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PRODUCTS OF COUNTABLY COMPACT SPACES

Victor Saks

In this paper, we give various conditions under which a
product of countably compact spaces is countably compact.
In particular, we investigate the question: Does there exist

a family of countably compact spaces (Xi: i € I) such that

. c
i) 1] = 27,
ii) T X, is not countably compact, and
i€l
iii) if J © I with [J| < 2% then T] X, is countably
ied
compact.

We give a number of consistent examples of such families,
and develop several possible programs for constructing such

a family in ZFC.

I. Products of Countably Compacts Spaces

We begin by giving the definitions necessary for the

first part of the first section.

Definitions. «k will denote a cardinal. By X° we mean
the product of k copies of X. A space X is sequentially
compact if every sequence has a convergent subsequence. Let
{xn: n < w} be a countably infinite subset of a topological
space X and x € X. Then x is a complete accumulation point
of the set {xn: n < w} if for every open set 0 containing x,
the set {n: x, € 0} is infinite. 1In such a case, we write
x € {x : n < wl' and we say that x is a cluster point of the
set {xn: n < w}.

We will use the following characterization of countable
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compactness which was originally given in [AU].

Proposition. A space X ig countably compact if and
only if every countably infinite subset of X has a complete

accumulation point.

Note that there is no Tl requirement in the proposition
and that, in particular, Theorem 2.1 which depends on it
does not require a Tl hypothesis.

The standard method of constructing [N] a product of
(two) countably compact spaces which is not countably compact
is to construct w ¢ X c 8(w), w € ¥ ¢ 8(w), X and Y are
countably compact and X 1 ¥ = w. Then w (is homeomorphic to)
the diagonal of X x Y, and hence closed in X x Y. Since w
is not countably compact, X x Y is not countably compact.

Now any sequence (xn: n < w) in X will have a cluster
point x and a sequence (yn: n < w) in Y will have a cluster
point y. If we want the product space X x Y to be countably
compact, we have to have some way of determining when (x,y)
€ {(xn,yn): n < w}' in X x Y. 1In particular, we need to
have some way of showing that the way the sequence (xn: n < w)
clusters at x is compatible with the way that the sequence
(yn: n < w) clusters at y. To do this, we need to discuss
the concept of J-limit, which was first introduced in print

by A. Bernstein [Be, Def. 3.1].

Definition. Let X be a space, (xn: n < w) a sequence

in X, x € X, and D e B(w)\w. Then x = J-1lim x, provided that
n<w
if x € 0 open, then {n: X € 0} ¢ ). 1If every sequence in X

(not necessarily faithfully indexed) has a J-limit point in
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X, then X is J-compact.
The important relevant facts about D-limits are as

follows.

Proposition 1.1. 1) 4 D-limit of a sequence of dis-
tinet points (xn: n < w) is a cluster point of the set
{xn: n < w}, and hence a D-compact space is countably com-
pact.

ii) X € {xn: n < w}l' if and only if there exists [) €
B(w)\w sueh that x = D-1lim x_. [GS, lemma 2.2].
111) Let £: X > Y be a contiﬁiﬁus map , (xn: n<uw)a
sequence in X and X € X such that x = J-lim x_.
Then £(x) = J-lim f£ix). [GS, lemma 2.3?iw
iv) A product of Dﬁzﬁmits is a D-1imit, i.e., if
X = ]W— X, and in each X,, we have X, = D-1im %9,
1€l n<w
then 1f we define in X the points X = (xi)

)

ier @nd
jep for each n, then x = D—iig X . There-
fore, a product of D-compact spaces is D-compact, and

n

n
X = (x

i

hence countably compact. [Be, Th. 4.2; GS, Th. 2.4}.

v) XX

18 countably compact for all cardinals k if and
only if X is D-~compact, for scme O € Blw)\w. [GS,

Th. 2.6].

We can now answer our earlier question of determining
when (x,y) ¢ {(xn,yn) = n € w}', which follows immediately

from the above facts.

Propogition 1.2. If X € {xn: n < wl in Xand y ¢
{yn: n < wl' in Y, then in X x ¥, (X,y) € {(xn,yn): n < w}®

if and only if there exists ) ¢ B(w)\w such that x = D-lim x
n<w
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and y = 0-1lim y_.
n<w 0

In [Fn}, S. P. Franklin discusses conditions on counta-
bly compact spaces X and Y which make the product X x Y
countably compact. Proposition 1.2 allows us to state a
necessary and sufficient conditions on X and Y which makes
X X Y countably compact. The condition is interesting in
that it has been used implicitly by several authors, most

notably Frolik in [Fk,].

Theorem 1.3. Let X and Y be countably compact spaces.
Then X x Y is countably compact if and only if for every
pair of sequences of distinct points (xn: n < w) of X and
(yn: n < w) of Y, there exists 0 ¢ B{(w)\w such that
(x,: n < w) has a D-1imit in X and (y,: n < w) has a D-1imit

in Y.
This theorem can be generalized as follows:

Theorem 1.4. Let X = || X;. Then X ie countably com-
i€l
pact if and only if for every collection of sequences
{(x?: n < w): i € 1}, there exists J ¢ B(w)\w such that each

sequence (x?: n < w) has a O-1imit point in Xi'

Notice that in Theorem 1.4, we cannot assume that the
sequences (x?: n < w) are of distinct points, as is pointed
out by Eric van Douwen in the paragraph following Theorem
2.6. We are pleased to thank Eric van Douwen for some
stimulating and helpful correspondence concerning some of the
results discussed in this paper.

Before proceeding, let's give some definitions,
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conventions and notation. If f: A - B is a function and
H < A, then fPH denotes the restriction of f to H. w denotes
the natural numbers with the discrete topology, and B (w) is
its Stone—éech compactification. If f: w + w is any func-
tion, then T is the unigue continuous function F: 8(w) -
B(w) such that frw = £. If ) € B(w)\w, then

T()) = {J' ¢ Blw)\w: there exists f: w +» w

a bijection such that T(J) = 0"}
is called the type of J in 8(w).
If A is a set, then as usual we have

[A]° = {B ©A: |B| =«, [A]°" = {B € A: B < k} and

(a1%¥ = {B = A: |B] < «}.

A seguence (xn: n < w) is faithfully indexed if n # m
implies X # X

A space X is pseudocompact if every real-valued continu-
ous on X is bounded. A space X is strongly B -compact if
every infinite subset of X meets some compact subset of X in
an infinite set.

if J ¢ 8(w)\vw, then 7 is a P-point if in the space
8 (w)\w every countable intersection of neighborhoods of J
is a neighborhood of #. 1If 0 ¢ B(w)\w, then J is a weak-P-
point if 0 £ A" for any A € [B(w)\w]®.

Some of the theorems in [GS] about J-limits can be im-
proved using recent results, and we will mention some of them
now. The following result of Kunen will be particularly use-
ful to us in this paper, in our attempt to prove theorems in

ZFC.

Theorem 1.5 [Kl]. There exist 2° weak-P-points in
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B (w)\w which are not P-points.

Theorem 1.6 [GS, section 51. Let ) be a non-P-point
of B(w)\w. Then T(J) is pseudocompact, in fact, all of the
powers of T(J) are pseudocompact, but no countable discrete
subset of T(J) has a cluster point in T(D). Now, if D is a
weak-P-point which is not a P-point, thenm no countable sub-

set of T(J) has a cluster point in T(J).

In [H, Th. 2.4 and cor. 2.5] Hechler has shown that
Martin's Axiom [MA] implies that a product of no more than
c strongly Bo-compact spaces is countably compact. The fol-
lowing theorem was originally proved in [GS] using the Con-
tinuum Hypothesis; however, it follows from Hechler's result

that [MA] is sufficient.

Theorem 1.7 [MA] [GS, cor. 2.10]. If |X| < ¢ and if
X ©s strongly Bo-compact, then X is D-compact for some
D ¢ B(w)\w. In particular, if |X| < ¢ and X is sequentially

compact, then X is D-compact for some D e B(w)\w.

Various authors [K2, JNW] have constructed sequentially
compact spaces which are not J-compact for any 4 ¢ B8 (w)\w
using additional axioms. To our knowledge, it still remains
open whether or not such spaces can be constructed in ZFC.
Theorem 1.7 shows that such a space would have to have cardi-
nality greater than c. See [Vl] for a related construction
and [V2] for another application of J-limits to products of
countably compact spaces.

For some other theorems concerning products of countably

compact spaces, see [Ri] and two recent papers by Eric
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van Douwen, [le] in which it is shown that [MA] implies
that there exist two countably compact normal spaces whose
product is not countably compact, and [VD2] in which it is
shown that [MA] implies that there exist two countably com-
pact topological groups whose product is not countably com-
pact.

The first precise results concerning products of counta-
bly compact spaces are due to Frolik [Fkl], in which he

proves in ZFC that B(w)\w is not homogeneous, and also that

Theorem 1.8. 1) [Fkl, Th. A] For each positive integer
n, there exists a space X such that x" is countably compact,
but xn+1 18 not; and

i) [Fk;, Th. B] There exists a space X such that each

o . . w o,
finite power X s countably compact, but X is not.

The main step for all three of these results, stated

in [Fkl] in quite different terms is

Theorem 1.9 [Fkl, Th. C]. For any x € B(w)\w, Llet
F, = {0 € B(w)\w: there exists a faithfully
indexed discrete sequence (xn: n < w) in B(w)

such that x = D-lim x_}. Then |Fx| < c.
n<w

The notion of /J-limit was introduced independently in
the author's thesis in the following form: If (xn: n < w)

is a sequence in X, and if i: w ~ (xn: n < w) is the natural

map taking i(n) = X then 1I(J) = x. This is easily seen to
be equivalent to x = J-lim X, Although at first glance it
n<w

would appear that X needs to be completely regular Hausdorff

in order to talk about i, we show in section 5 of [52] that
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one only needs X Hausdorff for this purpose.

I1. 2c¢Products Vs.< 2¢ Products

Before beginning this section, let's agree to the fol-
lowing conventions for the rest of this paper: (xi: i€ I)
is a non-empty set of non-empty spaces, for @ # J c I, we
write XJ in place of izgx., and we denote by T3 the projec-

tion from X; onto X;. For x € X, we use x interchangeably

with WJ(x).

J

Our point of departure is the following theorem.

Theorem 2.1 [GS, Th. 2.6; Cyi 8, Th. 2.4]. Let
X = _TTXi. Then X 18 countably compact if and only if XJ
is czgitably compact, for all J € [I]f-2

Proof. Since the continuous image of a countably com-

pact space is countably compact, the "only if" statement

follows from the fact that LS is a continuous function from

X onto XJ.

Suppose now that X is not countably compact, so there
exists a set {x™: n < w} € [X]1* with no cluster point. Then
for all 2 € B(w)\w, there exists f(J) € I such that the

n c e
: < _

sequence (xf(p). n w) has no J-limit in Xf(p).

Let J = {£(): D ¢ B(w)\w} and |J| < 2%, Then
7 since it has no

D-1imit for any J, so by Proposition 1.10, X7 is not counta-

(x?: n < w) has no cluster point in X

bly compact.

We want to prove that 2¢ is the best possible number in

Theorem 2.1. This is unknown in ZFC [Cl’ 9.3; C problem

3’

C7; Sz, section 2 and 7.1] but we will show in a number of
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different ways that it is consistent.

We want to construct a family of spaces (Xi: ieI)

such that |1I| = 2°, X; is not countably compact, and X, is
c
2

<
countably compact whenever J € [I] The strongest result

for which we might hope is to show that X_ is countably

J

compact whenever J 5 I and our Example 2.4 shows that [MA]
is sufficient for this purpose.
Our first example is the simplest one available [Sz,

page 82].

Example 2.2. Let K, = B(w)\{x}, for each x € B (w)\uw.

Then it is well known and easy to see that K. is strongly

Ho-compact [sz, 4.4]1, T K_ is not countably compact
XeB (w)\w
[Fk3, 3.8], and |B(w)\w| = 2°. Thus it suffices to show

c
that if J ¢ [p(w)\w]<2 , then TTKx is countably compact.
Xed

In [H, Th. 2.4 and cor. 2.5], Hechler has shown that a
product of no more than ¢ strongly Ho-compact spaces is

countably compact. Thus if J ¢ [B(w)\w]ic, Then 'TTKX is

x€Jd
countably compact. Then if we assume ct = 2c, then 'TTKX
xeJd
c
is countably compact, whenever J € [B(w)\w]<2 . Thus [MA]

C

and ¢t = 2° are enough to guarantee that T[] K_ is countably

x€J
compact.
In section 3, we will consider an alternative approach

to this goal.

Lemma 2.3. Suppose there exists a set I of types of
ultrafilters on w with the following properties:

(i) 11| = 2°,
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(27) Di ig of type i for each i, and
(211) <1f we set
F, = {x € B(w)\w: there exists a sequence
(x 2 n < w) in Bw) with x = Di—%}g X and
{n: X # x}t ¢ Di},

then i # j <Zmplies that Fi n Fj = @. Then if we set

X, =wuU U F,, then X = 1T'Xi is not eountably compact and
i#y J i€I
if J g I, then Xj is countably compact.

Proof. X is not countably compact because the condi-
tion Fi n Fj = @ guarantees that w is (homeomorphic to) the
diagonal of X. Now let J ¢ I and there exists io € I\J.

Then for i € J, each X, is /. -compact, hence X
i i, J

is Dio—
compact, and so XJ is countably compact.

So the question is: Does such a set I exist? Assuming
[MA], the answer is yes, using the notion of selective ultra-

filter.

Definition. An ultrafilter ) on w is a selective ultra-
filter if whenever {An: n < w} is a countable decomposition
of w and for all n < w, A Z [, then there exists A € ) with
|an An| < 1, for all n. Clearly, a selective ultrafilter
is a P-point. In [Bl] A. Blass showed that [MA] implies the
existence of 2% different selective ultrafilters on w, and
in particular the existence of 2¢ different types of selec-

tive ultrafilters on w, which is the result we need.

In [K3], Kunen has shown that it is consistent that
there are no selective ultrafilters. Thus selective ultra-
filters cannot be used to show that the family I of Lemma

2.3 exists in ZFC.
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The following notation will be useful: 1If 7 ¢ 8(w)\w,

X = /-1im x_ and S © ¢ with S € 7, then x = /J-lim x_, indi-
n<w B nes

cating that x is a /J-limit of the sequence (xn: n € S).

Clearly if J is a selective ultrafilter, x = /J-lim x_ and
n<w

{n: x, 7 x} € 0, then there exists S € ) with x = /-lim x
nes

and (xn: n € S) is faithfully indexed.

Example 2.4 [SZ’ Th. 2.7}. So let
I={T(d): ) is a selective ultrafilter on w}.
Then [MA] implies that |I| = 2% and we want to show that I
satisfies the hypothesis of Lemma 2.3. To this end, let
i# 3, Pi of type i and Dj of type j. Then we must show

that F; n Fj = @, that is, that if x = 7.-1im x_ and
n<w

= 0.-1im y_, then x # y. We will sketch the proof here,
Y < n
n<w

the details may be found in [sz, lemmas 2.5 and 2.6].

First since Di and Dj are selective ultrafilters, then
we may assume that the sequences (xn: n < w) and (yn: n < w)
are faithfully indexed. Then since Di and Dj are P-points,

we may find sets A and B such that x = /.-lim x_,
nea

y = D.-1lim y_ and the sets {x_: n € A} and {y _:n € B} are
neB n n n

discrete. Actually we can maneuver so that the set

{zn: n < w} = {xn: n € A} y {yn: n ¢ B} is discrete. Then
X is a type of ﬂi-limit of (z : n < w) and y is a type of
Zg—limit of (z : n < w) and so x # y.

Thus Example 2.4 shows the following:

Theorem 2.5. [MA] implies there exists a family of

spaces (Xi: i € I) sueh that |I| = 2c, X: 18 nmot countably
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compact, and 1f J % I, then XJ 18 countably compact; in

c
particular, if J € [I]<2 , then X_ s countably compact.

J

Question. Can the family I of Lemma 2.3 be constructed
in ZFC?
We do not know, but the following recent result of

S. Shelah which just came to our attention might be useful.

Theorem [Shelah, SR]. There is a collection of 2€
ultrafilters on w which are pairwise incompatible in the

Rudin-Keisler order.

Let's digress for a moment to look at a different
question. Since we cannot as yet find in ZFC a family of

2C

countably compact spaces whose product is not countably
compact but all of whose <2¢ subproducts are countably com-
pact, let's try to determine which cardinals in place of 2¢
allow such a construction. Theorem 1.8 due to Frolik shows
that the finite cardinals and also w allow such a construc-
tion. We now show that Frolik's results can be used to shéw

that w, allows such a construction. This result has been

1
obtained, independently and using different methods, by Eric

van Douwen (personal communication).

Theorem 2.6. There exists a family of countably compact

spaces (x_: a < wy) such that T[ X, is not countable com-
a a((ﬂl

pact but .TTXa i8 countably compact, for all B < w, -
o<B

Proof. In Lemma 2.2 of [Fkl], Frolik constructs a
family (Y : a < ml) of subsets of B(w)\w and a family

(Da: a < wl) of ultrafilters on w such that
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i) o # g implies Ya n YB =g,
ii) a # B implies Da and DB have-different types, and
iii) if (xn: n < w) is a faithfully indexed discrete

sequence of U Y,, and if x = J -lim x_, then x € Y .
B n o
B<a n<w

Now let X =0 U U Y,.
o
ga ©

Then T[] X, is not countably compact because Y, N YB = g.
o<
1

It follows immediately from Theorem D of [Fkl] that

TTxa is countably compact, for all B < u,.
o<

At one time, we thought that a stronger result could be
derived from this situation, and we are grateful to Eric
van Douwen for showing us an error in our proof, by pointing
out that the following is not provable in ZFC: Given a
sequence X = (xn: n < ) in wwl, there exists Y € [X]w, such

that for all a < Wy there exists Fa € [Y]<w, nap(Y\Fa) is

either constant or one-to-one.

III. Cluster Sets
Let us return to Example 2.2. Set Kx = B(w)\{x}, for

each x ¢ B{(w)\w. Then TT ¥, is not countably compact
X€ER(w)\w

c
and we want to show that if J € [e(w)\m]<2 then 'TTKX is
xX€J
countably compact.
The following conjecture which is consistent with ZFC

is sufficient to do this; first we need a new definition.

Definition. Let C < B(w)\xw. Then C is a cluster set
if there exist x € B(w)\w and a sequence (not necessarily
faithfully indexed) (xn: n < w) in B(w) such that

C=1{0 € glww: x = J-lim X {n: x # x} € D).
n<w
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Conjecture. B (w)\w is not the union of <2% cluster

sets.

Theorem 3.1. Assume that the conjecture is true. Then
if || < 2%, then TTK, is countably compact.
XeJ

Proof. Let (x": n < w) be a sequence in J]K_. For
xed

each x € J, let

c, = {D: x = D-1im nx(xn)}

n<w
Then U Cx # B(w)\w so there exists
XeJ
De Bne\Uc,.
p{N)
Then find Yy = D-1im 7_(x™) and Yy € K,» sO by letting

n<w

. .n
y = (y.) , we have y € J[K_ and y = /-lim x, and so
X' x€eJ x€J X n<w

TTK, is countably compact.
x€J

Remarks. 1) Cluster sets are nowhere dense, which fol-
lows from the fact that B(w) has no convergent sequences.
ii) The conjecture is consistent with ZFC. This follows
from consistency result VI of [BPS].
iii) If (xn: n < w) is faithfully indexed discrete, then

lc,| =1 for all x € {x : n < w}'. [Fk;, 1.5; R, lemma 2

1’
and 3]

iv) A cluster set also has the form C = Ihl(x), where
i: w» (x : n < w) and x € {xn: n < wlk'.

One of our early questions concerning cluster sets was
whether or not they are separable. The following example of
a cluster set with ¢ isolated points, and hence not separable,

is due to Eric van Douwen (personal communication) and is

included here with his kind permission. It will be
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convenient to use the following notation. If A and B are
sets, then Ag - {f: f: A » B is a function}. If k < w, then

k = {i <w: i<k}

Theorem 3.2 [van Douwen]. There exists a cluster set

with ¢ isolated points.

n
for each n.

Proof. Let f: w > w satisfy |f_l(n)| =2
There is a § = P(w) such that |¢| = ¢, |I N J| < w for
distinct I,J € G and fPI: I > w is a bijection, for I € (.
Let's verify the existence of (. For each n < w, let
f_l(n) = {nf: f ¢ ™0,1}}, which is permissible since
If_l(n)| = 2", Now for s ¢ “{0,1}, set I, = {nsrn: n < w},
and let § = {Is: s ¢ “{0,1}). 1f s, # s,, then there exists
k < w such that sl(k) # sz(k). Thus if m > k, slrm # s,rm,
so I_ # Isz, and | 4| = c. Furthermore, we have shown that
|Isl n Iszl < k < w. Then we have |§| =¢,|I n J| < w for
distinct I,J € § and £PI: I > w is a bijection since
It n £ )| = 1, for all n < w.

Pick any q € B(w)\w. Then F-1l(q) is a cluster set which

has c isolated points: Since f#I: I » @ is a bijection,

fFI: clB(w)I - B{w) is a bijection, hence cl I 0 Ll

B (w)

consists of one point; call this point x then for I € §

II

x; is an isolated point of F-l(q). Also if I # J then

n = . .
ClB(m)I ClB(m)J n g (w)\w 2, hence x5 # Xy for distinct
I,J¢G4.
Although we do not know if the conjecture is true in
ZFC, we really do feel that it is. For by remark iv) a

cluster set is 1/2c of B (w)\w so the union of less than 2€

cluster sets should be
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C
] Bl <20 e # B w)\e.
2

<€ 2

IV. An Application of Weak-P-Points

We begin this section with a general lemma. We will
say that a sequence (xn: n < w) is almost constant or almost
one-to-one if there exists N such that (xn: n > N) is

constant or one-to-one.

Lemma 4.1. Let (Xi: i€ I) be a family of countably
compact spaces such that

1) w < Xi < B(w), for all i € I,

11) there exists D € B(w)\w such that T()) < Xis for
each i, and

i11) if A € [Xi\w]w, then cle i8 compact.
i

Then a) for any A € [XI]w, if ni(A) is almost constant
or almost one-to-one on each factor i, then A has a cluster
point in X,

b) if J € [I]iw, then X, is countably compact, and

J

e) if |I] < w, then X; is countably compact.

Proof. a) Let A = {x": n < w} be as in a), and we

will define a cluster point z for A in X Let i € I.

I*
If ni(A) is almost constant, let zi = the constant.
If ni(A) is almost one-to-one, we distinguish between
two cases.
Case i) G, = {n: x? € w} € ). Then we can find
f: w > w which is almost one-to-one and f{(n) = x? for each
ne€G,. Then £(J) € T()) < X, and setting z, = (D), we

. n
have z, = D-lim x; .

n<w
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Case ii) not case i). Then f{n: x? £ w} € ) and so let
K, = Tri(A) no(x, - w) .
Then set z, = /-lim x2 and z. € X. since cl, K. is
1 1 i X. 1
n<w i
compact.
_ — v n .
Now let z = (zi)iGI and z; = f-1im x7', for all i ¢ I,

n n<w
and so z = J-lim x°.
n>w
b) Since [J| < w, then for any A € [XJ]w, there exists
B € [A]Llj such that ﬂi(B) is almost constant or one-to-one
[Fkl, pf. or Th. D], for each i € J. Then part a) guarantees

that B has a cluster point in X and so A has a cluster

37
point.

c) follows from b).

Recall that Kunen proved that there exist 2 weak-p-
points in B(w)\w; in particular there exist 2€ weak-P-point
types.

So let A= {T(d): ) is a weak-P-point in glw)\w}.

Then if t ¢ A, then t = B(w)\w so if B c A we set

Ut={peBluw\w: pet for some t ¢ B}.
teh

Then since a countable set of weak-P-points is discrete,
and any two disjoint countable sets of weak-P-points have

disjoint closures, we have:

Lemma 4.2. If X € ¢l A for some A € [ U t1¥ then

B ( ted
there exists ([ € [A1Y sueh that x ¢ cl B, for all

Be [ y tI¥.
teAN

Proof. Let (( = {t: there exists x, € A of type t}, and
( € 1AZY clearly works.

This allows us to construct
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Ezample 4.3. For % ¢ [AIY let

S: se | u tl“}

X, = w U U {clB
teA\z

Z (w)

and let X = JT R
Ze[A]

Then

i) | 141%} = 2%,

ii) X, is not countably compact.
ze [A1Y

iii) if S ¢ [Xz\w]w, then cle is compact,
Z

iv) in <2€ subproducts, every sequence whose projection
onto each factor is almost constant or almost one-to-one
has a cluster point, and

v) countable subproducts are countably compact.

Proof. Lemma 4.2 guarantees that n X, = w, so that
w 2
Z€[A]

Xz is not countably compact.
z2€[A]

Statements i) and iii) are immediate.

To see iv) let I <« [A]w, |I| =k < 2€. since for each
Z €I, |Z] <w, then | U Z| < wex = k < 2°,

ZeI

Thus we have that there exists t € A\I. Then t « X,
for each Z € I, so (XZ: Z € 1) satisfies the hypothesis of
Lemma 4.1, and result a) of Lemma 4.1 is exactly what we
need.

v) follows from b) of Lemma 4.1.

Statement iii) of Lemma 4.2 shows that inorder to prove that

a sequence in 'rrxz, |T] < 2% has a cluster point, we need
Z€l

only worry about sequences from . To deal with sequences
from w, we would prefer, instead of types, to take sets of

the form
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F(D) = {0' € B(w)\w: p* = (D) for some £: w + w}.
The problem is that we may not have an analogue of Lemma
4.2 using F(J) instead of types T(J). So what we need is
the following:
Does there exist a family B of weak-P-points such that
i) |8 = 2°.

A for some Ae [ y F(DH]¥

then there exists C € [B]1" such that x ¢ ¢l B, for all

ii) if x € ¢l

Bel U F(DHIY.
DEBN(

Then the analogue of Example 4.3 with F(J) instead of
types would give us an example of a product of 2° countably
compact spaces which is not countably compact, but every 2€
subproduct would be countably compact.

Example 4.3 shows that a major source of difficulty in
this problem is the fact that in big product spaces, we can-
not take our sequences to be almost constant or almost one-

to-one on each factor.

V. Products of )-Compact Spaces for Different )’s

In this section, we consider the question: Do there
exist countably compact spaces X and Y such that XX and ¥®
are countably compact, for all cardinals ¢, but X x Y is not
countably compact. To our knowledge, this is unknown in
ZFC, but we do have the following results. The notation

will remain the same as in the previous section.

Example 5.1 [MA]. There exist spaces X and Y such that
XX and ¥¥ are countably compact, for all cardinals k, but

X x ¥ is not countably compact.
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Example 5.2. There exist space X and Y such that x*
and Y¥ are countably compact, and X x Y is not countably
compact.

These examples may be compared with an example of
E. Michael [CH] [M] of two Lindeldf spaces X and Y such that
x* and Y¥ are Lindeldf, and X x Y is not Lindeldf. I am
grateful to Jerry Vaughan for supplying this reference.

Example 5.2 has been obtained, independently, by Eric

van Douwen.

Example 5.1 [MA]. Let 31 and 02 be selective ultra-
filters on w of different types. It is not difficult to see
that since 01 and 02 are selective, then T(Dl) = F(Dl) and
T(J,) = F(J,). This also follows directly from the fact
that selective ultrafilters are minimal in the Rudin-Keisler

order [see e.g., CN, Th. 9.6].

Then let
_ . w
X=uwuU F(Dl) U u {clB(m)S. S € [F(J17}
and
— . w
Y =wuUu F(Dz) Uy {cls(m)s. S ¢ [F([?z)] }

We claim that X is Dl-compact. Let's first verify that
X\w is Dl—compact. Let (an: n < w) be a sequence in X\w,
A= {an: n < w}. Then for each n, either a ¢ F(Bl) and we
. (] .
let An = {an}, or there exists An € [F(Dl)] with a, €

Then S = U A_ € [F(),)]1¥ and so cl
n 1
n<w

B(w)S < X

ClB(m)An'
that is, clxs is compact. Then cle is compact, and hence
clyA is D-compact, for all ) ¢ B(w)\w [Be, Th. 3.4]. Then
cle is Dl—compact and (an: n < w) has a Dl-llmlt in X.

Thus X\w is Bl-compact.
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Now let (xn: n < w) be a sequence in X. If
H = {n: x, € w} € Dl’ then find f: w > o with f(n) = x_,

for all n € H. Then f(ﬁl) € F(ﬁl) c X, and f(ﬂl) = Dl-lim X_ .
: n<w

If H g 01, then K = {n: X £ wl ¢ Dl. Since X\w is Dl—com-
pact, (xn: n € K) has a 0l-limit point x, and clearly
X = Dl-lim X_. Thus X is ﬂl-compact. Similarly Y is

n<w
)., -compact.

2

By construction, X N ¥ = w, so X x Y is not countably
compact.

An alternative example with the same properties, using
the notation of Lemma 2.3 and Example 2.4, is provided by

letting X = w U F, and Y = w U F,. Then X is Dl—compact,

1 2
Y is Dz-compact and X N Y = w so X X Y is not countably

compact.
Example 5.2. Let Dl and 02 be weak-P-points of differ-
ent types.

Set X =w U U {cl S ¢ [T(Dl)]m}

S:
8 (w)
and
= . w
Y=wUU el 8: 5S¢ (T(2,)17}
Then let Xn = X, for all n < w, and Yn =Y, for all
n < w. Then the families (Xn: n < w) and (Yn: n < w) satisfy
the hypothesis of Lemma 4.1, and conclusion c) says that

W

x® and Y® are countably compact. Clearly X N Y = w and so

X x Y is not countably compact.
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