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A DIFFERENTIABLE, PERFECTLY 

NORMAL, NONMETRIZABLE 

MANIFOLD 

G. Kozlowski and P. Zenor-

In answer to a question originally raised by Alexandroff 

in [A], Rudin and Zenor, using the continuum hypothesis, 

displayed an example of a perfectly normal, hereditarily 

separable, non-metrizable topological manifold [R,Z]. In 

this paper, we show that the Rudin-Zenor manifold can be 

constructed so that it is analytic. A key step in our con

struction is a modification of a theorem of Brown [B] which 

is interesting in its own light; namely, we show that if a 

differentiable manifold M has an atlas {(V.,~.) Ii E w } such 
1 1 O

n
that V.+l ~ V. and ~. (V.) = R for all i E w ' then M is 

1 111 o 
ndiffeomorphic to R . 

The construction of the manifold follows very closely 

that of [R,Z] and we recommend that the reader be familiar 

with that paper before proceeding. 

Let X be a set, and let n be a fixed positive integer. 

nA chart is a pair (U,~) where ~: U ~ R is an injective 

nfunction of a subset U of X onto an open subset ~U of R . 

TwO charts (U,~), (V,~) are compatible, if ~(U n V) and 

~(U n V) are open subsets of Rn and ~~ -11 ~(U n V): ~(U n V) 

~ ~(U n V) is a diffeomorphism. 

An atlas on the set X is a collection {{u.,~.) Ij E J}
J J 

*This author's research was partially supported by NSF 
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of charts such that X u{u.lj E J} and any two charts are 
J 

compatible. 

A differentiaZ structure 0 on a set X is a maximal 

atlas. It is clear that any atlas is contained in a unique 

differential structure which is said to generate. 

If A is an atlas on the set X, it is also clear that 

there is a unique tOP91ogy on X with the property that 

~: U ~ ~u is a homeomorphism of the open set U onto ~U for 

every chart (U,~). 

A smooth manifold is a set X together with a differential 

structure 0 or Xi notation: (X,O). When there is no danger 

of confusion, one simply refers to the smooth manifold X. 

Let D(r) = {u E Rnl lui 2 r}, and let M be a smooth 

n-manifold. A subset D of M is said to be an n-disk, provided 

there is a chart (u,~) of M such that ~D = D(r) for some 

psoitive number r. (This definition allows us to avoid 

some technicalities regarding differentiability on sets which 

are not open.) 

If D is an n-disk in M, then a map f: M ~ M is said to 

be a radial diffeomorphism in D, if there exist a chart 

(U,~) of M, a positive number £, and a diffeomorphism 

A: R ~ R such that ~D = D(l), A(t) = t for all t < £ and all 

t > I - £, f(x) = x for all x E M - D, and f(x) = ~-IA~(x) 

for xED, where A: ~ if defined by A(u) = )..(Iul)u/lulRn Rn 

if u ~ 0 and A(O) = O. Because f is the identity on M - D 

and a diffeomorphism of Int D, f: M ~ M is in fact a diffeo

morphism. 
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manifold M such that D C Int Di + for i = 1,2,3~ then therei l 

is a diffeomorphism f: M ~ M such that f(x) = x for 

x E D U (M - D ) and Int fD ~ D •l 4 2 3 

Proof. There is a radial diffeomorphism g: M ~ M in 

D4 which is the identity on a nonempty open subset B of 

Int D and which maps D into D and there is a radial
l

,l 3 

diffeomorphism h: M ~ M in ~2 which maps D into V. Putl 
-1 -1

f = h 9 h. If x E D , then h(x) E D and gh(x) E D and
3 3 l 

-1 -1
consequently h gh(x) E Int D2i hence f D E Int D , and

3 2 

therefore D3 c g(Int D ) ~ .Int fD 2 .2

Theorem 1. If a differentiable manifold M has an atlas 

{(U.,~.) Ii E w } such that U. C U'+ and ~.U. = Rn for aZl 
~ ~ O ~ ~ l ~ ~ 

i E wO~ then M is diffeomorphic to Rn • 

-1 nProof. Let hi = ~i : R ~ U c M. From the hypothesisi 

that U C U + for i E Wo it follows that there is a strictlyi i l 

increasing sequence of positive integers r i E W such that
i

, o 
U{h.D(r.) Ii E w } M and h.D(r.) c Int h.+lD(r.+ ) for 

~ ~ O ~ ~ ~ ~ l 

i E Woe Put Qi = hiD(r i ) • 

We assert that there exist a sequence of diffeomorphisms 

f : M ~ M, i E W and a strictly increasing sequence ofi o 
positive numbers si' i E W with limit such that A(i): fo r l i 

is the identity on M - Qi+l and on fi_I---flfOhID(si_l) and 

such that B{i): fi---flfOhID{si) ~ Qi- To verify this 

assertion assume inductively that f and si for i = O,l,---,ki 

satisfy A(i) and B(i) for i = O,l,---,k. Since fk---flfOQl 

c Int Qk+l' there is sk+l > sk such that 0 < r i - sk+l < 

l/{k+l), and the lemma applies to Dl = fk---flfOhIO{sk)' 

02 = fk---flfOhIO{sk+I)' 03 = Qk+l' and 04 = Qk+2 to provide 
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a diffeomorphism f k+l : M ~ M such that A(k+l) and B(k+l) 

hold. 

To complete the proof of the Theorem, define 

F:	 Int Ql ~ M by F(x) = lim Fk(X) where Fk ~ fk---flf O: 
k-+oo 

M ~ M. Since F(x) = Fk(X) for x E hlD(sk)' F is well-

defined and clearly a homeomorphism onto M. Since F is a 

diffeomorphism on each of the open sets Int hlD(sk)' k E wo' 

it is a diffeomorphism of Int Ql (which is diffeomorphic to 

Rn) onto M. 

Lemma 2. Any cLosed smootn embedding R ~ R2 extends 

to a diffeomopphism of R2 onto itseLf. 

Ppoof. Any closed embedding of R into R2 extends to a 

closed embedding f: R x [-2,2] ~ R 2 by means of the Collaring 

Theorem. 

Take a rectilinear triangulation T of R2 \f(R x {o}). 

The I-simplices of T which are not contained in feR x [-1,1]) 

comprise a sequence {A(j) Ij E w} with the property that for 

any compact set K in R2 there is an index j(K) such that 

A(j) n K = ~ for all j ~ j(K). 

For each positive real number r define the band B(r) 

R x [-2 + 1/r,2 - l/r]. We claim there is a sequence of 

closed embeddings F : R x [-2,2] ~ R2 (n ~ w) such that m 
FO = F and for all n ~ W: 

(1) Fn+I(X) = Fn(X) for	 the points x of B(n) and 

(2) Fn(B(n» ~ A(j) for	 all j < n. 

If such a sequence exists, define F: R x (-2,2) ~ R2 by 

F(x) = lim Fn(X)i then F extends fIB(I) and is a diffeo
n~oo 

morphism onto an open set which contains every I-simplex 
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of the triangulation T of R2 - f(R x 0) and hence by simple

connectivity every point of R2 
• It follows easily that there 

is a diffeomorphism of n2 onto itself extending the original 

closed. embedding R + R~. 

The claim is proved by induction. Assume F has been 
n 

obtained satisfying (2). 

If A(n) n Fn(B(n» = ~, it is easy to construct a dif

feomorphism f of R2 
onto itself so that g is the identity on 

Fn(B(n» and g(A(n» C Fn(B(n+l». In this case, take F +l = n 
-1 

g F If A(n) n Fn(B(n» ~ 0, there is a finite sequence of n 

closed subintervals {C ,c ,···,C } so that A(n) - U{Cili < r}l 2 r 

is contained in Fn(B(n+!» and so that C n Fn(B(n» = ~ fori 

i ~ r. By a preliminary diffeomorphism, if necessary, we may 

assume the set of endpoints of C. is a subset of Fn(B(n+!»
l. 

for i < r. For each C. let C! be an arc lying in F(B(n+!» 
J J 

F(B(n» so that C! U C! is a simple closed curve so that 
J J 

C! n C. = ~ for all i ~ j . Let M = {i < rlif j ~ i, C. is 
J l. l. 

not a subset of the bounded domain of C. U C! . For each 
J J 

i E M, let C~I be an arc so that C. U C! U C~I is a a-curve 
l. l. l. l. 

with C as the cross-arc such that if i ~ j are in M, theni 

the 2-cells bounded by Ci U Ci and Cj U Cj are mutually 

exclusive and the 2-cells bounded by Ci U Ci does not inter

sect Fn(B(n». Let M = {i(1),i(2),···,i(t)}. For each 

i E M, let hi be a diffeomorphism which is the identity on 

the complementary domain of C! U C~I and so that h. takes 
l. l. l. 

the 2-cells bounded by Ci U C. into Int Fn(B(n+l» • Let 
l. 

-1 
0 0 0 and let 0 Fh = hi(l) h i (2) 

... 
hi (t) Fn +l = h n· 

Notation. Throughout Lemma 2 and Theorem 3, we let 
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H	 { (0, y) Iy < o}. 

Definition. We will say that the set K is enveloped 

by the open set U if K C int u. 

Lemma 3. Suppose tha t {U (j )} E is a sequence of open
J

0 

W 

and	 connected subsets of R4, cl U(j+l) C U(j) and nj Ew U (j) 

= <p. Suppose further that: 

A.	 {p(j)} 0E is a sequence of points so that
J W 

p(j) E U(n) lJith {I p(j) I} 'E increasing and
J W 

unbounded. 

B.	 {N(j)}jEw is a family of disjoint, infinite subsets 

of w. 

Then there is a diffeomorphism 9 of R2 
onto an open sub

set of R2 such that 

(1)	 R2 - g(R2) is H. 

(2)	 each point of H is a limit point of {g(p(n» I 
n E N(j)} for each JEW. 

(3)	 g(U ) envelopes H for each nEw. n

Proof. We construct G in several steps: 

Step 1. Let h O be a diffeomorphism from {(x,O) Ix E R} 

into R2 so that hO(n,O) p(n) and hO({(X'O) Ix > n})c U(n). 

Let hI be the extension of h taking R2 onto R2 given byO 
-1

Lemma 2. Let h = hI • 

Step 2. Let f be a diffeomorphism from R2 onto R2 which 

leaves the set {(x,O) Ix ~ O} fixed and so that {(x,y) I 

x > n} c f (h (U (n) ) ) • 

Step 3. Let S = {so Ii E w} be a countable dense subset 
1. 

of	 R. Let <p be a diffeomorphism from R2 into R2 so that 
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(a)	 <p (x,y) = (x,y') (i.e., <p is fixed on its first 

coordinate) . 

(b)	 If N( j) = {j (1) , j (2) , • • • }, then <p (j (i) + 1, 0 ) 

(j (i) + l,si). 

Thus, j(i) is the i th number in N(j) and <p fo h takes0 

p (j (i» onto (j '( i) + 1, s i) . 

Step 4. Let s: R2 ~ R2 be defined by S(x,y) = (e-X,y). 

Step 5. Let y: {(x,y) Ix > O} ~ R2 - H be defined by 

y(x,y) = (/x2 + y2 cos (n/2 + 2 arctan (y/x), Ix2 + y2 

sin (w/2 + 2 arctan (y/x»). Finally g = y 0 S <p 0 f h0 0 

is	 the desired diffeomorphism. 

Theorem 2. Assuming the continuum hypothesis, there 

is a hereditariZy separabZe, perfectZy normaZ, anaZytic 

manifoZd that is not metrizabZe. 

Proof. We will build a Coo-manifold; the existence of 

an analytic manifold will then follow from [K,P]. The con

struction is simply a "careful" version of the construction 

developed in [RZ]. Let 0 = 0(1) = {x E R2 
1 Ixl ~ I} and let 

DO = int O. Let {xala E WI} be an indexing of 0 - DO (using 

CH). Let {Hala E WI} be a collection of mutually exclusive 
2copies of H. Let Xo = R and let X = Xo U [Us<aHS] anda 

using CH, let {Aala E WI} be an indexing of the countable 

subsets of X so that A c X Let f O be diffeomorphism from a a· 

R2 onto DO and let F be the function defined by 

if x E R2 

f (x) = {:: (x) 
if x E H a 

and let f fix. We will inductively construct a a a 
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differentiable structure U on X such that: a a 

1. (Xa,U ) is diffeomorphic to R2 : i.e. U contains a a a 

chart (Xa,$a) with $a(X ) = R2
.a
 

2 • If S < a, then (X ' $ S) E U •
S a 

3. If Y < S < a, x E H and X is a limit point of
S s 

f(A ) in 0, then x is a limit point of A in (Xa,T ), where a a a 

T is the topology on X given by U • a a a 
2Let U be the usual differential structure on X = Ro o 

generated by the atlas consisting of the single chart (XO' 

identity map) • 

Suppose we have U satisfying (1)-(3) for all a 

a < A < wI. 

Case I. A is a Zimit ordinaZ: Let UA be the differ

ential structure generated by {(X ' U ) Ie < A}. That (X ' U )e e A A

is diffeomorphic to R2 is given by Theorem 1. 

Case II. A = a + 1: For each nEw, let Un = 

fa
-1

(Ol/n(x )), where Olin (x ) = {x E O\d(x,x ) < lin}.a a a 

Then {Un} is a nested sequence of open sets in X such a 

that nnEwUn = $. Let {Nj }j2W be a disjoint family of infi 

nite subsets of wand fix a 1-1 map i: a + 1 + w. For each 

nEw, choose Pn E Un so that if 8 ~ a and x is a limita 

point of f(A ) in 0, then Pn E AS n Un for all n E Ni(S).S

Let ~ be the diffeomorphism from (X ,U ) onto R2 givena a 

by our induction and let g be the diffeomorphism given by 

2 2Lemma 3 from R2 into R2 so that (1) R - g(R ) is H, (2) each 

part of H is a limit point of {g($(p(k))) Ik E N } for eachj 

JEW, and (3) g(U ) envelopes H for each nEw. Let n 

U +l be the differential structure on X +l generated by the a a 
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atlas	 U U {(Xa+l'~a+l)} where ~a+llxa g 0 ~ ,~ +llH isa a a a
 

the identification of H with H.
 a 

As in [RZ], the construction of U + is such that f +la l a 

is continuous and our induction is complete. We will let 

U be the atlas on X generated by U < U and let T be the 
a wI a 

topology on X given by D. The argument that (X,T) is heredi

tarily separable, perfectly normal, but not Lindelof follows 

exactly as in [R,Z]. 

Note. As with the Rudin-Zenor manifold, we can, using 

0, obtain a differentiable, perfectly normal, countably. com

pact, hereditarily separable, non-metrizable manifold. It 

remains an open question if there is a complex analytic, 

perfectly normal, non-metrizable manifold. 
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