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PARALINDELOF SPACES AND CLOSED MAPPINGS

Dennis K. Burke

1. Introduction

A space X is said to be paralindeldf if every open
cover has a locally countable open refinement. Recent
interest in these spaces and spaces with o-locally
countable base has generated results in a number of papers
([Bl], [DGN], [F]l, [FR], [N]). 1In particular, special
note should be given to the examples, presented by C. Navy
in [N], of the first known regular {(and normal) paralinde-
156f spaces which are not paracompact.

In this note we study the closed mapping properties
of paralindeldf and related spaces. We show that the
paralindeldf property is not preserved under closed maps
but is preserved under perfect mappings. Perfect mapping
results are also given for o-paralindelSf spaces and
spaces with a o-locally countable base. The characteriza-
tion of paralindelSf spaces, using refinements weaker
than locally countable open refinements, may be of inde-
pendent interest.

All regular spaces are assumed to be T and all

1I
mappings are continuous and onto. The set of natural

numbers is denoted by N.

2. Closed Mappings

In contrast to the situation for paracompact spaces

(and many other covering properties) we show here that
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the paralindeldf property is not preserved under closed
mappings. The examples below indicate that given any
noncollectionwise normal paralindelSf space there corre-
sponds a simple closed map from a paralindeldf space

onto a space which is not paralindeldf. Keep in mind that
specific examples are not needed here and that C. Navy

has given pertinent examples in [N].

2.1 Example. If X is any regular but nomnormal

paralindelof space and L X denotes the topological sum
a<w
1

of wy copies of X then there exists a closed map ¢ from

the paralindelof space I X onto a nonparalindeldf
a<w
1

space Y.
Proof. Since X is not normal there exist disjoint
closed subsets A and B of X which cannot be separated by

open sets. Let E = I A denote the topological sum of
a<w

the corresponding copies of A in Xa and let Y be the

guotient space obtained from I xa by shrinking E to a
o<w
1

point p. The corresponding quotient map ¢: I Xa + Y is
a<w
1

obviously a closed map. To see that Y is not paralindeldf

consider the open cover (= {W} U {UB: B < wl} of Y where
W=¢(X X - ¥ B) (B 1is the copy of B in X )} and
a o a
a<w; a<w;

UB = ¢(X8 - E). If { had a locally countable open
refinement then there would exist a locally countable

open collection {V_,: B < ml} in Y such that ¢(BB) c v

B B
for each B < w;. Now, if T is an open neighborhood

< Ug 1
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of p (in Y) which meets only countably many VB there would

be some y < w, such that VY NT=4g#. Then ¢_1(VY) and

1
XY n ¢_1(T) are disjoint open sets in XY containing BY and
AY respectively. This contradicts the condition placed on

A and B.

The image space in Example 2.1 is not regular. The
next example shows that the paralindeldf property is not
always preserved under a closed map even if the domain

and range are both normal.

2.2 Example. If X is a normal (but noncollection-
wise normal) paralindeldf space there is a closed mapping
¢: X + Y, onto a space Y which is not paralindeldf.

Proof. Since X is not collectionwise normal there
is a discrete collection {Fa: a € A} of closed subsets
of X which cannot be separated by open sets. Let Y be
the quotient space obtained from X by identifying each
Fu with a point P, and let ¢: X » Y be the corresponding
quotient map. The map ¢ is clearly closed and Y cannot
be paralindel8f. To see this, recall that regular para-
lindeldf spaces are collectionwise Hausdorff [T]. The
set {pa: a € A} is a closed discrete set in Y and a
"separation" by open sets in Y would induce a "separation"
of {Fa: a € A} by open sets in X. Hence Y cannot be col-

lectionwise Hausdorff and must not be paralindeldf.

3. Perfect Mappings and Paralindelof Spaces

One of the main results of this section is the fol-

lowing characterization of paralindeldf spaces. The
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question of perfect images (of paralindeldf spaces) is
then easily resolved by Corollary 3.2. The present form
of Theorem 3.1 is due to J. Chaber, who made suggestions
which simplified and strengthened the author's original
form. This improvement in Theorem 3.1 also allows the

use of Lindeldf fibers instead of compact fibers in Corol-
lary 3.2. We wish to thank J. Chaber for permission to

incorporate these improvements in this section.

3.1 Theorem. For any space Y the following are
equivalent:

(a) Y ige paralindeldf.

(b) For any open cover (l of Y there is a locally
countable refinement # of (l such that ©f y € Y then
y € int(st(y,/)).

Proof. The (a) + (b) portion is trivial so assume
condition (b) is true and suppose {/ is an open cover of
Y. Let # be a locally countable refinement as given in
(b) and let Y be an open cover of Y such that if v ¢ V
then V intersects at most countably many elements of #.
Now there is a locally countable refinement ? of V such
that if y € Y then y ¢ int(st(y,P)). For each H € # pick
U(H) € {/ such that H = U(H) and let

G(H) = int(st(H,P)) n U(H).
Since H < int(st(H,P)) it is clear that ¢ = {G(H): H ¢ #}
covers Y and hence is an open refinement of (. To show
G is locally countable let y € Y and let W be an open

neighborhood of y such that W intersects only countably
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many elements of P. Now since W intersects only countably
many elements of P and each P € P intersects only countably
many elements of # it follows that W intersects only
countably many elements of {st(H,P): H ¢ #}. This says

the collection {st(H,P): H ¢ #} is locally countable;

hence § is locally countable and the theorem is proved.

3.2 C(Corollary. If X is paralindelof and f: X + Y
is a closed mapping, with f-l(y) Lindelof for each y € Y,
then Y is paralindelof.

Proof. If (/ is an open cover of Y let [/ be a locally
countable open cover of X which refines {f_l(U): u € U}.
It is easy to see that # = {f(W): W ¢ W} satisfies the
conditions of Theorem 3.1 so Y is paralindeldf.

In the space Wi with the order topology, every open
cover has a locally countable closed refinement. This
shows that Theorem 3.1 cannot be strengthened by dropping
the "y € int(st(y,#))" condition in (b). It is reasonable
to expect the condition "y € int(yF) for some countable
7 < #" would suffice here but this will also fail as
indicated by Proposition 3.3 (or by the space ml). Recall
that a space X is said to be o-paralindeldéf [FR] if every
open cover of X has a 0-locally countable open refinement.
Clearly, any space with a 0-locally countable base is
o-paralindel6f and there do exist such regular spaces
which are not paralindeldf ([DGN], [FR], [Fl). (In the
proposition below, the "regular" condition in the hypothe-

sis may be dropped if the "closed" condition on the refine-

ment # is dropped.)
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3.3 Proposition. If X ts a regular o-paralindeldf
space then every open cover [l of X has a locally countable
closed refinement H such that if x € X there is a countable
subcollection F © # suech that x € int(uF).

Proof. 1If U is an open cover of X let W = U:=1Wh be
an open cover of X such that {W: W € {/} refines { and each
Wn is locally countable. For each n € N let WX = U{W:

W€ W;} and

A = {W-~- Uy wr

swew?z.
n k<n k n

if 4 = U§=lﬁn it is easily verified that # is a locally
countable closed refinement of {/. To check the remaining
condition, let x € X and suppose n is the smallest posi-
tive integer such that x € W0 € Wn for some WO' Let V be
an open neighborhood of x meeting only countably many
elements of {W: W ¢ Wk, k < n}. Let

F={H: HeAH,k<n, HnV¥#@}

then 7 is a countable subcollection of # and Wy nveu?

so x € int(u¥).

As might be expected, after Theorem 3.1, there is a
similar characterization of o-paralindeldf spaces. The
proof is very similar to the proof of Theorem 3.1 and is

omitted.

3.4 Theorem., For any space Y the following are
equivalent:
(a) Y is o-paralindelsf.

(b) Any open cover l of Y has a refinement # = U§=lﬁn
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where each ﬂn is locally countable and if y € Y there <is

some n such that y € int(st(y,ﬁn)).

3.5 C(orollary. If X is a o-paralindelof space and
f: X + Y <8 a perfect mapping then Y is o-paralindeldf.

0

W

Proof. Suppose (/[ is an open cover of Y and ¥ = Un=1%n

is an open refinement of (/ where each Wn is locally counta-
ble. Without loss of generality we may assume that if

y € Y then f—l(y) = U, , for some k. . It follows that

A= {f(W: W ¢ W} satisfies the conditions in Theorem 3.4

(b) so the corollary is proved.

It is interesting that, in contrast to Corollary 3.2,
the compactness condition on the fibers of f in Corollary
3.5 cannot be weakened to a Lindeldf condition. This is

illustrated by the following example.

3.6 Example. There is an example of a regular
o-paralindelof space X, a space Y which is not o-para-
lindelof, and a closed mapping £: X + Y with f_l(y)
Lindeldf for each y € Y.

Proof. The space X of Example 2.5 in [FR] is a Moore
space with a o-locally countable base and hence is
o-paralindeldf. With minor changes in notation, the
following is a quick review of this space.

X=uw

1
The points in {(a,B,n): a < B < wy, 0 < w} are isolated.

U {(a,B,n): & < B < w,n <l

For B < w, and n < w the neighborhoods of the point

1
(B,B,n) are those subsets of X which contain (8,8,n) and
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all but finitely many elements of {(a,8,n): o < B}. For

o < w, the neighborhoods of o are those subsets of X

1
which, for some k < w, contain {a} U {(a,B8,n): a < B < wy *
k <n < w}.

The desired space Y is obtained as a quotient space
of X by identifying the set {8} y {(B,B8,n): n < y} as a
single point for each B < wy - If f: X » Y is the corre-
sponding quotient map it is clear that each f_l(y) is
countable and hence Lindeldf. Since the set D = wy U

{(8,8,n): B < w,, n < w} is closed and discrete, and

l’
£71(y) =D whenever [£71(y)| > 1 it follows that f is a
closed mapping. We leave to the reader the details of

showing that Y is not o-paralindeldf.

4. Perfect Mappings and Spaces With a ¢ -Locally Countable Base

We conclude this paper by showing that the g-locally
countable base condition is preserved under a perfect
mapping, a result announced in [B2]. Following the lead
of Theorem 3.1, a characterization is given for regular
spaces with a og-locally countable base and the mapping

result will follow easily.

4.1 Theorem. For a regular space Y the following
are equivalent:

(a) Y has a o-locally countable base.

(b) Y has a o-locally countable cover P such that if
y € UcY, with U open in ¥, there is a finite subcollec-
tion F} © P sueh that y € int(uF) < yF < u.

Proof. To show the nontrivial direction, suppose
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P = U: Pn is the cover as given in (b) where each p_ is

=1
locally countable. Since Y is regular we may assume all
elements of ? are closed. For each n,k ¢ N let
S = (3 Fe kP, 13 = n)
and let
e = Un,kq)nk'
For 7 € ¢ and k ¢ N define
mk(}) ={a ¢ U]i(=l/°i= A c int(y#) and A ¢ int(uR)
if ReF, R #7F}
and
8 = {int(Umk(])): F e ¢ Dok € N}.
To see that § is a base let y ¢ U, with U open in Y.
Pick a minimal 7 € ¢ such that y € int(¥) € U (so y ¢ int(R)
if Re ¥, R# F. By (b) again there is a minimal
D < u¥ P such that
i=11i
y € int(ud) < ud < int(u¥.
(pick k large enough so that 7 ¢ ¢ yr D= |#]). Since the
elements of / are closed and ) is minimal with respect to
the property that y ¢ int(uf) it follows that y € NJ. Hence,
if D€ J then y € D« int{(y7) and D & int{(yR) if R < 7,
R # F. This says J < mk(}) so
y € int(ud) < int(Umk(])) c int(uF) < U.
In particular y € int(ufl, ()) < U and int(UMk(J)) e B.
To show that 8 is o-locally countable, it suffices to
show that
Bnk = wn ): 7 e an}
is locally countable for every n,k € N. If y € Y there is
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a neighborhood V of y such that V intersects only countably

many elements of UE:lpi' Now if v n (Umk(])) # @ for some
k 5

F € ¢nk then VN A # # for some A ¢ mk(]) < U1 and

VN A#gg for only countably many A ¢ Ug So it suf-

]
i=1"4"

fices to have the following:

k 5
4.2 Lemma. If A ¢ U;_P; and n € N then A ¢ mk(J)

for only countably many F € L

The proof can be deduced from results in [BMl,
Remark 4.1] and [BMZ’ Lemma 2.2]. That concludes the proof

of the theorem.

4.3 Corollary. If X is a regular space with a
g-locally countable base and £: X - Y is a perfect mapping

then Y has a o-loecally countable base.
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