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EMBEDDING FINITE COVERING SPACES 

INTO BUNDLES 

P. F. Duvall and L. S. Rusch 1 

1.	 Introduction 

In [H], Hansen shows that if X has the homotopy type 
tV 

of a	 CW-complex of dimension i > 1 and if p: X ~ X is a 

finite covering map, then there exists an embedding 

g:	 ~ ~ X x Ri +l such that pg = p where p: X x Ri +l ~ X 

Ri +l , 't'~on an , EucI'd~ ean (1) -space.~s proJec d ~s i+ He shows 

that this is the best possible result for trivial bundles 

since when the standard 2-fold covering, p: si ~ Rp i , of the 

real projective i-space is considered, ,there exists no 

embedding g: Si ~ Rpi x Ri such that pg = p. We extend this 

result as follows. 

Theorem 1. Let X be a connected 3 topoZog~caZ space 

with the homotopy ~ype of a ZocaZZy finite simpZiciaZ compZex 
tV 

of dimension i. Let p: X ~ X be a finite n-foZd covering 

map and Zet f: V ~ X be an Rk-bundZe over X. If k > i 3 then 
tV 

there exists an embedding g: X ~ V suah that fog p. 

The proof of Theorem 1 reduces to showing the existence 

of a cross-section of a certain bundle over X with fiber 

Cn(R
k

), the configuration space of n unordered points in Rk 
• 

As a result, we also obtain the following. 

Theorem 2. Let X3 P3 f be as in Theorem 1. If 

lResearch of both	 authors was supported in part by an 
N.S.F. grant. 



362 Duvall and Husch 

k = 1 ~ 4, then thepe e~ists a unique obstpuotion in 
k ·k thA

H (X;ffk_I(Cn(R" ))), the k oohomology gpoup of X with looal 

ooeffioients (in the sense of [B]) whose vanishing is a 

neoessapy and suffioient oondition that thepe e~ists an 
tV 

embedding g: X ~ V suoh that fog p. 

In [D-H], we show that if X is a closed orientable 

manifold of even dimension k > ~ and if f: V ~ X is an 

orientable Rk-bundle over X, then the obstruction is the 

Euler class of the bundle f: V ~ X. Results of this type 

have consequences in embedding k-dimensional compacta up to 

2kshape in Euclidean 2k-space, R . 

2. Preliminaries 

f: V ~ X is an Rk-bundZe if f is a bundle in the sense 

of [8]. In particular, f is a locally trivial map. We shall 

suppress the structure group which could be some subgroup 

of the group of homeomorphisms of ~ with the compact-open 

topology. 

Let Fn(~) = {(x1 ,x2 ,···,X ) E (~)nIXi ~ x j for i ~ j}.n 
The symmetric group on n"syrnbols, En' acts freely on Fn(Rk ) 

by permutation of coordinates: if cr E En' then cr(xl ,x2 , 

••• ,xn ) = (Xo (1)'Xo (2)'···'Xo (n». Let Cn(~) = Fn(Rk)/L n 
b~ the orbit space of the action. 

tV 
Two covering spaces Pi: Xi ~ X are equivalent if there 

tV 

exists a homeomorphism h: Xl ~ X2 such that P2h = Pl· 

Let f: V ~ X be an Rk-bundle and let p: ~ ~ X be an 

n-fold covering of X. Let f(n): V(n) ~ X be the n-fold 

Whitney sum of f; i.e. consider the n-fold product bundle 
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fx···xf:Vx···xV ~ Xx···xX and let f(n): V(n) ~ X be the 

pullback of the latter bundle induced by the diagonal map 

X ~ Xx··· xX. V (n) = {(x, (vI'··· ,v » E XxVx··· xvi f (vI)n 

f (v2) = f (vn) = x}. Let \I = {(x , (vI' • • • , v n» E 

v(n)lvi v j for some i ~ j} and let Fn(V) = V(n) 1\1. It 

is easily checked that a = {f ( ) IF (V): F (V) ~ X} is a bundle n n n 

over X whose fiber is F (Rk ).
n 

The symmetric group L acts freely on Fn(V): if n 

o E Ln , define 0* on Fn(V) by o*(x, (vl,···,vn » (x,(vo(l)' 

••• 'Vo(n»). Let Cn(V) = Fn(V)/L be the orbit space of n 

this action and let T: Fn(V) ~ Cn(V) be the natural mapping. 

Since a·o* = a for all 0 E L , we have an induced bundle n 

mapping 8: C (V) ~ X whose fiber is C (Rk ).n n 

Let L ' 1 = {o E L 10(1) = I}, let E (V) = F (V)/L' 1n - n n n n­

be the orbit space of this subaction and let ~: Fn(V) ~ 

En(V) be the natural mapping. Let y: En(V) ~ X be the 

induced bundle mapping. Note that we have an induced map 

p: En(V) ~ Cn(V) which is an n-fold covering map [M-Z, p. 

235]	 • 

We have the following analogue of Proposition 3.1 of 

[H] • 

tV 
Ppoposition 3. Thepe exists an embedding g: X ~ V suah 

that fg = P if and onZy if thepe exists a seation ~: X ~ 

Cn(V), of 8 (i.e. 8~ = Ix identity on X) suah that the puZZ­

baak of p: En(V) ~ Cn(V) by ~ is equivaZent to p. 
tV 

Ppoof. Let g: X ~ V be an embedding such that fg p. 

-1Let x E X and let p (x) = {xl,···,xnl. Define ~(x) = 

T(X, (g(x ),g(x ),···,g(x »); note that ~ is well-defined.l 2 n 
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We leave to the reader to supply the straightforward argu­

ment to show that ~ is continuous, and, hence, a section of 

Let 
fIJI 

E 

p 

X t Cn(V) 

be the pullback diagram where E {(x,y) E X x E (V) I~(x) = 
n 

p(y)}. Define h: 
'\, 

X ~ E by hey) (p(y), ~(p(y), (g(y),g(Y2)' 

P-lp (y) { } A . . t .••• ,g (Yn ) ) ) ) were = Y'Y2'···'Yn. ga1n 1h 1S 

straightforward to check that h is a continuous map and that 

the inverse of h is given by 

-1 -1
h (x,~(x,(vl,···,vn») = 9 (vI)· 

'\, 

Note that p'h(x) = P(X)i hence, the covering spaces p: X ~ X 

and pi: E ~ X are equivalent. 

Now suppose that the section ~: X ~ Cn(V) exists so 

that there exists a homeomorphism h: 
'\, 

X ~ E with p'h = p where 

pi: E ~ X is the pullback of p by~. Define A: En(V) ~ V 

by A(~(x, (vl ,v2 ,···,v ») = VIi note that A is a continuous n
map such that fA = y. Define g: X~ V by g(x) A jIJ'h(x) • 

Note that fg = fA ~'h = y ~'h = 8p jIJ'h = 8 jIJ p'h Pi hence 

9 1.s "fiber-preserving." In order to show that 9 is one-to­

one, suppose that g(x) = g(Y)i thus p(x) = p(y). If 

h(x) = (p(x),~ (Xl, (vI'··· ,vn ») 

and 

hey) = (p(y),~ (yl, (wI'··· ,w »),n

then, from the definition of pullback, jIJ(p(x» 
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Pl.l (x I , (vI' • • • , vn» and 

p(x) S.'Jp(x) = SPl.l(x',(vl,···,vn » 

a(x',(vl, ••• ,v » = Xl n 

Similarly, p(y) = yl. Since ~p = ~p'h = p~'h and
 

T = Pl.l, {vl,···,v } = {wl,···,w }. Also, g(x) = A ~'h(x) =
 n n

A(l.l(X I
, (vl,···,v ») = vI and g(y) = wI' similarly. Hence,n

h(x) = h(y) and since h is one-to-one, x = y. g is the 

desired embedding. 

Consider the following commutative diagram:
a I 

lTlF (It) -----0+1 1T1 C <It> 1 .. L ----+.1 n n	 n 

!	 ! 
31 ~ 

lTlFn(V) -------.. IT 1C n (V) -------0+. L n ---0+. 1 

! (1. ! S. 
lT1X 

!	 ! 
1 1 

where the rows and columns are from the exact sequences of 

bundles and covering spaces. 

Lemma 4. If k ~ 3, then B. x al : lTlCn(V) 0+ lTlX x L is n 

an isomorphism whose inverse is given by 

-1	 -1 -1(a.	 x 01) (zl,z2) = T. (1. (zl)· j.(ai) (z2)· 

k
Proof. If k ~ 3, then lTIFn(R ) = 1 [F-N] and, hence, 

(1. is an isomorphism. The rest of the proof is a straight­

forward diagram chasing argument. 

In the proof of ·the latter lemma, one shows the follow­

ing. 

Lemma 5. If k > 3, then j. is one-to-one. 
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3. Characteristic Maps for n-Fold Covering" Maps 
tV 

Let q: Y ~ Y be an n-fold covering map, YO E Y and let 

q 
-1 

(yO) = {Yl'···'Yn }· Let k: [0,1] ~ Y represent an ele­
tV 

ment of nl(Y,yO) and let k i : [0,1] ~ Y be a, lifting of k so 

that k. (0) = y .• Let a E I be such that k. (1) = Y (.).
1 1 " n 101 

Let X(q): nl(Y'YO) ~ In be the homomorphism defined by 

X(q) [k] = 0; X(q) is called a aharaateristia map for q, [S] 

[H]. X(q) depends upon the ordering of q-l(yO) and is well­

defined up to conjugacy class; i.e. if Xl(q) is defined by 

using a different ordering, then there exists 0 E In such
0 

-1
that X(q) (ex) = a 0 [X I (q) (ex) ] a 0 for a 11 ex E n1 (Y , yO) • 

Characteristic maps determine the n-·fold coverings of Y: 
tV 

two n-fold coverings qi: Y ~ Yare equivalent if and onlyi 

if their characteristic maps are conjugate. 

Proposition 6. The boundary homomorphism dl: nlCn(V) 

~ In from the Zong exaat homotopy sequenae of the fiber 

spaae T: Fn(V) ~ Cn(V) is a aharaateristia map for the 

aovering p: En(V) ~ Cn(V). 

Proof. Let v be the base point of Cn(V) and let uso 
identify T-l(VO) = Ln. Consider the cosets of L~_l in L ,n 

{wI L~_1,w2 L~_l,···,wn L~_l}' where wI = identity and wi 

is a permutation such that wi(l) = i. Let k: [0,1] ~ Cn(V) 

represent an element of nl(Cn(V),vO). Choose liftings 
tV 

k i : [0,1] ~ Fn(V) such that ki(O) = wi· 

Recall that the long exact homotopy sequence of the 

fiber space T: Fn(V) ~ Cn(V) is obtained from the long exact 

homotopy sequence of the pair (F (V), L = T-l(vO» usingn n 

the isomorphism T.: n.(Fn(V),IniWl) ~ n.(Cn(V),vO). In order 
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tV 
to determine dl([k]), we consider the class of [kl ] E 

tV 

TIl(Fn(V),Ln;wl ); then dl([k]) = kl(l) = a. 
tV 

Since T is a principal Ln-bundle, ki(l) a 0 w.• 
1. 

tV 

Consider k i = ~ 0 ki;ki(O) = ~(wi) = vi. Note that 
-1 tV 

P (vO) = {vl ,v2 ,···,v } and that ki(l) = ~ki(l) = n 

~(a 0 wi) = ~(wa(i» = va(i) since a 0 wi(l) = a(i). Hence, 

d is a characteristic map for p.l 

The proof of the following is straightforward. 

tV 
Proposition 7. Let p: Y + Y be an n-foZd covering map 

tV
and let a: Z + Y be a continuous map. Then X(p) = X(p) a.0 

tV tV 
is a characteristic map for the pullback p: Z + Z. 

Lemma 8. If k ~ 3, there exists a homomorphism 

A: TIlX + TIlC (V) such that 8.A =identity and X(p) = dl A.n
 

Proof. Define
 

-1A(Z) (8. x d ) (z,x (p) (z»
l 

-1 -1 
T • a. ( Z ) • j. (ai ) (x (p) (z» [c f. Lemma 4]. 

Clearly 8.A(Z) = z and X(p) (z) = d1 A (z) • 

Lemma 8 I. If X has the homotopy type of a locally 

finite l-dimensionaZ simpZiaiaZ aompZex, then there exists 

a homomorphism A: TI1X + TIlCn(V) such that a.A = identity and 

X(p) = dlA. 

Proof. TIlX is free on generators {Xi}. Since ai= 
k kTIlCn(R ) + L is onto, there exists for each i, Yi E TI1Cn(R )n 

such that X(p) (Xi) = ai(Yi). Since a.= TIlFn(V) + TIlX is 

onto, there exists for each i, zi E TIlFn(V) such that 

a.(zi) = xi· 
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Define A: nIx ~ nlCn(V) by 

A (xi) = To* (zi) • j* (Yi) · 

A is the desired homomorphism. 

4.	 Proof of Theorem 1 

Proposition 9. Let X be a loaally finite simpliaial 

aomplex	 and suppose that k ~ 3; then there exists a seation 

k-l 
~: X ~ Cn(V) of S	 suah that the pullbaak of P by ~ is 

k l k lequivalent to plp-l(X - ) where X - is the (k-l)-skeleton 

of x. 

Proof. For each vertex v E X, choose a point ~(v) E 

S-l(v). Let T be a maximal tree in the I-skeleton of X. 

Since the fiber of S is path-connected, we can extend ~ to 

a cross-section ~ over T as in [S; p. 148]. Recall the 

calculation of nl(X,vO) using edge-paths [H-Wi p. 241]: 

order the vertices of X, v O,vl ,v2 ,···, For each i, let 

e. be an edge-path in T from V to v .. We may assume that
1. o 1. 

each e. is an arc.
1. 

Let [v.v.] be a I-simplex in X\T, i < j; [v.v.] deter­
1. ] 1. J 

mines an element ~ij of TIl(X,vO) which is given by the edge-

loop	 e.*v.v.*e .• Let F: S-l(e. U [v.v.] ~ (e. u [v.v.]x
1. 1. J J	 1. 1. J 1. 1. ] 

kCn(R	 ) be a homeomorphism such that PIF = S where P denotest 

the projection of (e. [v.v.]) x C ( k) onto the tth factor.
1. 1. J n 

Let K: [0,1] ~ [v.v.] be a homeomorphism such that
1. ] 

K(O) = v.,K(l) = v. and let K': [0,1] ~ C (ftk) be a path such
1. J	 n 

that	 K'(O) = P2F~(vi) and K'(l) = P2F~(Vj). K' determines a 

v -1 V-I
path	 K in S (e1.. [v.v.]) defined by K(t) = F (K(t),K'(t»

1. J 

and, hence, a loop t .. = ~(e.)*K* ~ (e.) in C (V). Note
1.J 1. J n 

that B*(~ij) = ~ij. Let A: U1(X,VO) + u1(Cn(V), ~(vO» be 
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the homomorphism obtained in Lemma 8. Consider the element 
v-I ~-l
t.: .. A(t.: .. ) E 7Tl (C (V) ,[a(vO»; since S~(t.:· .A(t.: .. » = 1,1J 1J n 1J 1J 

~~~A(Sij) lies in the image of TIl(Cn(R
k 

» in TIl(Cn(V». 

Hence, if we choose the path K' carefully, we can obtain 
v	 ~ -1 
t.:.. = A(t.: .. ). Extend ~ to [v. v .] by ~ (x) = KK (x).
1J 1J 1 J 

If we perform this construction for each I-simplex in 

X\T, we obtain a section ~ defined on the I-skeleton of X 

such that ~* takes the generators t.: ij of 7T l (X,vO) to 

A(t.: ij) E 7T 1 (Cn (V) , ~ (v0) ) • 

Let [v.v.v ], i < j < k, be an ordered 2-simplex in X. 
1 J k

Note that for one of the paths e E {e.,e.,e }, e n [v.v.v ]
s 1 J k S 1 J k
-1= {v}. Suppose s i • Let F: S (e. U [v . v .vk ]) -+ (e; U s	 1 1 J ..L. 

[v.v.v ]) x C (Rf) be a homeomorphism such that plF = S. 
1 J k n 

Note that r = e i U bdry [vivjvk ] represents the loop 

t.: .. t.:.kt.:' k which is trivial in x. Consider ~*(r) = [a*(t.: .. )1J J 1	 1J 
-1	 -1

~* (t.: .k) ~* (t.: . k) = A(t.: .. ) A(t.: .. ) A(t.: . k) = A(r) = 1. ByJ 1 1J 1J 1
 
k
Lemma 5, PIF ~ (r) is homotopically trivial in Cn(R ). By 

standard techniques [S; p. 149] we can extend ~ to a section 

over [v.v.vk ] and, hence, over the 2-skeleton x2 of X. Note 
1 J 

that ~*: 7T l (X2 ) -+ 7T l (C (V» is the homomorphism Aj* where n
 
2
j:	 x -+ X is inclusion. 

If k > 4, 7T. (C (Rk » 0 for 2 < i _< k-2 [F-N]; hence, 
- 1 n 

k lby classical techniques [S] ~ extends to a section of x -

into Cn(V). 
'V k-l

Let P: t.: -+ X be the pullback of P by~. A charac­
'V	 'V 

teristic map for P, x(p) = X(p) [a* by Proposition 7; but0 

'V 

X(p) d1 by Proposition 6. Hence X(p) = d 0 ~* = dl Al 0 

o j* X(p) 0 j* by Lemma 8. Again, by Proposition 7, 
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I -1 k-l	 'V I -1 k-lX(p p (X ,) ) X(p) 0 j*. Hence, p and p p (X ) are 

equivalent. 

If R. ~ 2, then Propositions 3 and 9 yield Theorem 1. 

If R. 1, the following Proposition, whose proof is similar 

to the proof of Proposition 9, and Proposition 3 yield the 

remaining case of Theorem 1. 

Proposition 9 1
• Let X be a locally finite I-dimensional 

simplicial complex; then there exists a section ~: X + Cn(V) 

of a such that the pullback of p by ~ is equivalent to p 

when V is an R2-bundle over X. 
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