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PRODUCTS OF SPACES WITH PROPERTIES
OF PSEUDO-COMPACTNESS TYPE

W. W. Comfort(1)

1. Introduction

When is the product of pseudo-(o,B)-compact spaces a
pseudo- (a,8)-compact space? We show: For regular, uncoun-
table a a product is pseudo- (a,B)-compact if and only if
each finite subproduct is; for o = B with cf(a) > w the
corresponding statement holds (a result of Argyros); for
a = B with cf(a) = w the corresponding statement fails; for
o singular with o > B the corresponding statement fails;
and for 0 < m < w there is a space X such that ™1 s
pseudo- (o, B)-compact and x™ is not.

These results settle most, but perhaps not all, of the
questions which arise naturally concerning the behavior of
pseudo- (¢, B) ~compactness under the formation of products.
Some related open questions are stated explicitly.

This investigation was undertaken in connection with
an extended work [5] co-authored with S. Negrepontis. For
complete and detailed proofs of the results, for historical
and bibliographical references, and for similar (and dif-
ferent) results concerning other chain conditions in topol-

ogy, the reader should consult [5].

2. Definitions, Notation and Conventions

The spaces we consider are not required or assumed to

satisfy any special separation axioms. It will be noted,
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however, that the spaces we construct or define (as examples
of spaces with particular properties) are completely regular,
Hausdorff spaces.

The symbols a, B, Kk and X denote cardinal numbers;
is the least infinite cardinal number. The symbols £ and

n denote ordinal numbers.

Definition. Let X be a space.
(a) A family {UE: £ < a} of subsets of X is locally
< B (in X) if for every element x of X there is a neighbor-
hood V of x such that
[{€ < a: v N UE # g} < B.
(b) The space X is pseudo-(%,B)~-compact if no set of

non-empty open subsets of X indexed by @ is locally < B.

We note that according to this use of terminology, a
space X is pseudo- (w,w)~compact if and only if each locally

finite family of non-empty, open subsets of X is finite.

Notation. The cardinal o is strongly K-inaccessible if

(a) « < o and
(b) if B < o and A < K, then BA < a,

When o is strongly K-inaccessible, we write K << o,

We note that at <« (2a)+ for all -infinite cardinals o.

Definition. Let x 2 w and let {xi: i € I} be a set of

spaces. The k-box topology on T is the topology gen-

ier®i
erated by sets of the form HiEIUi with Ui open in Xi and
with |{i € I: u; # xi}l < K.

We set XI = HiEIXi; the set XI with the «-box topology

is denoted (XI)K’
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We note that the w-box topology is the usual product
topology; and if |I| < k then the k-box topology on XI is

the box topology.

3. Paeudo-Compactness Properties of Large Products

We show that under appropriate conditions the question
whether a product (XI)‘< is pseudo-{a,B)-compact is deter-

mined by the behavior of "small" subproducts.

3.1. Theorem. Let a 2 B 2k and w £k << o with a
regular, and let {Xi: i € I} be a set of non-empty spaces.

The following statements are equivalent.

(a) (XI)'< i8 pseudo- (a,B)-compact;
(b) (XJ)'< 18 pseudo- (a,B)~compact for all J = I with
13| < k.

Proof. (a) = (b). For J # # the space (XJ)'< is the
continuous image, under the projection function, of the
space (XI)K; hence (XJ)'< is pseudo- (a,B)-compact.

(b) => (a). We show that no family {UE: £ < a} of non-
empty, basic open subsets of (XI)K is locally < B in (XI)K'
For £ < o there are UE open in Xi such that UE =

HiEIUE and such that with R(§) = {i € I: UE # Xi} we have
|IR(E)| < x. From the Erdds-Rado theorem on quasi-disjoint
families (see for example [7], [4] (Theorem 3.2) or [5]
(Theorem 1.3)) there are a subset A of a with |A| = a and
a subset J of I such that

R(E) N R(§') = J whenever &, £' € A and & # &'.

We consider two cases.
Case 1. J = @. For i € I there is at most one £ € A

such that i € R(£). We define x € X. by the rule

I
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X, € UE if i € R(E) (£ € A)

€ Xi if 1 € I\U R(E).

EEA

It is then clear that x € ngEAUE' so that no neighborhood
13

of x hits fewer than B of the sets U (£ € A).

Case 2. J # . We have |J| <k. Since (Xz), is
pseudo- (a, B) ~compact and HJ[UE] is open in (XJ)K for all
£ € A there is p € (XJ)K such that for every neighborhood

Vv, of p in (X we have

J J)K
. g >
[{g € Az vy n onj[u°] # g} 2 8.
For i € I\J there is at most one £ € A such that i € R(f).
We define x € (xI)K by the rule
X3 = P,
x; €U, if 1 € I\NJ, i € R(§), £ €A

€ X, if i e IN(D U U R(E)).

EEA

We claim that if V is a basic neighborhood of x in (XI)K

then

[{¢ € Az v N ut # g} 2 B.
We set

B = {g € A: m (U] N nJ[Ugl # #}, and

B(i) = {£ € B: V, N U} = #} for i € R(V)\J.
With R(V) = {i € I: V, # X.} we have |B(i) | 21 for

i € R(V)\J and hence
|[{¢ € B: v n vt = g} 2 |R(V)| <k.
Thus
(g € B: v nu® g} 28,

as required.

A special case of Theorem 3.1, and several related

statements, are given in [3].
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3.2. Corollary. Let a 2 B 2 w and o > w with o
regular, and let {Xi: i € I} be a set of non-empty spaces.
Then X; is pseudo- (a,B)-compact if and only if XJ 18 pseudo-

(a,B)-compacet for all finite J < I.

An attempt to prove a statement analogous to Theorem
3.1 for singular cardinals o founders on the fact that the
Erdos-Rado Theorem is available in the form used above only
for reqgular ¢. Various mathematicians, however, have proved
statements for singular cardinals similar to (but more com-
plicated than) the Erd8s-Rado Theorem. A preliminary ver-
sion was given by Noble and Ulmer [13]; a strong version
for the case k = w was given by Shelah [14]; and a very
satisfactory version for general «, which is the basis for
establishing a number of chain conditions in k-box products,
appears in the doctoral dissertation of Argyros [l]. For
a careful statement and proof of the generalization to singu-
lar cardinals\of the Erdos-Rado Theorem, as well as for a
proof of the following theorem (due also to Argyros), the

reader is referred to [5].

3.3. Theorem. Let w £k << a and k << cf(a) and let
{Xi: i € I} be a set of non-empty spaces. The following

statements are equivalént.

(a) (XI)K is pseudo- (a,a)-compact;
(b) (XJ)K 18 pseudo-(o,a)-compact for all J c I with
[J] <x.

3.4. Corollary. Let o be an infinite cardinal with

cf(a) > w, and let {Xi: i€ I} be a set of non-empty gpaces.



56 Comfort

Then XI 18 pseudo-(a,a)-compact i1f and only if XJ 18 pseudo-

(a,a)-compact for all finite J c 1.

These results give no information for o > B with a
singular. The following example, communicated in corres-
pondence by Eric van Douwen and included here with his kind
permission, settles the problem under consideration for all

such pairs of cardinals.

3.5. Theorem. Let o be an (infinite) singular cardi-

nal, w Sk << a and ¢ £ cf(a). There is a set {X,: i € I}
i

of eompletely regular, Hausdorff spaces such that

(1) (XJ)K is pseudo-(a,B)-compact for all J c I,

|J] <k, 2 28 < a; and

(1) (XI)K 18 not pseudo-(a,B)-compact ¢f 2 £ B < a.

Proof. There is a set {ao: o0 < cf(a)} of cardinal
numbers such that

ao =0,

o < oy < a for o' < g < cf(a), and

zc<cf(a)a0 = a.

We set I = cf(qa) and for o € I we denote by Xc the (discrete)
space o . We verify (i) and (ii).
(i) Let J < I with |J| <k and set y = |(XJ)KI' Since

k << o and X_. is the product of fewer than ¢ sets, each of

J
cardinality < o, we have from « = cf(a) thaty < a. Let

B < a, suppose that {UE: £ < a} is a locally < g family of
non-empty subsets of (XJ)K' and set

A(x) = {E < a: x € UE} for x € (XJ)K'
Then |A(x)| < B for x € (XJ).< and since UxA(x) = a we have
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a 2 Z{|a(x)

. < .
: x € (XJ)K} B Y < Q.
a contradiction.

(ii) We set

u(o) = {x ¢ (XI)K: x. = 0}, and

0
U(o,n) = {x € (XI)K: Xg = 0, X_ = nl for
0 <o <cf(a), n < ag-
The family
{u(0}} U {u(o,n): 0 < g < cf(a), n < o}
is an open cover of (XJ)K' of cardinality a, by pairwise

disjoint, non-empty open sets. Thus (XJ)K is not pseudo-

(a,2)-compact.

3.6. Corollary. Let o be an (infinite) singular car-
dinal. There is a set {Xi: i € I} of completely regular,
Hausdorff spaces such that Xy 18 pseudo- (a,B)-compact for
all finite J € I, all B < a, and X; i8 not pseudo- (o,B)-

eompact if 2 £ B < a.

The device used in the proof of Theorem 3.5 to define
a cover by pairwise disjoint open subsets of a product of
discrete spaces has served related purposes in the past;
see for example Mycielski [12] and Engelking [6] (Exercise
3.2.F(b)).

It is natural to wonder whether spaces xi with the
properties of those in 3.5 and 3.6 might be chosen pairwiss
homeomorphic. That such a choice is not possible follows
from an argument shown to me by Negrepontis and developed
by Argyros to furnish an alternative, and quite elegant,
proof of a product-space theorem of Shelah [14] concerning

calibres. Here is the precise statement.
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3.7. Theorem. Let o 2 B and cf(a) > w. If X is a
space and X" s pseudo-(o,B)-compact for all n < w, then xT

is pseudo-(a,B)-compact for all I.
A detailed proof is given in [5].

3.8. Question. Is the analogue for k-box topologies

of Theorem 3.7 a true statement?

In connection with k-box topologies with«k > w, it is
well to recognize that pseudo-compactness properties are
not always achieved by small products. The following simple

theorem will illustrate.

3.9. Theorem. Let x and A be cardinal numbers with
Kk > A 2w and let {Xi: i € I} be a set of regular, Hausdorff
spaces with |I| 2 X and with |X;| > 1 for i € I. Then (Xq)
is8 not pseudo-(2x,2)—compact.

Proof. It is enough to treat the case I = A. For
n < A there are non-empty, open subsets Uﬂ' Vﬂ of Xﬂ such
that ﬁh and Vn have disjoint neighborhoods in Xn. For A < )
we set

w(a) = (n

-1 -1
eaTr (U0 N (N ATy (VD)

Xn)K there is a neighborhood W of x such

then for x € (Hn<k

that

[{A = x: WnNn WA # 48} 1.

3.10. Corollary. Let o, k and X be infinite cardinals
with « > A and let {Xi: i € I} be a set of regular, Hausdorff
spaces with |I| 2 X and with |X;| > 1 for i € I.

(a) If 2 52 8= = ZA then (XI)K 18 not pseudo-(a,B)-
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compact.

A

(b) If cf(a) £ 27 then (XI)K 1s not pseudo- (a,a)-compact.

4. Finite Products

Some Examples. The results of §3 make it clear that
questions in product spaces concerning properties of pseudo-
compactness type revert in many cases to a consideration of
small subproducts. It then becomes appropriate to ask: To
what extent are these properties finitely productive? We
here describe some examples, using the usual product topology,
indicating some conditions under which small products retain
the properties in question and others in which they do not.

Again it is convenient to consider separately the cases
of regular and of singular cardinals; the emphasis in this
connection shifts, however, to the second cardinal in ques-

tion (i.e., to the "B" of property pseudo-(a,B)-compact) .

Definition. For a 2 w and £ € o” we denote by T the

Stone extension of f; that is, T is that (unique) continuous

v
function from the Stone-Cech compactification B(a) of the

discrete space a to B(a) such that fla = f.

Notation. Let a 2 w and p € B(a). Then

(a) the type of p in B(a), denoted T(p), is the set
T(p) = {E(p): f is a permutation of a};
(b) the norm of p, denoted ||p||, is the cardinal

number ||p|| = min {|a|: A € p}; and

() N_(a) = {p € B(a): |[lpll <«I.
The spaces T(p) for p € B(oa) were introduced by Frolik

[8] in connection with his proofs (see Frolik [81, [10]) of
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the statement, given in ZFC without appealing to the con-
tinuum hypothesis or to any special set-theoretic assump~
tion, that the space B8(w)\w is not homogeneous.
We note that N = 1 : A < .
e that N (a) =Ufely A ca, |A] <k}

We note also that if ¢k 2 y then a < q((a) < B{a).

4.1. Lemma. Let a 2 B 2 w, p € B(a) with ||p|| = B,
and 0 < m < w. For k < m let xk be a space such that

(a} a U T(p) < X © B(a) Zf B i8 regular, and

(b) ch(e)+(a) U T(p) < Xk < B(a) 2f B8 18 singular;
and set X = nk<mxk'

Then X is pseudo- (B,B)-compact.

The proof proceeds by induction on m and the fact that
if s: B + X satisfies

| (m o s)[B)]| = B for all Bc B with |B] = 8 and 'k < m,
then there is q € X such that [{n < B: s(n) € V}| = g for
every neighborhood vV of g. Details are given in 9.3-9.5 of
[5].

It was noted by Glicksberg [11l] in 1959 that a product
of spaces is pseudo-(w,w)-compact if and only if each coun-
table subproduct is. Reading this result I asked at the
annual meeting of the American Mathematical Society in
January, 1966 whether in this statement the word "countable"
could legitimately be replaced by "finite"; I asked also
whether, given spaces X, Y and 2 with X x ¥, X x Z and Y x 2
all pseudo- (w,w)-compact, the space X x Y x Z must also be
pseudo- (w,w) -compact. Frolik and I in 1967 independently

contributed negative answers to these questions ([9]1, [2]).
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Using Lemma 4.1 we see now that with little change our con-
structions can be adapted to give more general results.

It is clear from the definitions that if o 2 o' 2 B' 2 B,
then every pseudo-(a',B')-compact space is pseudo-(a,B)-
compact. Thus within the hierarchy of properties of pseudo-
compactness type, pseudo-(B,B)-compactness is a strong
property. It is reasonable to ask whether finite products
of spaces with this property also enjoy it and, if not, how
bad or weak such a product may become with respect to prop-
erties of pseudo-compactness type. The following theorem
indicates that for B 2 w, there is for every a 2 B8 a finite
set of pseudo-(B,B)-compact spaces whose product is not even

pseudo- (a,w)-compact.

4.2. Theorem. Let a 2 B 2 wand 1 < m < w.
(a) If B is regular there is a set {xk: k < m} of
completely regular, Hausdorff spaces such that
HkGAXk 18 pseudo- (B,B)-compact whenever A < m,
A # m, and

I 18 not pseudo- (a,w)-compact.

k<m’k
(b) If B is singular there is a set {Xk: k < m} of
completely regular, Hausdorff spaces such that

n 18 pseudo- (B,B)-compact whenever A © m,

xea®k
A #m, and
Hk<mxk i8 not pseudo-(a,(cf(B))+)—compact.

Proof. There is a subset {p,: n < m} of B(a) such that
||an = g for n < m, and

T(p,) n T(p,,) = # for n < n' < m.

For n < m we set
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L]
i

o U T(pn) in (a), and
n = N(Cf(B))+(a) u T(p,) in (b),
and we set

Xk = U{Yn: n<m, n#k} for k < m.

For A cm with A # m there is n € m\A and for k € A we have

Yn c xk; hence nkEAxk contains as a dense subspace the space
YnlAl. It follows from Lemma 4.1 that X is pseudo-(g,R)-
compact.

In (a), the space Hk<mxk contains a copy of the dis-
crete space g as an open-and-closed subspace; hence Hk<mxk
is not pseudo-(a,w)-compact.

In (b), the space Hk<mxk contains a copy of the space
N -and- d ; h

(cf(B))+(a) as an open-and-closed subspace ence nk<mxk
is not pseudo- (a, (cf(g))")-compact.

The spaces Xy of Theorem 4.2 can be amalgamated, as

follows.

4.3. Corollary. Let o 2 B 2 wand 1 < m < w.

(a) If B is regular there is a completely regular,
Hausdorff epace X such that Xm_l 18 pseudo- (B,RB)-compact,
and X™ is not pseudo- (a,w)—compact.

(b) If B is singular there is a completely regular,

m-1

Hausdorff space X such that X 18 pseudo- (B,B)-compact

and X™ ig not pseudo- (a, (cf(B)) 1) -compact.

Proof. Take for X the topological (disjoint) union

of the spaces X, (k < m) defined in the proof of Theorem 4.

k

4.4, Corollary. Let o 2 B 2 wand 1 < m < w, There

ig a completely regular, Hausdorff space X such that Xm—1
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is pseudo- (o,B)-compact and ™ is not pseudo- (o,B) -compact.
Proof. This follows from Corollary 4.3(a) for B reg-

ular, and from Corollary 4.3(b) for B singular.

The following question, though of only marginal inter-
est and importance, calls attention to the fact that the
statements of parts (a) and (b) of Theorem 4.2, though simi-

lar, are not identical.

4.5. Question. Let o 2 B 2 w with B singular and let

l <m < w. Is there a (completely regular, Hausdorff) space
X such that Xm_l is pseudo-(B8,8)-compact and x™ is not

pseudo- (o, w) -compact?

We have noted above (Corollary 3.4) that if cf(a) > w
and {Xi: i € I} is a set of spaces for which every finite
subproduct is pseudo-(q,q)-compact, then HiEIxi is pseudo-
(a,0)-compact. We see next that for cf(a) = w the analogous
statement fails. 1In fact, a single example to this end can

be chosen simultaneously suitable for all o with cf(a) = w.

4.6. Theorem. There is a completely regular, Hausdorff
space X such that X" ie pseudo- (a,a)-compact for all o such
that cf(a) = w and all m < w, and x? is not pseudo- (a,0) -
eompact for any o such that cf(o) = w.

Proof. There is a subset {pn: n < w} of B(w) such that

th||= w for n < w, and
T(pn) n T(pn,) =@ for n < n' < w.
We choose {A : n < w} such that

V] A =W
n<w n ’
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|An| = w for n < w, and
An n An' =g for n < n' < w,
and we set
B, = A, 1] U{(C1B(w)An) n T(pk): k < w, k # n},
C = B(m)\U{clB(w)An: n < w}, and
X=CU U{Bn: n < w}.

The reader who does not wish to verify for himself that the
space X is as required is referred to (5] (Theorem 9.10)

for the details.

We note that for X defined in the proof of Theorem 4.6
the space XI is pseudo- (o,w)-compact for all sets I and all
cardinal numbers ¢ > w. Indeed for J ¢ I with |J| < w the
space xJ is pseudo-(w,w)-compact and hence pseudo-(w+,m)-
compact; thus XI is pseudo—(m+,m)—compact (by Corollary 3.2)

and hence pseudo-{o,w)-compact for all a > w.
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