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A SURVEY OF TWO PROBLEMS

Peter J. Nyikos

Two of the most interesting unsolved problems of general
topology are the "S and L problem" and the problem of whether
every regular, para-Lindeldf space is paracompact. The pur-
pose of this article is to give an overview of the current
status of these problems and many related ones. Since longer
surveys on the first problem are to appear in the near future,
the treatment here is a straightforward listing of equivalent
problems, related problems, and consistency results. Much
less is known about the second problem and the problems re-
lated to it (and there are no consistency results on it even
now!), so I have adopted a looser and more ample format, even
passing on a suggestion of Hasan Hdeib concerning a special-
ized class that may be more amenable to analysis. I wish to
thank him for bringing this class to my attention, and to
thank Franklin Tall and Michael Wage for their advice on the

first and second problems, respectively.

1. The S and L Problem

Is there an S-space? an L-space? ["S-space" will mean
"regular hereditarily separable, but not hereditarily Lindeldf

space"; "L-space" interchanges "separable" and "Lindeldf".]

[In this problem, "space" will always mean "regular

Hausdorff space"].

Equivalent problems. [For S—-spaces] Does there exist

a hereditarily separable, uncountable, right-separated space?
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(A space X is right-separated [resp. left-separated] if it
can be arranged in a transfinite sequence, X = {xa:u < 1}

so that every initial segment is open [resp. closed].) Does
there exist a zero-dimensional S-space? a Lindeldf S-space?

[For L-spaces] Does there exist a hereditarily Lindeldf,
uncountable left-separated space? Does there exist a zero-
dimensional L-space? a separable L-space?

[For S-spaces] Does there exist a space of countable
spread which is not [hereditarily] Lindeléf? (A space is of
countable spread if every discrete subspace is countable.)

[For L-spaces] Does there exist a space of countable
spread which is not [hereditarily] separable?

There is an S-space [resp. L-space] if, and only if
there is a collection of subsets {Sa: a < wl} of wy,
o € Sa c [a,wl) [resp. a € Su c (0,0]] such that for each

choice of finite subsets Ka < S

o

R Ba cwy - Su' and each

uncountable S © w there exists a pair of distinct ordinals

ll

o, B in S such that K, s - S,. (Nyikos)

B 1 B
This is a set-theoretic translation of the result [15] that

and B < w
o

there is an S-space [resp. L-space] if, and only if, there
w

is a subspace {fa: o < wl} of 2 1 with the product topology

such that o € fa_l(l) = [o,w;) (resp. a € fu_l(l) c (0,al]

and such that every discrete set of fa's is countable.

Remarks. Many other equivalent problems can be con-
cocted, especially by making use of various theorems of the
form separable + => LindelS6f (in the blank, one
can put e.g. paracompact, meta-Lindeldf...) or countable

spread + <=> Lindeldf. One also has theorems of
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the sort, "If X is separable, then X is of countable spread
<=> " which can be used to obtain equivalent problems
"Is there a separable space satisfying which is not
Lindel6f? Few such theorems are available for getting from
Lindeldf to separable, spoiling the illusion of duality
created above. The illusion is further undermined by results
like Tall's "If there is an S-space, there is one which is

not completely regular" which have no counterpart for L-spaces.

Related problems. A. Does there exist a countably
compact S-space? [Note: this remains unsolved if "regular"
is dropped in the definition of S-spaces.] Does there exist
an L-space in which every countable subset is closed?

B. Is there an S-space of cardinality > c? an L-space
of weight > c? [Note: this is the same question as the one
with "hereditarily separable" in place of "S-" and "heredi-
tarily Lindeldf" in place of "L-", since no hereditarily
Lindeldf space is of cardinal > ¢ and no separable space is
of weight > c.]

C. Does there exist a perfectly normal, or a heredi-
tarily normal S-space?

D. Does there exist a first countable S-space?

E. Does there exist a locally connected S or L space?

F. Does there exist a space of countable spread which
is not the union of a hereditarily separable and a heredi-
tarily Lindeldf space?

G. "Are the S and L problems the same?” That is, does
the existence of an S-space in a given model of set theory

imply the existence of an L-space, and conversely?
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H. Does there exist a cardinal o for which there exists
a space with no discrete subspace of cardinal o, but which

is not g-separable? not g-LindelGf?

Consistency results. Using a forcing argument, Hajnal
and Juhasz constructed, for each cardinal o, a model which
there exists an o-hereditarily separable space of cardinality

a a
22 and an g-hereditarily Lindel8f space of weight 22 , such

that every subset of cardinality 2 o is closed.

Under <, Ostaszewski constructed a locally compact,
locally countable, perfectly normal, countably compact S-
space, and Fedorchuk constructed a compact, hereditarily
normal, hereditarily separable space of cardinality 2€,

Assuming CH, Hajnal and Juhasz constructed an L-space
of weight 2% such that every countable subset is closed; a
first countable S-space; and a hereditarily normal, countably
compact, non-compact topological group which is an S-space.

Also under CH: Rudin and Zenor constructed perfectly
normal S-manifolds of any dimension 2 2 (and using <>, they
made them countably compact); Juhasz, Kunen, and Rudin con-
structed a locally compact, locally countable, perfectly
normal S-space which can be modified to give a first coun-
table, compact S-space; and Kunen constructed a compact 0-
dimensional L-space, and a compact strong S-space.

Assuming ®, Wage constructed an extremely disconnected
S-space. Ginsburg came up with a more general construction,
and also one for L-spaces using .

A Dedekind-complete Souslin line with endpoints is a

compact L-space, and can be modified to give a compact,
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locally connected L-space if it is not one already.

Assuming the existence of a Souslin line, Mary Ellen
Rudin constructed a normal S-space (this was the first known
S-space) .

Assuming either CH or the existence of a Souslin line,
Roitman constructed a space of countable spread which is not
the union of a hereditarily separable and a hereditarily
Lindeldf subspace. She has also constructed such spaces in
forcing extensions in which neither axiom holds.

Assuming CH, van Douwen, Tall, and Weiss constructed a
0-dimensional L-space with a point-countable base. The con-
struction revolves around the existence of certain Luzin
spaces and hence is strictly weaker than CH (for example, it
works in any model with a Souslin line) but is destroyed by
MA + OCH (Kunen).

Assuming (¥), van Douwen and Kunen have constructed
first countable S and L spaces. The axiom (¥), which is
strictly weaker than CH but is destroyed by MA + 1CH, states
that there exists an uncountable Noetherian collection of
subsets of w, such that every incomparable subcollection is
countable.

7. Szentmiklossy has constructed models by forcing in
which MA +~CH holds, yet there is an S-space.

There are many theorems which say that the existence
of certain kinds of S and L spaces is independent of ZFC.
The most important are the theorems of Z. Szentmiklossy which
state that under MA + —CH, no compact space of countable
tightness, and no compact hereditarily normal space can con-

tain an S or L subspace, and that under MA + 1CH, there is
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no first countable L-space. Also of interest are the theorems
of Kunen and Zenor, showing (respectively) that MA + CH
implies there is no strong S-space, and that the existence

of a strong S-space is equivalent to that of strong L-spaces.
[A space X is a strong S-space if x® is an S-space for each

finite n; strong L-spaces are defined analogously.]

References

[1] E. K. van Douwen and K. Kunen, L-spaces and S-spaces
in P(w), (preprint).

[2] E. K. van Douwen, F. D. Tall, and W. A. R. Weiss,
Nonmetrizable hereditarily Lindelof spaces with point-
countable bases from CH, AMS Proceedings 64 (1977),
139-145

[3] V. V. Fedorchuk, Fully closed mappings and the con-
sistency of some theorems of general topology with
the axioms of set theory, Mat. Sb. 99 (141) (1976),
3-33 = Math USSR Sbornik 28 (1976), 1-26.

[4] J. Ginsburg, S-spaces in countably compact spaces
using Ostaszewski's method, Pac. J. Math. 68 (1977),
393-397.

[5] , L-spaces in complete spaces of countable
tightness using & , Gen. Top. Appl. 9 (1978), 9-17.

[6] A. Hajnal and I. JuhasSz, A consistency result con-
cerning hereditarily a-separable spaces, Indag. Math.
35 (1973), 301-307.

[71 , On hereditarily oa-Lindeléf and a-separable
spaces II, Fund. Math. 81 (1974), 147-158.
[8] , On first countable non-Lindelof S-spaces,

Coll. Math. Soc. Janos Bolyai 10. Keszthely, Hungary,
1973.
[9] , A separable normal topological group need
not be Lindeldf, Gen. Top. Appl. 6 (1976), 199-205.
[10] 1I. Juhdsz, K. Kunen, and M. E. Rudin, Two more heredi-
tarily separable non-Lindelof spaces, Canad. J. Math
28 (1976), 998-1005.



TOPOLOGY PROCEEDINGS Volume 3 1978 467

[11] K. Kunen, Luzin spaces, Topology Proceedings 1 (1976),
191-199.

[12] ;s Strong S and L spaces under MA, 265-268 in
Set-Theoretic Topology, Academic Press, New York, 1977.

[13] A. Ostaszewski, On countably compact, perfectly normal
spaces, J. London Math. Soc. (2) 14 (1976), 505-516.

[14] J. Roitman, The spread of regular spaces, Gen. Top.
Appl. 8 (1978), 85-91.

[15] , 4 reformulation of S and L, AMS Proceedings
69 (1978), 344-348.

[16] M. E. Rudin, Lectures on set theoretic topology, CBMS
Regional Conference Series in Mathematics no. 23, AMS,
1975.

[17] 2. Szentmiklossy, S-spaces and L-spaces under Martin's
axiom, (preprint).

[18] F. D. Tall, A reductionof the hereditarily separable
non-Lindeldf problem, 349-351 in Set-Theoretic Topology,
Academic Press, New York, 1977.

See also K4, Classic Problem II (vol. 1) and Classic
Problems VI and VII (vol. 2) [Note: Fedorchuk showed his
axiom ¢ is equivalent to ©.] Survey articles by I. Juhasz
and M. E. Rudin on this problem are to appear in the near
future, one in the proceedings of the 1978 Budapest conference
(which will include papers by Z. Szentmiklossy and F. Tall on

the problem), the other in a book of surveys in general

topology edited by G. M. Reed.

2. Para-Lindelof Spaces

The main problem in this area is the following: Is
every regular para-Lindeldf space paracompact? (A space is
para-Lindelof if every open cover has a locally countable
open refinement.) Equivalently: Is every regular para-
Lindel6f space normal? [This is an observation of J.

van Mill: if there exists a para-Lindel6f space X which is



not paracompact, then by Tamano's theorem, X x BX 1is not
normal; and clearly, X x BX is still para-Lindelof.]

The subject of para-Lindeldf spaces is a wide open field,
with very little known about which implications hold between
covering or separation axioms (regular or beyond: for the
duration of this problem, "space" will mean "regular space"),
besides those that hold for topological spaces in general.
Consider the following properties: regular, completely regu-
lar, normal, collectionwise normal; countably metacompact,
countably paracompact, realcompact, {(weakly) submetacompact,
metacompact, paracompact. It is not known whether para-
Lindel8f together with any of these properties implies another
property if it does not already do so for all spaces.

The list would even have included "subparacompact,"

were it not for some recent theorems by Dennis Burke:

Theorem. A submetacompact (0ld name: 6-refinable)
space in which every open cover has a o-locally countable

{not necessarily open) refinement is subparacompact.

Corollary. A submetacompact para-Lindeldf space is

subparacompact.

Practically everything else we know about the separation
and covering properties of para-Lindeldf spaces is to be
found in [1].

Our knowledge of what implications hold between
"generalized metric" properties in the presence of the para-
Lindeldf property is also very sketchy. We do not even know

whether every para-Lindeldf normal Moore space is metrizable,
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nor whether every para-Lindeldf Moore space is normal (des-
pite being strongly collectionwise Hausdorff [1l]) or meta-
compact.

We are somewhat better off as regards our knowledge of
spaces with g-locally countable bases. We now know that a
space with a o-locally countable base (0~LCB) need not be
para-Lindel8f (even if it is a Moore space [l]) nor need it
even be countably metacompact (even if the o-LCB is also
o-disjoint [4]). We also have a nice conversion of covering
properties to base properties, first expounded upon by Aull
[2] and extended slightly by Fleissner and Reed [1l] and
still further by Burke: a consequence of Burke's theorem

above and Corollary 2.2 of [1] is:

Corollary. A submetacompact space with a 0-LCB is8 a

Moore space.

However, we do not know what happens when normality is
brought into the picture - whether, on the one hand, every
normal space with a o-LCB is metrizable or, on the other,
whether it is consistent that there be a normal Moore space
with a ¢-LCB which is not metrizable. Similarly, it is not
known whether a collectionwise normal or monotonically normal
space with a o-LCB is metrizable. (However, we do know [6]
that every suborderable space with a o-LCB is metrizable.)
For that matter - does anyone know of a "real" example of a
normal space with a point-countable base which is not para-
compact?

Worst of all, we do not know what para-Lindeldf adds

to having a 0-LCB. For all we know, every para-Lindeldf
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space with a ¢-LCB may be metrizable (equivalently, para-
compact); on the other hand, there may even be ones that are
not countably metacompact, or completely regular.

Those who would like to-study these problems but can-
not get a good handle on them might want to look at a
specialized class for which there is a better structure
theory, suggested by Hasan Hdeib. Call a subset T of a
space X S-open if it can be written in the form U\ S, where
U is open and S is separable. Call a collection U of sets
S-locally finite if for each point p of X there exists an
S~-open set T containing p such that T meets only finitely
many members of (/. Call a space S-paracompact if every open
cover has an S-locally finite open refinement.

Every S-paracompact space is metacompact, and para-
Lindeldf. [Indeed if one substitutes "countable" for
"finite" in the definitions, one obtains a condition equiva-
lent to para-Lindeldf.] So, by Burke's theorem, these spaces
are subparacompact. Moreover, the points without separable
neighborhoods form a closed, paracompact subspace. It also
follows from Burke's theorem (but there is also a more direct
proof) that every space with a o-S-locally finite base is a
Moore space. And Example 2.5 of [l] is a non-metrizable
(and non-para-Lindeldf) space with such a base.

But there is still much that is not known about these
spaces; for example, whether every S-paracompact space with
a o-S-locally finite base is metrizable. In fact, all the
unsolved problems mentioned above for para-Lindeldf spaces
are also open for S-paracompact spaces, unless some impli-

cation holds with the addition of "metacompact" or "subpara-
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compact". (For example, it is a theorem, hardly worth men-
tioning, that every collectionwise normal, S-paracompact

space is paracompact.)
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