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PROJECTIVE COVERS OF ORDINAL SUBSPACES

K. Kunen and L. Parsons

0. History and Preliminaries

Gleason [G] introduced in 1958 the notion of projective
cover for compact Hausdorff spaces. Later, Ponomarev [Pl,
P2, P3] and Strauss ([S] independently obtained more general
results. A detailed historical survey is given in [Wi2].
The projective cover, also known as the absolute, of a space
X, denoted E(X), is characterized as that extremally dis-
connected space which is the perfect, irreducible preimage
of X. 1Its existence and uniqueness are establishea in the
references, above, for regular topological spaces.

Many properties, particularly those of the compactness
gender, are preserved from a regular topological space (here
we assume all spaces to be completely regular) to its pro-
jective cover. Of import is that a space X has paracompact
projective cover if and only if X is paracompact. The
normality of a space is not necessarily preserved in its
projective cover. Warren [Wa] showed that the projective
cover of wy is not normal. Malyhin [M] showed that if «
is a singular cardinal with uncountable cofinality, or regu-
lar but not inaccessible, then E(k) is not normal. In this
paper we characterize those sets of ordinals that have nor-
mal projective cover.

The following useful theorems of Iliadis [1l] are stated

here for reference:

Theorem 0.1. If X contains a dense set D of isolated
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pointe, then E(X) is homeomorphic to the set of those ultra-

filters on D which converge to points of X, with the relative

topology of BD.

Theorem 0.2. If G is open in X, and X is dense in the

extremally disconnected space T, then cl.G is open in T.

The following concepts play a significant role in our

results:

Definition. A g—-Aronszajn tree is a tree of height ¢
such that all levels are of cardinality less than ¢, having

the additional property that no branch runs through the tree.

Definition. A cardinal ¢ is said to be weakly compact
if and only if it is strongly inaccessible and there is no

k -Aronszajn tree.

Weakly compact cardinals, whose non-existence is con-
sistent with the axioms of ZFC, are, if they exist, quite
large. In fact, the set of inaccessible cardinals less
than a weakly compact cardinal is stationary in that car-
dinal. Weakly compact cardinals are treated in detail in
[D] and [K1].

Section 1 is devoted to an analysis of the projective
cover of ordinals and cardinals. We show that the projective
cover of an inaccessible cardinal is normal if and only if
the cardinal is weakly compact. Then, the results of Warren
and Malyhin, above, are extended as follows: If ¢ is an
ordinal, then E(a) is normal if and only if o is a successor

or has countable cofinality or contains a weakly compact
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final segment.

Section 2 considers ordinal subsets. If S is an infi-
nite set of ordinals, then a cofinite subset of S is dense
in some limit ordinal y. We prove that E(S) is normal if
and only if for all limit ordinals o <y, the conditions S

is stationary in o and o £ S imply E(a) is normal.

1. The Projective Cover of Ordinals

Theorem 1.1. If k 1s a regular cardinal, then E({) ig
the set of non-uniform ultrafilters on k.

Proof. Use 0.1l. The set of successor ordinals is dis-
crete and dense in k. Every non-uniform ultrafilter p on
that set contains a set A whose supremum is less than «.

The set clKA is compact, so p converges. Conversely, if p
converges to a < k, then p contains the successor ordinals
of a + 1, and thus is non-uniform. The following remark

completes the proof.

Remark. If D is the set of successor ordinals of «
and E is the set of ultrafilters of x that converge to ordi-
nals less than x, then the bijection ¢:D + « defined by
¢(a) = o - 1 for ¢ > w and ¢(g) = o for g < u, induces a
homeomorphism ¢#:E + E(k). It will often be convenient, as
above, to regard the projective cover of k as the set of

ultrafilters of ¥ that converge to ordinals less than k.

Theorem 1.2. If cfk =w, then E() ts normal.
Proof. From the hypothesis, k is Lindeldf, the latter

property being preserved to the projective cover.
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Lemma 1.3. If x 18 a cardinal and cfk > w, then E( k)
18 not normal.

Proof. Regard the ordinal k *k as the lexicographic
product k *k, for notational convenience, topologized with
the order topology. (E.g., «k = (1,0)). According to Theorem
0.1., E(k*k) is the collection of ultrafilters of « .k that
converge to ordinals less than Kk k.

Let H = {p € Ek): (3B <x)(va <k)[{B} x (k-a) € pl}.
Note that for each p € E(k*k), there is a Bp < ¢ for which
(Bp x k) € p. We assume that Bp is the least such ordinal.
Let K = {p € E(K'K):Bp X Bp € pt}.

The closures of H and K in E(k k) are disjoint: Let
p € E{(<*k). The union of the sets (Bp x Bp) and Bp x (K"Bp)
is in p, so exactly one is in p. Thus, p is an element of
exactly one of cl H, cl K.

To show that the closures of H and K cannot be separated
by open sets of E(k*k), it suffices, in view of Theorem 0.1.,
to show that C1BDH n ClBDK # #, where D is the set k '« with
the discrete topology. The latter two sets are completely
separated if and only if they are separated by a partition
of D [GJ].

If D' ©« D with ¢l D' 2 ¢l H, then for each o < k, there
corresponds an ordinal ga such that for B > Ea’ (a,B) € D'.

Otherwise, there is an o < Kk and a sequence {8 such that

5}5<K
(a,BG) ¢ D' for each § < k. Then choose an ultrafilter g
containing {(a,BG): § <k}, and converging to (a+l1l,0). We
have q € H, and g € ¢l D', a contradiction.

We now apply the hypothesis that cfk > w. Choose

0. € K arbitrarily. If Ogr --es @ are selected (assume o

0 n
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is the largest), then define %1 = % + w + Ean. From the

hypotheses, o, < 0p .y < K. Moreover, a = sup{an: n € w}
is less than k.
Consider the square o x a. Let D, = {(an,Ea +i): i € w},

n
for each n € w. By choice of o, D, = D' N (o x o) for each

n. We may choose an ultrafilter g containing {) D_ for each

n=i
i € w. Then Bq =g and o x o € g. Soqg€ KN cl D'. Thus,

D' cannot separate cl H and cl K and the theorem follows.

Theorem 1.4. Let y be a cardinal with uncountable
cofinality. Either of the following implies E(y) is not nor-
mal: (a) Yy is singular, (b) Y is regular and not inacces-
sible.

Proof. (a) Let cfy =k > w. We find an increasing
sequence of limit ordinals, {Ea: o <k}, with sup Ea =Y.

a<k
>

We may assume that for each a <«, [{B: E < B < g .} Z«.

o
Define a perfect map f: vy - x +« by induction as follows:
f(0) =0

If X is a limit ordinal, then put £(X) = sup f(B)
B<A

If £(§) is defined and o is the least index for
which § < Ea' then put f£(&+1) = £(§) + 1 if
£f(8) < ke+a and put £(8+1) = k-a if £(§) =«k-o.
The map f induces a perfect map E: E(y) » E(ke+). Since
E(c+k) is not normal (Lemma 1.3.), E(y) is not normal.
The proof of (b) is given in [M]. We improve this re-

sult later.

Theorem 1.5. If x i1s a strongly inaccessible cardinal,
then E({k) 1s normal i1f and only <if there is no x-Aronszajn

tree.



412 Kunen and Parsons

The proof is deferred until later.

If < is the partial order of a ¢ -Aronszajn tree, we

write a)(b in case a ¢ b and b £ a. If Zl, ey Zn are

n n
k -Aronszajn trees, I 2z, = \I 1 lev Zi' In the product
i=1 a<kgi=1 @

tree a < b if and only if a'¥) « b@) for a11 i =1, ..., n.

Finally, a)!(b if and only if a‘})) ®‘*) for a11 i =1,...,n.

Lemma 1.6. If Zl’ ceos Zn are k-Aronszajn trees, then

Zi 18 a k-Aronszajn tree.
1

=B

i
Proof. Any branch through HZi would induce a branch

through each Zi'

More general results concerning product trees appear in

[Wil].

Lemma 1.7. Let Z be a x-Aronszajn tree. Let S < 2
with |s| =k. DThere is an S' « Z for which each point of S'
has « successors in S and |s'| =K.

Proof. Fix £ < k. Consider Sg =8 N \J lev 2. The
azg

cardinal |S£| =g. Then ﬂglsg] < lev,Z and has cardinality

12

less than k. Thus, there is an s, € lev,_Z which preceeds «

£ £

points of S Let S' = {sgz £ <«x}.

£
Lemma 1.8. Let {Zi: i € n} be k~Aronszajn trees and
let 2= N 2z,. IfS c2zwith |S| =«, then there exist
ien
a, b €8 such that a)! (b.
Proof. By induction. The lemma is trivially true for
n=1. Let n > 1. Apply the inductive hypothesis to S' of

Lemma 1.7.: There are r, s € S' with i # 0 » r(l))(s(l).

(Use Lemma 1.6.). Then r has k successors in S. There must
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be b,b' > r (both in S) for which b(o))(b'(O). Let a > s

be above the level of b,b', with a € S. Clearly, i # 0

implies a(i))(b(i) and a(i))(b'(i). Since a is above the

level of b,b', one of the pairs a,b or a,b' satisfies the

lemma.
Lemma 1.9. Let T be a x-Aronszajn tree, where ¢ 1s
regular and uncountable. Let ag + « and suppose rg = 1eva T,
B
with |rB| =n < w. There exist 8 and ¢ (without loss of

generality 6 < r) such that w_ [ ] Nr, = #.
0g L 6
Proof. By induction on n. Clearly, the theorem holds

if n = 1: If the conclusion is false, then the rB's form a
path through the tree.

Assume that the theorem is true for n £ k, and that
n=%k+ 1l. For each B <k, let EB be the least ordinal for

which [rB]l =k + 1. Then EB £ gq.,. Two cases arise:

| w
EB B

I. {58: B < k} is unbounded in k.

II. {gB: B <k} is bounded in k.

In Ccase I we define, inductively, an increasing function
B: k k. Let R(0) = 0. Assume B(§) has been selected.
Since the set {EB: B < k} is unbounded, choose R (&§+1) > RB(§)

so that EB(6+1) > %o(g)’ and let S, =7 Then

6 = Tag (s e

|sc| £ k and S, = lev T. If B(6)'s are selected for all
8 8 o
B(S)
B < XA, choose R(x) 2 sup B(8§). Then B(S8) + k for § <«k.
§<A
And for each § < k, there is a SG (= leva T. Without loss
B(8)

of generality, we may assume the |S6|'s are equal. Then by

the induction hypothesis, there are n and € (n < €) so that

T ( )[SE] n Sn = f@g. Let 6 = B(ntl) and ¢ = B(e+l).
B(n
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Clatm: ﬂae[rcl n ry = g. Pf: Suppose t € nae[rcl n
1N r8(5+1)' Therefore,

r Then t € 7

% (n+1)

T (t) €« [m [xr
“g(n) “g(n)  %B(n+1)

8 [Tg (e+1)

110 g [r ]
B(e+l) g (n) B (n+l)

Tag gy - 8lern ] 1 T Tag ) Wag ) Facenny 110 Sy 7

T [S ] NS = @g. Contradiction. The claim follows,
“g(n) ¢ n

establishing the theorem in Case I.
Now consider Case II. The set {EB: B < Kk} 1is bounded

in x. Then there is some y such that y 2 EB for each

B < k. IﬂY[rB]l = k + 1 for each B such that ag Z2y. Con-

sider the set of unordered (k+1l)-tuples of distinct elements

of 1evyT. There are fewer than k of them. Since each
2

B(GB Y) can be associated with a unique member of this
set, there is at least one (k+1l)-tuple with rB's so associ-
ated. (Here, we use the regularity of k). 1I.e., there are

tl, ey tk+1’ all distinct elements of leVYT, and an in-

creasing function B: k + k, with each ag g Z Y, so that

“Y[rs(ﬁ)] = {tl’tZ""’tk+l}'
. _ 1 2 k+1
Let rB(6) be ordered: rB(ﬁ) = <x6,x6,...,x(S > where
i, _ . _ .
wY(xd) = ti for i —kji 2, +.., k+1l. Let Ti = T for each i.
As observed above, _HlTi is a .tree, with the canonical partial
l=

ordering, and by Lemma 1.8., there are n and e (without loss

of generality n < €) such that rB(n)).( rB(e)’

Claim: ﬂaB(n)[rB(e)] n rs(n) = g. Pf: If i # j, then
m (xi) # xj because 7 (xi) =t. #t. =1 (xj). On the
%g(ny € n’ i Y e i ] Yy '
i i . .
other hand, ﬂaB(n)(XE) # xn because rB(n)).( rB(E). This

establishes the claim and the theorem follows.

Lemma 1.10. Let K be a regular uncountable cardinal,
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T a k-Aronszajn tree. If F ig a family of pairwise disjoint

finite subsets of T and |F| =k, then there is a level u <k

and an infinite G < F such that V r € G[r < \)leng] and
E>u

vr,s € G[lr # s » nu[r] n nu[s] = #1.
Proof. Suppose that the conclusion is false. We will
choose by induction a family of finite sets that contradicts
Lemma 1.9. Choose a level Ho arbitrarily. Then there is a

finite set G0 = {rl,...,rno} which has the property that
nuo[ri] are pairwise disjoint, but for any other r € F that
is contained in () 1lev, T, w [r] meets one of the m [r.]'s.
> £ ¥y Hg 1
Next, if Ga and ua are selected, then define Hotl = sup UJ Ga'

and define Ga as above. If y is a limit ordinal, let

+1
B = sup u,. Define G as above. Then the pu_'s strictly
Y B<y B Y o
increase to «.
Let Sa = nu U)Ga]. Since each Sa is finite and there
o

are k of them, we may assume without loss of generality that
|Sa| = n for each a < k. But by the choice of the G 's, if
B < §, then ﬂu [Sd] n SB # §. The family {Ga} yields the

g

contradiction.
We now give the proof of Theorem 1.5.

Proof. (+) Suppose E(k) is not normal. We construct
a k-Aronszajn tree. Let H and K be disjoint closed sets of
E(¢) which cannot be separated by a partition of k. The

sets H and K can surely be separated on cl a for each

E(c)
o < Kk, since the latter is compact. (Here, regard a as a
discrete subspace of E(k)). Let T = {X ca: X separates H

and K at some level o and sup X = al.
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Put X € levaT if and only if sup X = o and X separates
H, K on cl g. Order T by the following scheme: Xl < x2 if

and only if Xy is an initial segment of X Note that if X'

2°
is an initial segment of X, then X' separates H and K at
level sup X'. Thus, the ordering is a tree ordering. More-
over, since k is inaccessible, |levaT| = 2|°L| < k. The height
of T must be ¢« since at each level q, H and K can be separated.
The union of any branch through the tree would separate H and
K.

(+) 1In this direction we only use the uncountability

and regularity of k. The following quantities are defined:

T is the k-Aronszajn tree that exists by hypothesis

DE = the finite subsets of 1evET
D= UD

g ©
A = UD

asn

E{k) is the set of non-uniform ultrafilters of D

y 1is an arbitrary element of 1evnT (n < k)

Pg = {d €D.: T (y) €d} (pg < D)
Qg = D\Py =D

Hn ) Egnpg

Kn ) EE;QE

H = {H?: n <k}

K = {K?: n <k}

Each of H and K has the finite intersection property,
and thus they may be regarded as closed sets in E(k). We
shall show that these two disjoint closed sets cannot be

separated by a partition of D. For the sake of contradiction,
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assume that there is an S €D with cl § 2K, c1l S N H = 4.
Then by assumption, H and K are separated by the parti-
tion {85,s°} of D. We define by induction an increasing

function £: ¢ + « and a sequence {a a <kl of finite

£(a)®

subsets of k, with a (a) c x\&(a) and D nsc u

n
P .
€a £(a)
"2 (a)
First, fix £ € k. Let p be an ultrafilter containing
n
D, N S. Since H is a filterbase, p must omit some I\ )

£ i=1 "4

3 E(a)

n
Therefore, U H € p, so for some j, 1 £ jJ £n, H € p.
i=1 ni nj

ns Na
)= n € € p_J
Thus, PE Hﬂj DE p, and p ClE(K) £ - It now follows

that {cl P7: n 2 £} is an open cover of the compact set

3
cl(Dg N 8). There must exist a finite set a, such that

€
cl(p, N s) ¢ U cl P, The set a, ck\f. Necessarily,
€ € 3 €
n aE
D, Nsc U PN
€ neag €
The induction goes as follows: Let £(0) = 0; if £(a)

is selected, let & (a+l) > sup{ag(a)}, where a is chosen

£ (a)
as above. Let g(y) = sup £(a) if y is a limit ordinal. Note
a<y

that the a 's are disjoint.

£(a)
= : . fami : < on-

Let Nu {yn n € aE(a)} The family {Na a <k} con
sists of pairwise disjoint non-empty subsets of T. Apply
Lemma 1.10. There is a p < « and an infinite subfamily
{N ,N ,...} with all N 's being contained above the level

oy’ oy oy
i, such that i # j implies m [N ] N 7 [N ] = g. Let
ey R

Y = ig% {E(an)}

(Note that a. (. < (k\E(ap) N Ela4)).

n

Claim 1. A \NS « U K for some finite b < «.
n€b N
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Pf: Recall that A = UD;. Let p€ cl(A\S) = cl s, so
£y
n
p £ K. There exist, then, Ny eeer Ny such that 0 KS £ p.
n i=1 "i
Therefore, \J K € p. For some j, K € p, or p € cl K_.
i=1 Ni 3 "3

It follows that {cl Kn: n <k} is an open cover of cl(AY\S).

So there is a finite b =k such that cl1(A\S) ¢ 1 cl K_=
néb

cl \J K . Necessarily, A\S < U K_. Claim 1 is established.
néb N Y n€b
Let ¢ = b\y

Claim 2. c # @#. PEf: Suppose b cy. Let n* be the
largest ordinal of b. Choose £ so that n* < £ <y. Let

x € Dg' If x € Ay\s, then by the last claim, there is an

ng € b (noén*) such that x € Kn A which is impossible.
0 0

Therefore, x € S, so D, — S.

£
Let Nys weer My be given. We show that {Dg} U

o]

{0- ,.
N1

..,Hi } have non-empty intersection. First, we may

n
assume without loss of generality that |lev€Tl 2 » and that

, , c
U 2 £ for all i =1, ..., n, (for if n; < £, then Dg c Hni).

Let e € lev,T\{m,.(y_): i =1, ..., n}. Then {e} € HS for
13 £ °ny n;

each i =1, ..., n and {e} € D,.

€

There then is an ultrafilter p containing {Hi: n<x} u

{D,}. The point p is in H, and p € ¢l D, ©¢cl S. But cl S

g€ g€
was assumed to miss H. This contradiction establishes
Claim 2.

Let J = {j: nu(yn) € FU[NG~] for some n € c}. Clearly,
J is a finite set. Let J = {kl? ey kn} and let k be the

largest member of J (put k = 0 if J = #). Let i > k, n € ¢,

n' € aE(ai).
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i . . . .
Claim 3. ﬂu(yn) # ﬂu(yn,). Pf: n' € aE(ui) implies

yn| € Nai. Therefore, “u(yn,) € ﬂu[Nai]. But ﬂu(yn) £
nu[Na ] because i £ J. Claim 3 now follows.
i

Choose m so that £(am) > max{(b Ny), or m = 0 if

b Ny = #g. Fix my > k, m. Let ¢ = amo.

Claim 4. \S c Q] Pf: Let x € D

D . \S.
£(z) néc (@) £(z)

The set D is contained in A&, so X € AY\S. Therefore,

£(z)

x € Kn for some n € b (by Claim 1). I.e., x € Qn

gz}’

yn €y. Then n < g(aj) for some j (assume j is the least such).

Suppose

The ordinal E(um) is greater than max(b Ny), therefore j 2 m.

g ). < 3.
But x € Dg(;)’ or £(g) = n < £(aj) It follows that m, j

A contradiction arises because m, > m. Claim 4 is thus estab-

lished.
n .
If x ¢ Dg(;) NS, then x € nz; PE(E)' by choice of
£(z)
, . . n n
the ag(u) s. Claim 4 gives DE(C) nz;og(c) U nga PE(C)'
£(z)
= . n
Let 4 = {NE(;)(yn). n € c}. Then 4 € DE(C)' If 4 € nzLQE(C),

then for some n € ¢, 4 € Qg(c), so ﬂE(C)(yn) £ d. The latter

is clearly impossible, so d cannot be an element of U Qn

néc E(g)”
If 4 € pl £ noo.
nzg ()’ then for some n € ag(g)’ d € PE(D
£(z)
1
Therefore, NE(;)(yn) € 4. But m0 > k, so for each n' € c,

nu(yn) # nu(yn,), by Claim 3. It follows that for each

n' € c, NE(C)(YH) # ﬂg(c)(yn.). On the other hand,

NE(C)(YH) € d, so NE(C)(yn) = ﬂg(c)(yn,) for some n' € c,

a contradiction. Therefore, d cannot be an element of
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n .
n%EE(C)PE(C)’ We now conclude that the assumption of the

existence of the set S must have been false.

We remark that a cardinal «x has normal projective cover
if and only if either cf(K) = w or ¢ is weakly compact.

The following theorem concludes the section:

Theorem 1.11. Let o be an ordinal. E(a) 218 normal if
and only 1f one of the following conditions holds:

fa) o 18 a successor

(b) efo ®

(e) efa

K > w, where x 1s weakly compact and there
18 a B for which o = B +«k

Proof.

(a) implies E(a) is compact.

(b) implies E(a) is normal by Theorem 1.2.

(c) implies E(a) is the disjoint union of E(R+1l) and
E(c), both which are normal (the normality of the latter
follows from Theorem 1.5).

Suppose none of a, b, ¢ holds. Then o is a limit ordi-
nal of uncountable cofinality. Let cf a =« . Because (c)
fails, if k is weakly compact, then o contains a closed copy
of k*x and E(a) is not normal, by Theorem 1.3. Otherwise
E() is not normal by Theorems 1.4 and 1.5, and E(a) contains

a closed copy of Ek).

2. The Projective Cover of Ordinal Subspaces

In this section we show that the normality of E(S) for
any ordinal subspace S can be decided in terms of the nor-

mality of the ordinals in which S is stationary. We remark
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that we need only consider sets of ordinals that are dense
in their suprema, for if A is a set of ordinals, we define
inductively a homeomorphism, f: A -y, that has the property
that sup f[A] =y and cl f[A] =¥y

f(ao) =0
f(aa+l) = f(aa) + 1

If A is a limit ordinal,
sup f(aa) if ay is a limit point of A

o<A
f(a

A) ) sup f(a_ ) + 1 otherwise

a<A o

Theorem 2.1. If Y is an ordinal and A is dense in vy,
then E(A) = ¢*[AL where ¢: E(y) +Y <is the canonical map.

Proof. Since A contains the isolated points of vy,
¢+[A] contains the isolated points of E(y). Thus, ¢+[A] is
dense in the extremally disconnected space E{y), and is, it-
self, extremally disconnected. [Theorem 0.2]}. Moreover,

¢|¢+[A] is a perfect, irreducible map from ¢+[A] onto A.

We have seen that ¢+[A] must be the projective cover of A.
A more general version of this theorem appears in [Wol.

Lemma 2.2. Assume the following: The ordinal vy i8 a
limit ordinal; D is the collection of successor ordinals of
Ys S is a stationary set of Y containing D; and F is a closed
set of E(y). Let Z be the set of ultrafilters on D which
contain no subset of D which is bounded in y; and ¢: Ely) »> Y
i8 the canonical map. Then ClBD(F n ¢+[S]) n zs= clBDF naz.

Proof. The left-hand side is clearly included in the
right-hand side. We take p € clBDF N 2 and a neighborhood
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thereof, Vv = cl where E c D.

gD"
Consider V N F. This set is non-empty, since we chose

p € cl F. Obviously, for each 8 <y, ¢l__(D N B) cannot

gD
contain V N F; for if it did, then (\B) N E € p, so that
(y\B) N D € p. But the BD-closure of the latter then would
be a neighborhood of p which does not meet F.

We then have that ¢[Vv N F] = A is unbounded in y. But
A is also closed in y, since V and F are closed sets and ¢
is a closed map. Thus, A meets S because S is stationary
iny.

Let o € AN S. There is an ultrafilter g converging
to o, with g € vN F N ¢“[S]. Thus, V meets F N ¢ [S]. But
V was an arbitrary basic neighborhood of p, so p € 2 N

ClBD(F n ¢*[S]). The proof of the lemma is now complete.

Theorem 2.3. If S is a stationary set of y which con-
tains the isolated points of vy, and Ely) ts not normal, then
E(S) 18 not normal.

Proof. Let D be the isolated points of y. If E(y) is
not normal, then there are two closed sets H and K which are
disjoint in E(y), but whose closures in BD are not disjoint.

Then since D € E(S) < E{y) € gD, H N E(S) and K N E(S)
are closed sets in E(S) which are disjoint. But by Theorem
2.1, E(S8) = ¢+[S], and by Lemma 2.2, their closures in BD
are not disjoint.

If G, and G2 are open sets separating H N E(S) and

1

K N E(S), then ClBDGl and clBDG2 are open sets (see Lemma

0.2) separating clBDH and ClBDK' a contradiction.
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Lemma 2.4. Let S be contained as a dense, non-stationary
subset of a limit ordinal y. If every closed initial segment
of 8 has normal projective cover, then E(S) is normal.

Proof. Let K <y be a closed, unbounded set disjoint
from s. If K = {Ea: a < A} is the canonical well ordering
of K, then E(S) = WE(S N [ga,ga+l]), the right-hand side
being the free unig;xof normal sets.

Lemma 2.5. Let S be contained and dense in the limit
ordinal y. Suppose E(y) 1s normal and that every closed
initial segment of S has normal projective cover. Then E(S)
18 normal.

Proof. By Theorem 1.11, the cofinality of y is either
w ory = B +«k where ¢ is weakly compact.

In the former case E(S) is the free union of normal
sets and, thus, is normal. In the latter, we may assume
without loss of generality that y is a weakly compact car-
dinal.

For the sake of contradiction, assume that E(S) is not
normal. As in Theorem 1.5 we build a y-Aronszajn tree.

Let D be the successor ordinals of v.

Remark. In this proof we regard the projective cover
of a subset of v as a subset of E(y). See Theorem 0.1.

There are closed sets H and K of E(S) that cannot be
separated by open sets of E(S). Clearly, H and K cannot be
separated by a partition of D. Let o <y. By hypothesis,
E(S N g + 1) is normal, so H N E(S N o + 1) and
KN E(S N o + 1) can be separated by disjoint open subsets

of E(S N a + 1). These disjoint open sets have disjoint
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open closures in E(a + 1) because E(S N a + 1) is contained
in E(a + 1) as a dense subset and the latter is extremally
disconnected. Thus, H N E(a + 1) and K N E(a + 1) may be
separated by a partition of D N (a + 1).

Let T = {X c D: X separates H and K at some level a
and sup X = a}. The remainder of the proof is as in the
necessity (+) of Theorem 1.5. The tree T is the contradictory

Aronszajn tree.

Theorem 2.6. Let S be dense in the limif{ ordinal y.
E(S) is normal if and only if for all limit ordinals o S v,
the conditions S is stationary in o and o € S imply E(a) is
normal.
Proof. (+) The condition a ¢ S implies E(S N a) is
a closed subset of E(S) and hence is normal. But, S is
stationary in o, so Theorem 2.3 implies that E(a) is normal.
(+) By induction on the closed initial segments of S.
We show that for o 2y, S N a closed in S implies
E(S N a) is normal.
Case I. a =8 + 1. If B is a successor or if B £ S,
S N B is closed in S and S N a is normal. Otherwise, B is
a limit ordinal and B € S. Let U be the collection of ultra-
filters on the successor ordinals of y that converge to 8.
Then U c E(S N B + 1). Let H and K be disjoint closed sets
of E(S 1 ¢). If x € U, there is a clopen neighborhood Ax
intersecting at most one of H, K. Since U is compact,

there are Ax r oeees Ax which cover U. Let B =
1 n
B\(Ax U... UA_ ). The set B is bounded in B by some §.

1 xn



TOPOLOGY PROCEEDINGS Volume 3 1978 425

But H and K can be separated on Ax U «-. U Ax and also on
1 n

E(S N & + 1), the latter being normal by the induction
hypothesis.

Case II. o = ) (a limit ordinal). Again, assume all
closed initial segments of S in ) have normal projective
cover. We need only consider the case X ¢ S, for if X € 8§,
S N X is not closed in S. If S is stationary in A, then
E()) is normal by hypothesis and E(S N A) is normal by Lemma
2.5. If S is not stationary in )\, then E(S n 1) is normal

by Lemma 2.4.

Engelking and Lutzer have shown [EL] that a set of
ordinals is paracompact if and only if it is non-stationary
in every cofinally uncountable limit which it does not con-

tain. In view of this we have:

Theorem 2.7. Assume that for each inaccessible cardinal
K, there i8 a «-Aronszajn tree (i.e., no weakly compact
cardinal exists). Then for a set S of ordinals, E(S) is
normal 1f and only if S is paracompact.

Proof. (+) Paracompactness is always preserved from
a space to its projective cover.

(+) Assume S is not paracompact. Then S is stationary
in some cofinally uncountable limit k which is not in S.
Without loss of generality, we may assume that S contains
each isolated point of «, (as above, build a suitable homeo-
morphism which collapses S).

If there is no weakly compact cardinal, we have seen

{(Theorems 1.4 and 1.5) that E{) is not normal. We infer



426 Kunen and Parsons

from Theorem 2.3 that E(S) is not normal.

3. Closing Remarks

The projective cover of a weakly compact cardinal (if
such exist) has been shown to be normal, extremally dis-
connected, not paracompact. Kunen [K2] has constructed a
space with the same properties using only the axioms of ZFC.
The former space is locally compact; the latter is not.
Both are countably paracompact. Kunen's example is presented

below. We begin with a

Definition. A family of sets {Aa: a € I} is said to be
independent if given disjoint finite subsets, J and K of I,
N "y aS
Aa n Aa # 4.
o€d 0€K
Hausdorff [H] has shown that there exists a family of

w w
2 1 independent subsets of {Aa: @ < 21}, A finitely

ll
additive measure can be defined so that the Aa's are inde-
pendent events of probability 1/2, and that the measure of
each point is zero.
w
Let {Ha: a < 2 1} enumerate P(wl); and for § < Wy let
. c

35 be the filter generated by {Aa' ECH]}U {Aa' 3 ¢ Ha}'

Pick an ultrafilter pE containing }E' which contains no set

of measure zero.

Example 3.1l. The example X is D U {p,: & < w,1}-
wy £ 1

The space X is extremally disconnected, as it is dense

in BDuj . But X is not collectionwise Hausdorff, for if the
1

points {pE: £ < wl} can be separated by mutually disjoint
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basic open sets, say {cl Bgz £ < wl}, then the Bg's are
mutually disjoint sets of positive measure. It follows that
X cannot be paracompact.

But X is normal: Let H c wy - Then H = Ha for some

o < w,. The open set ¢l A_ contains {p,: £ € H }, but misses
1 o £ a

{pg: € £ H3.
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