 3-sphere links of 3X5 are H™ and H>. Thus H” # -H
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bounds a PL acyclic 4-manifold, hence H3 and ﬁ3 are PL

homology cobordant.

To construct non-trivial elements of 5§L(Ik X Tn, 9) =

H3—k(Tn;Z2), k + n > 5, take the non-trivial element of

5fL(13 x Tn—k' 3) constructed above and identify the oppo-

site ends of k- interval factors of I3 to derive a non-trivial

element of jfL(Ik x T, 3). Note that these elements are

trivial when considered as elements of SERI(Ik X Tn, 9) .

Similarly one constructs (possibly) non-~trivial elements of

STRI(Ik X Tn, 9) = H4—k(Tn;ker(a)), k +n > 6, from the
elements of 5&RI(I4 X Tn, 3) constructed above.
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