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REFINEMENTS OF LOCALLY
COUNTABLE COLLECTIONS

Dennis K. Burke

Several questions concerning spaces with a o-locally
countable base and paralindelaf spaces have proved to be
surprisingly difficult. It is not known, for example,
whether paralindeldf spaces must be paracompact or whether
spaces with a o~locally countable base must be screenable.
Recent results appearing in [FR], and examples in [DGN] and
[F]1, have contributed significantly to this area but many
fundamental problems remain. Part of the reason for this
seems to be that, in contrast with locally finite collections,
there are only a small number of suitable techniques avail-
able for handling or refining locally countable collections.
In this note, we give a result which allows for o-closure
preserving refinements of locally countable collections
under certain conditions. By applying this theorem we obtain
several new results, including the result that all regular
6~refinable spaces with a o-locally countable base are
developable.

For convenience all regular spaces are assumed to be

T. but, unless otherwise stated, no separation axioms are

1
assumed. The set of natural numbers is denoted by N. We
begin immediately with the statement and proof of the main
theorem; applications of this result and relationships to

known results will be discussed later.



20 Burke

1. Theorem. If P is a collection of closed subsets
of x and K 18 a point-finite open cover of X such that each
K € K intersects at most countably many elements of P then
P has a o-closure preserving refinement.

Proof. Assume K = {K(a): o € A} where A is well-ordered
and K(a) # K(B) if a # B. For each a € A the set #(a) =
{P € P: P n K(a) # #} is countable, so express as
Aa) = {P(1l,a),P(2,a),---},
(Make necessary adjustments in notation if #(a) is finite
or empty.) For each n € N let F = {x € X: ord (x,K) £ n}.

For each finite sequence (i ---,in) of natural numbers

lli2I
and each B € A, let

3 3 — LRI n. * o0 =
A(ig,---si ,B) = {(al. rap) € AT: o) <a, < <ay B and

P(1l,al) = P(12,a2) = se. = P(ln,an)}.
For each sequence (i,,--+,1i ) € Nn, we will define a closure
1 n
preserving collection D(il,---,in) - this will be done by
induction on n.
Let i € N (a sequence of length 1), and B € A. Define

D(i,g) = F, N P(i,B) N K(B), and

1
0(i) = {D(i,B): B € A}.

Then J(i) is a closure preserving collection (in fact, J(i)

is actually discrete). Now let n € N, n > 1l and assume that

for any sequence (jl,---.jk) € Nk, with 1 £ k < n, that

D(jl,---,jk) is defined and is a closure preserving collection

of subsets of Fk. For any (il,---,in) € Nn, B € A, define

E(ilr'“,in,B) = U{Fn n P(inIB) n K(Gl) N =« N K(Gn):

(alr"'lan) € A(ill"'linlB)}r H(ilr"'rinlB) = U{D(ijlr"'r

ijk,ajk): (ijl,---.ijk) is a subsequence of (il,---,in),
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1<k <n and (alr"'lan) € A(ilr"'linls)}r D(ill"‘linrs)
= E(g,--+,i,8) UH(y, -1 ,8), and J(iy,--0,i) =

{D(il,'°-,in,8): B € Al}.

To show D(ili""in) is closure preserving let A' S A
and suppose x € cl(U{D(iy,---,i ,B): B € A'}). If
x € Fn - Fn—l’ then there exists (Yl,yz,---;yn) € An, with
Y1 <eee< Yn such that

X € W=TRKb) NKbyy) Noeee 0Ky )

Then W N D(il,---,in,s) # @, for some B € A', implies
Wi E@,,---,i,8) ## (since F, N W cF_ = F_ _;) which
implies fyy,-*+sv ) € A(iy,---,i ,8) (soy = B). This says
there is only one g € A' such that W N D(i,,-+-,i ,8) # #;
it follows that x € cl(D(il,---,in,B)), for B = Yn and
Yn € A'. Now suppose ord (x,f) =k, for 1 £ k < n; then
there exists (yl,---,yk) € Ak, with Yq <t Yy such that
X € V = K(yl) N «..nN K(yk). If x € cl(U{H(il,-~-,in,B):

B € A'})r then x € Cl(D(ijll"'r ajr)) CCJ-(D(ilr"'rian))

i.
jr’

for some subsequence (i ."ljr) of (11,---,1n) with

jir’

(dll"'ldn) € A(ilr°"linlB)l since {D(ijll'

)s

c il .
! jr’ajr

B €AY, (ijl,-~-,ijr) is a subsequence of (il,---,in),

1 2r <n and (agre=cpay) € Al , 000 ,B)}
is closure preserving. Otherwise we have
x € cl(U{E(il,---,in,B): B € A'}). Now note that
v n E(i,+--,i ,8) # #, for some B € A', implies there is
(agre=+ray) € A(iy,---,i,,8) and a subsequence (ijl,-~-,ijk)
of (i;,-++,i ) such thaty, = Ggpr Yo = GgprttTAYy = Oy < B.
For every subsequence (ijl,---,ijk) (of length k) of

(il,---,in) let A(ijl,---,ijk) = {B € A': there is
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(al,"',an) € A(il,"',in,B) such that

Yl = ajl,...,Yk = ajk}.
Now, since there are only a finite number of such subse-

quences, there is some subsequence (ijl,---,i ) such that

jk
x € cl(U{E(il,---,in,B): B € A(ijl,"-,ijk)}). For each

B € A(ijll".lijk) we have E(ill"'linls) CP(lnIB) =
Bli ) )

and x € Fk n K(Yl)ﬂ eee N Ky

So x € P(ijk,Y (since P(ijkfyk) is closed)

k); hence

jll"'lljlek) < D(ljll"'lljkrYk) < D(lll"’llnls)
This shows ﬂ(il,---,in) is

x € E(i

for any B € A (i ee,i

31777 )
closure preserving and J = U{ﬂ(il,°°°,in): n € N,
(il,"',in) € Nn} is o-closure preserving.
If D(il,---,in,B) € 0, it follows by construction of
D(iy,*--,i ,B) that
D(iy,=++,i ,8) =P(i ,B) € P.

To complete the proof we need to show that 7 covers uP.

Let x € UP and suppose ord (x,X) n. There exist elements

K (o **,Kla ) of K such that x ¢ K(a;) 0 +-+ N K{ay) and

RSP
o, < a, <*++*< a . For each j, 1 2 3 £ n, there is ij € N
so that x € P(ij,aj) € ﬁ(aj) and P(il,al) = P(iz,az) = oo =
P(i ,a ). It follows that x € D(iy,*++,i ,a ) € J and the

theorem is proved.

A direct application of Theorem 1 shows that in a meta-
compact space X any locally countable collection of closed
eets has a o-closure preserving refinement. A little more
work gives a eharpened version of this in 6-refinable spaces.
Recall that a space X is e—refznable [WoW] if for any open

cover / of X there is a sequence {§ } of open covers of X,
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each refining (¢, such that for any x € X there is n € N
where 0 < ord (x,§ ) < w. The sequence {gh}; is called a
p-refinement of (/. If, in the above definition, the col-
lections §n are not required to cover X, then X is said to

be weakly 6-refinable [BL].

2. Corollary. In a 6-refinable space X any locally
countable collection of closed subsets has a o-closure pre-
serving refinement. Hence every g-locally countable closed
collection has a g-closure preserving (closed) refinement.

Proof. Suppose P is a locally countable céllection bf
closed subsets of X. There is an open cover { of X such
that each U € { intersects at most countably many elements

of P. Let {gh}; be a 6-refinement of (/. For each n,k € N,

let
= M <
Yn,k {x € X: ord (x,§h) sk},
/(n,k ={Gn ¥, 4:G¢€ 9n}, and
7) = : r)
n,k {p N Yn,k' P € 7/},

k it follows that
I

has a og-closure preserving refinement ﬂn k (relative
I

By applying Theorem 1 to the space Yn
P
n,k

to Y ), and since Y is closed in X it follows that
n,k n,k
D= U{ﬂn k: n,k € N} is a o-closure preserving refinement
I

of P. That completes the proof.

It is expected that some sort of covering property
(such as 6-refinable) would be necessary in Corollary 2.
This is illustrated by Example 3 and Example 4 below. Ex-
ample 3 is very simple and shows that locally countéble
covers need not have any "nice refinements". Example 4,

due to G. Gruenhage, is described in [DGN] and shows that
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the 6 -refinable condition cannot be weakened to weakly
o -refinable in Corollary 2 (and Corollaries 5, 6, and 7

below) .

3. Example. There is a completely regular space X
with a locally countable cover U of open and closed sets
such that U does not have a o-closure preserving refinement.

Proof. Let X = {(a,B) € w, X Wy @ < B} with the rela-

1

tive topology inherited from wy X Wy For each o € Wy let
U(l = [0,a] x (arwl)v

Then each Ua is open and closed, and the collection

U= {u: o < wl} is a locally countable cover of X with no

o-closure preserving refinement. The details are left to

the reader.

4. Example. There is an example of a completely regu-
lar nondevelopable space Z with a o-locally countable base.
This space is screenable (hence weakly 6-refinable) but not

0-refinable.

See Example 3.3 in [DGN] for the details. The following
properties (with some repetition) of Z are easily verified.

(a) 2 is weakly 6-refinable and every open cover of 2
has a o-locally countable refinement but Z is not subpara-
compact.

(b) Z is weakly o-refinable and has a o¢-locally count-
able network but Z is not a o-space.

(c) 2 is weakly 6-refinable and has a o-locally count-

able base but 2 is not developable.

The above statements (a), (b), and (c) should be con-
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trasted with Corollaries 5, 6, and 7 below in order to see
that these results cannot be significantly improved by
weakening the ¢-refinable condition. We view Corollary 7

as the main result in this group; this extends results given
by Fleissner and Reed in [FR] where it was shown that a
regular space X, with a g-locally countable base, is develop-
able if X is subparacompact or if (under Martin's Axiom) X

is metacompact with |X]| < c.

S. Corollary. If X i a regular O-refinable space in
which every open cover has a o-locally countable refinement
then X is subparacompact.

Proof. Using regularity we see that every open cover
of X has a o-locally countable closed refinement and by
Corollary 2 it follows that every open cover of X has a o-
closure preserving closed refinement. Theorem 1.2 in [Bu]

shows that X is subparacompact.

6. Corollary. A regular 6-refinable space X with a
o-loeally countable network i1s a o-8pace.

Proof. It follows from the proofs of Theorem 1 and
Corollary 5 that a o-locally countable closed network for X
can be replaced by a o-closure preserving closed network.

According to [NS] this is equivalent to X being a o-space.

7. Corollary. A regular 0-refinable space X with a
o-loecally countable base 18 a Moore space.

Proof. Corollary 5 shows that X is subparacompact;
Fleissner and Reed [FR] have shown that a regular subpara-
compact space with a o-locally countable base is a Moore

space.
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Corollary 7 can be viewed as a companion to Fedorcuk's
result [Fe] that a paracompact space with a o-locally count-
able base is metrizable. C. Aull has also given results [A]
where covering properties convert to corresponding base
properties in a space with a og-locally countable base.

A space X is said to be paralindelSf if every open
cover of X has a locally countable open refinement. Notice
that Corollary 5 says that a regular g-refinable paralindeldf
space X must be subparacompact. It is not known whether
paralindeldf spaces must always be subparacompact.

We conclude with a simple result related to the question
of whether a space with a ¢g-locally countable base is screen-
able (or equivalently has a ¢g-disjoint base). This proof
indicates that if a space X, with a o-locally countable base
3, has a o-disjoint base then a o-disjoint base for X can be
found by using only unions of elements of 8 (as opposed to

intersections, differences, etc.).

8. Proposition. If a space X has a o-locally countable
base B and a o-disjoint base D then X has a base § which is

simultaneously o-locally countable and o-disjoint.

Proof. Suppose 8 = UBn where each Bn is locally count-
o n=1
able and J = U Dn where each Dn is a disjoint collection.
n=1

For any n,k € N and D € Bn’ let

G(D,n,k) = U{B: B € B, B<S D} and

9(n,k) = {G(D,n,k): D € D }.
It is easily shown that each %(n,k) is simultaneously a
locally countable and disjoint collection,. and

§=U{%n,k): n,k € N} is a base for X.
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