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A COVERING PROPERTY WHICH IMPLIES
ISOCOMPACTNESS II*

H. H. Wicke and J. M. Worrell, Jr.

1. Introduction

We discussed in [WoW] (referred to subsequently as I)
a method of defining weak covering properties, a method
having forerunners in [W2] and closely related to some con-
cepts of [HV]. 1In particular, we defined weak [o,=)F-
refinability, a weakening of the [a,w)r-refinability of [HV].
The weak property for o = wy generalizes weak §6-refinability
and implies isocompactness. The main theorem of I states

that fork 2 w every weakly [K,w)r-refinable space such

0’
that every subset of cardinality > has a 2-1limit point has
the property that closed ultrafilters with the k-intersection
property are fixed.

The main purpose of this paper is to characterize the
covering properties of I and certain generalizations of them
with the use of covering properties defined by a simultaneous
generalization of star refinement and order at a point as
well as a generalization of the distributivity property of
weak O-refinability. We use the term barycentric in defin-
ing such properties in a natural extension of the terminology
of [E]. The main theorem, which involves eight types of cov-

ering properties, is 3.1. A simple corollary is the following.

*Portions of this were presented at the 1979 Ohio Uni-
versity Topology Conference under the title Weak covering
properties.
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1.1. Theorem. Suppose that X is a space and H is an
open cover X of regular cardinality such that there is a col-
lection Q of open collections with |Q| < wg and for each
P € X there exist V € Q and ﬂp c f sueh that |”p| < wg and
(v € V: p €V} is not empty and refines Hp' Then there is a
countable collection Q' of open collections refining #H such
that for all p € X, there exists | € Q' such that

0 < [{v€eV:pev} < |A

The use of star refinements in describing a covering

property involving finitude at a point is illustrated by
the well known theorem of Stone [S] which we formulate so

as to make the analogy to 3.1 clear.

1.2. Theorem [S]. A T,-space X i8 paracompact if and
only if for every open cover A of X there is an open refine-
ment U of H# such that for each p € X there exists ﬂp s A

sueh that lﬂpl =1 and {V € U: p € V} refines ﬁp'

Worrell in [Wl] showed that an analogous characteriza-
tion of metacompactness could be given if the condition of

star refinement is relaxed.

1.3. Theorem [W1]. A space X is metacompact if and
only if for every open cover # of X there exists an open
refinement U of H such that for each p € X there exists

ﬁp < # such that |ﬂp| < wy and {V € U: p € V} refines ﬂp.

Subsequently 6-refinability was characterized in an
analogous way [W3]. See [W2], for an earlier formulation.
In addition to the main characterization theorem we

give some applications, proving some analogues to theorems
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of I. We also give examples illustrating dependence of some
of the covering properties on cardinalities. For additional

background see [WW3, WoW] .

2. Definitions and Notation

We use w, and Wy to denote the first and second infi-

0
nite cardinals, respectively equal to the corresponding limit
ordinals. Greek letters will denote cardinal or ordinal num-

. ) . . +
bers according to context. If ¢ is a cardinal, k denotes

its successor cardinal.

2.1. DNotation. If X is a set and V is a collection
of subsets of X and A € X, then (V)A = {velV:anv#gl.
In the particular case where A = {p}, we write (V)p. (Such

notation has been used by H. Junilla.)

We introduce here a slightly more elaborate terminology
than that of I, partly because of the scope of the method
of proof of Theorem 3.1. The neighborhoodwise refinements

are used here only in Theorem 3.1.

2.2. Definitions. Let x and p be cardinal numbers.
An open cover # of a space X is said to have a weak{kK,u)-
refinement ({k,u)-refinement) if and only if there is a
collection Q such that

(1) Each member of Q is an open collection (open cover)
which refines #.

(2) |Q] <«x-.

(3) For all p € X, there exists [/ € Q such that

4 .
0<|()p|<u
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An open cover # is said to have a weak {«,n)-barycen-
trie refinement ({«,u)-barycentric refinement) if and only
if there is a collection Q such that (2) and the appropriate
part of (1) above are satisfied and,

(4) For all p € X, there exist V/ € Q and a collection
ﬁ; < # such that |ﬁb| < p and (V)p is not empty and refines
.

p

An open cover A is said to have a (weak) {x,w-neigh-
borhoodwise refinement, correspondingly a (weak){ «,ud)-
netghborhoodwise barycentric refinement provided there exists
a collection Q satisfying the conditions (1)-(2); and (3),
correspondingly, (4) are replaced by:

(3') For all p € X, there exist / € Q and a neighbor-
hood Wp of p such that p € y/ and |(V)wp| < u, correspond-
ingly,

(4') For all p € X, there exist V/ ¢ Q, a neighborhood
W_of p, and ”p‘% # such that Iﬂpl <yu, p€ UV and (V)wp

P
refines #_.
P

Terminology. In the various cases of Definition 2.2,
we say that the collection Q determines the corresponding

type of refinement.

2.3. Remark. The types of refinement defined in
Definition 2.1 of I in the terminology of 2.3 above are,
respectively, a weak {u,u?-refinement, a {u,ud-refinement.
In view of this, a space X is (weakly) [K,m)r-refinable if
every open cover f/ of X such that |ﬂ| is regular and

#] 2 x has a (weak) (|#]|,|#|)-refinement.



TOPOLOGY PROCEEDINGS Volume 4 1979 217

We restate here Worrell's characterization of 6-refina-

bility using the terminology of 2.2.

2.4. Theorem [W3]. Suppose every open cover fl of a
space X has a (wl,wo)-barycentric refinement. Then X is

8-refinable.

3. A Characterization Theorem

In this section we show that certain of the weak cov-
ering properties of Definition 2.2 can be characterized in
terms of barycentric refinements. The regularity of the
cardinality of uncountable covers plays a role as is evident
from the proof of 3.1. 1In the case of weak refinements,
regularity does not matter as Theorem 3.4 shows. If coun-
table open covers # have (|#|,|#|)-barycentric refinements,
so that the spaces are countably metacompact, then the re-
striction to regularity in the non-weak case is no longer
needed, as Theorem 3.3 shows. Theorem 3.2 shows how coun-
table metacompactness can be used in the singular case of

countable cofinality.

3.1. Theorem. Let X be a topological space and let
# be an open cover of X of regular cardinality u. Let «
be a cardinal number. Then:

(1) H hae a (weak) {x,ud-barycentric refinément if
and only if A has a (weak) {k,u)refinement.

(2) H has a (weak){ «,u)-neighborhoodwise barycentric
refinement if and only if H has a (weak) {«,ud-neighborhood-
wise refinement.

Proof. The sufficiency is clear in all cases. We
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prove necessity. For each p € ¥, let Wp denote {p} for the
proofs of the theorems of part: (1) and Iet’wp denote a neigh-
borhood of p for the proofs of the theorems of part (2). It
will be clear that essentially the same argument will suf-
fice for all 4 theorems. Let Q be a collection determining

a fixed one of the types of {(k,u)-barycentric refinements

of the cover # involved in the statement of the theorem.

We show that # has the corresponding type of («,u)-refine-
ment. Let A = {Hg: 6 < u}. For each V € Ve q, let

a(v,V) = min{é§ < yu: HG 2 V}, and for each o < u, let Y(u,V) =
velV:a=aw,Nr. ret J(V) = {ufa, Vs a < uI\{g}. Note
that if U§(a,V) = UG(B,V) # B, then o = B. For if V €

Gla,y, ve H . Since Vv & US(8,V) € H,, o £ B. Similarly,

B’
B £ a. TFor each V € @, let c(V) = {p € UV: there exists ﬁp

such that (/) refines ﬁb and |ﬁ£[ < ul. Ifp ec(hy,

let o,(p) = sug{éz Hg € ﬁp}. Since |ﬁ%|.< u and u is regu-
lar, o,(p) < u. Suppose B € J(V) ana Wp NB # @. Then for
some o, B = UG(a, /). There exists V € §(o, ) such that

Wp Nv # g, so there is Hg € ﬁb such that V € Hs. Hence

a 2§ < o,(p). Hence I(J(V))wpi < u. This argument proves
the weak cases of (1) and (2). To prove the other two

cases one only needs to note that if V covers X, so does

Jh.

3.2. Theorem. Let X be a countably metacompact
[wl,m)r—refinable space. Then cvery infinite open cover H
of X has a (|A|,|H|)-refinement.

Proof. Let H be an infinite open cover of X. If |#

is regular, it has a {|#|,|#|) -refinement. Suppose a = |#|
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is singular and let k = cf(a). Then # can be expressed as
u{/)iY:y <K}where0<|/ﬂy|<ufor ally < «x. For each

Yy <k, let VY = U/’Z{. Then (/ = {VY: y <k} is an open cover
of X of regular cardinality. Hence there exists a collec-
tion Q of open covers of X such that UQ refines ¢, Q| < «,

and for all p € X there exists / € Q such that | (V) <K.

o
For eachy <« and V € 9 let W(Vyy) = {H N W: W € V and
VY = F(W,{) and H € /ﬂY} where F(W, ) = the first element of

{ which includes W. Let W(V) = y{W(Vy): vy <«}. For each

]

p € X, choose V/ ¢ Q such that 3 ](V)p[ <k. For W € (V)p,
there exists y < x such that VY = F(W,{). Hence there is

H € mY such that p € H N W. Since |(l/)p| <k, |{y: for
some W € (V)p, v, = F(W,H)}| <«k. Also each I(l{/(l/,x’))pi <
I/'%(I + B < a. Hence \(W(V))pl < a. Thus {#(W): V ¢ 0}

determines a {|#|,|#|>-refinement of #.

3.3. Theorem. Suppose that every infinite open cover Hof
regular cardinality of a epace X has a (| A|,|H|)-barycentric
refinement. Then every infinite open cover # of X has a
A, | H))-refinement; in particular, X ig¢ countably meta-
compact.

Proof. By Theorem 3.1, every countable open cover #
of X has a {|#|,|#|)-refinement. Thus the space is coun-
tably metacompact. Since Theorem 3.1 implies that X is

[wl,w)r—refinable, the conclusion follows from Theorem 3.2.

Note that for the weak case, the theorem corresponding

to Theorem 3.3 is trivial.

3.4. Theorem. Suppose that every open cover H of
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regular cardinality 2k of a space X has a weak (|#|.,|A])-
barycentric refinement. Then every open cover H of cardi-
nality 2k has a weak { |#|,|H|) -refinement.

Proof. That open covers A of regular cardinality 2«
have weak < |#|,|#|)-refinements follows immediately from
Theorem 3.1. If a = |#| is singular, we may write # =
U{ﬂ@: y < cf(a)} where 0 < |@{| < o for ally < cf(a). Thus
Q= {ﬂk: y < cf(a)} determines a weak {|#|,|#|)-refinement

of 4.

4. Applications

In this section we make a few applications. The main
Theorem 4.1 is a consequence of the characterization Theorem
3.1 and Theorem 3.1 of I. It can be given a direct proof,
of course. The corollaries stated are of interest also,
since even the weakest one, 4.2, is new and is not merely a

restatement of the weakly §9-refinable case.

4.1. Theorem. Suppose X is a space and k 18 an infi-
nite cardinal such that every well ordered increasing open
cover # of X of regular cardinality >k has a weak C|H|,|H#|) -
barycentric refinement. If every subset of X of cardinality
>k has a 2-1limit point, then no free closed ultrafilter on
X has the k-intersection property.

Proof. Theorem 3.1 shows that every well ordered in-
creasing open cover #/ of regular cardinality >« has a weak
{|#|,|#|>-refinement. Thus the result follows from Theorem

3.1 of I.

4.2. Corollary. Suppose X i8 a space and every well
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ordered increasing open cover # of X of regular uncountable
cardinality has a weak {|H|,|H)d-refinement. Then:
(1) If X is countably compact, then X is compact.
(2) IfX14is T

and wl—compact, then X i1s closed-

1
complete.

Proof. 1If X is countably compact every set of cardi-

nality 2w, has an w-accumulation point. Since every closed

0

filter in a countably compact space has the w,-intersection

0
property, it follows from Theorem 4.1 that there are no free

closed ultrafilters on X. This proves (l). If X is T, and

1
wl-compact then by Theorem 4.1 there are no free closed

ultrafilters with the countable intersection property.

An easy corollary of the preceding result is worth
stating since the covering property involved in its hypothe-
sis is implied by weak 6§06-refinability, and thus, by numerous
other covering properties (see [WW3] for discussion and

references).

4.3, Corollary. Suppose that X is a space and every
open cover of X of regular uncountable cardinality has a
weak (wl,wl)-refinement. Then

(1) If X is countably compact, X is compact.

(2) If X is Tl and wl-oompact, X 28 closed-complete.

(3) If X is T, and no closed discrete subspace of X

has cardinality >r2w then no free closed ultrafilter on

0’
X has the k-intersection property.

4.4. Remark. If a space X is weakly &6-refinable

[WW3], then it satisfies the hypothesis of 4.2.
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5. Some Examples

The theorem of this section presents a class of examples

which show the dependence of certain of the concepts of Defi-

nition 2.2 on the cardinalities involved. The examples are
Hausdorff first countable scattered spaces and, although not
regular, they are pararegular [WWZ]' a concept which can
effectively substitute for regularity for spaces having

bases of countable order.

5.1. Theorem. For every regular infinite cardinal
¥, there ig a scattered first countable Hausdorff space X
of cardinality «' having a base B such that |(B)X|5 k for
all x € X (hence every open cover has a (2,K+)—refinement)
but such that no open cover by sets of B has a Cetoed-re-
finement.

Proof. Let k be a regular infinite cardinal and let
F(K+) be the set of all limit ordinals <K+ which are limits
of increasing countable sequences of ordinals. For each
A€ F(K+) choose an increasing sequence {u(n,*): n €N } of

non limit ordinals such that A = lim u(n,X). Let

N
SI(K+) = {(a,B) € «t x«*: o is not a limit ordi-
nal or « € F(x') and B > ul,
and
SII(K+) = {(a,a): 6 € FcT)}, and
st =8, U s kT

I IT
For (a,B) € SI(K+), let {(a,B)} be a neighborhood base at

(i, p). For (o,a) € SII(K+), define D(n,a) = ([u(n,a),alx

{B: B 2 a}) U {(a,a)}. A neighborhood base at (a,a) € S__(x

IT
is defined by {D(n,a): n € N}. With these neighborhood

)
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assignments S(K+) is a scattered first countable Hausdorff
non-regular space and is thus basically complete [le’
Theorem 3.8]. The space is weakly 6-refinable, since the
subspaces SI(K+) and SII(K+) are discrete. Also S(K+) is
quasi-developable. Let 8 be the base consisting of the
union of the neighborhood bases defined above. Suppose
(0,8) € S&™). Then [y € FleTy: 2 < BY| £ |8| €£x. Since
{(a,B) is not in any set D(n,A) with 8 < %, it follows that
[ B) (g, gy S

Suppose # is any cover of S(K+) by sets of B and Q is
a collection of open covers of S(K+) such that UQ refines
A and |Q| £«. Let V ¢ Q. For each (a,a) € SII(K+) choose
a D(n(o),0) which is a subset of some element of V contain-
ing {(o,a). Then a* p(n(a),a) determines a regressive func-

tion on the stationary set F(K+), so by the Pressing Down

. . +
Lemma, there is a stationary set E(V) € P ) and vy (V) < K+

]

such that u(n(w),a) v (V) for all o ¢ E(/). For each
V € Q there is such a v (/) and E(/). Let & = sup{y (//):

Y ¢ Q). Then for V ¢ Q, o > £ and o € E(/), {£€} x {B:

B8 2 a} € D(n(a),a). There exists v(/) such that & < v (/)
< «* ana [{a € E(V): & < a < v(/)}| =«x. Thus all points
(£,m with n 2 v(/) are in k sets in /. Let T < ¥ exceed

all v(/) for V ¢ Q. Then any point (£,n) with n 2 1t is in

k sets in every / ¢ Q. Thus # has no (K+,K)-refinement.

5.2. Remark. It follows from the above proof and

[wWwW Theorem 3.8, 4.3] and [WWZ' Theorem 3.1] that each of

ll
the spaces S(K+) is a pararegular space having A-bases

hereditarily, and is an open continuous image of a complete
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metric 0-dimensional space of the same weight and cardinality

assk+L
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