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SEPARABILITY IN NEARLY COMPACT 

SYMMETRIZABLE SPACES 

D. K. Burke and S. W. Davis 

1.	 Introduction 

In [SS] C. T. Scarborough and A. H. Stone defined a 

space to be feebly compact if every locally finite system 

of open sets is finite, or equivalently, if every countable 

open filterbase has a cluster point. It is known that 

every countably compact space is feebly compact and that 

every feebly compact space is pseudocompact (= all continu

ous real valued functions are bounded). Conversely, normal 

Tl feebly compact spaces are countably compact, and com

pletely regular T pseudocompact spaces are feebly compact.l 

For Tl spaces which are only regular, however, the last 

two implications need not hold. 

A space X is called symmetrizable provided that there 

is a function d: X x X + [0,00) such that for each (x,y) E 

X x X, d(x,y) = d(y,x), d(x,y) = 0 iff x y, and A ~ X 

is closed iff d(x,A) > 0 for each x E X\A. All Moore 

spaces and all semimetrizable spaces are symmetrizable, 

and all T2 first countable symmetrizable spaces are semi

metrizable. 

Another base condition which we will have occasion to 

use is the notion of a weakly first countable space or 

equivalently a space satisfying the g-first axiom of 

countability [AI]. A space X is called weakly first 
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countabZe iff there is a function B: X x w ~ p(X) such that 

for each x E X, B(x,n+l) c B(x,n) for each nEw and 

n B(x,n) {x}, and U ~ X is open iff for each x E U there 
nEw 

exists n E w with B(x,n ) ~ U. We call the function B a x x

wfc-system for X. It is clear that the "symmetric balls" 

are a wfc-system for any symmetrizable space. It is also 

easy to show that any T weakly first countable space is2 

sequentiaZ, see [F] for definition. 

It is shown in [N] that all countably compact sym

metrizable T spaces are compact and metrizable. Hence,2 

for normal spaces we have that feebly compact symmetriza

ble spaces are compact and metrizable. Our purpose here 

is to explore this question for regular spaces. Exercise 

51 of [GJ] provides an example of a feebly compact Moore 

space which is neither compact nor metrizable. It does 

retain the separability present in the earlier results. 

Furthermore, it is shown in [81 ] that all regular feebly 

compact semimetrizable spaces are separable, and the 

relations among Moore-closed, semimetric, and Moore spaces 

are discussed in the feebly compact setting. In the non-

first countable case, the question of separability remains 

open. 

In [8 2 ] a Hausdorff, non-regular example is given of 

a feebly compact Baire symmetrizable space which is not 

separable, and the following question is asked. 

Question 1.1. [8 2] Is every regular, feebly compact 

symmetrizable space separable? 
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A negative answer to this question would also finally 

lay to rest Michael's question of whether points of a 

regular symmetrizable space must be Go-sets. 

The results in this paper were obtained while attempting 

to solve 1.1. They involve a property which lies between 

feebly compact and countably compact. Stephenson calls 

this property e-countably compact. 

Definition 1.2. A space X is called e-countabZy 

compact iff X has a dense conditionally compact subset. 

Our main result is that it is consistent with the 

usual axioms for set theory that every regular, e-countably 

compact symmetrizable space is first countable and hence, 

by [Sl]' separable. 

In this paper we shall follow the custom that an 

ordinal is equal to the set of its predecessors, and 

cardinals are initial ordinals. We use MA to denote 

Martinis Axiom. (For a discussion of MA, the interested 

reader is referred to [R].) We shall assume that all 

spaces are at least T • The cardinality of the reall 

numbers is denoted by c. 

2. Preliminary Results 

We now state without proof two results which we shall 

use later. Proofs may be found in the references given. 

Theopem 2.1. [B], [R] (Booth) Assume MA. If A is 

a famity of subsets of w, IAI < c, and fop B ~ A with 

IBI < w we have InBI = w, then thepe exists D ~ w such that 
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IDI = wand ID - AI < W for each A E A. 

The statement of Booth's Theorem is sometimes called 

P(c), and we shall refer to it as such. Being a consequence 

of MA, it is consistent with the usual axioms and also with 

CH. 

Theorem 2.2. [A2] (Arhangel'skii) If a compact 

Hausdorff space X is first countable and Ixi > w, then 

Ixl = c. 

3. The Main Result 

We present the main result following a group of 

lemmas some of which use certain cardinal functions. Fol

lowing Juhasz we use X(x,X) to denote the character of x 

in X, i.e. 

x(x,X) = min{IBI: B is a local base at x}ew 

and 1jJ(x,X) to denote the pseudocharacter of x in X, i.e. 

1jJ(x,X) = min{1 ljl: lj is a collection open sets and 

{ x} = nlj} • w • 

As usual, x(X) = sup{X(x,X): x E X} and 1jJ(X) sup{1jJ(x,X): 

x E xl. 

Lemma 3.1. [J] If X is regular and separable, then 

X(X) ~ c. 

Proof. This is an immediate consequence of the fact 

that for a dense subset D ~ X and open W~ X one has 

W = WlrD. 
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The next lemma was proved in a somewhat less general 

setting in [S3]. The proof is quite similar here in the 

more general case. 

Lemma 3.2. If X is a symmetrizable T space, K is a2 

cardinal ~ith cf(K) > w, and x E X with X(x,X) ~ K, then 

lIJ (x, X) < K. 

Proof. Let d be a symmetric on X which is compatible 

with the topology. For nEw we denote by B(x,n) the ball 

1{y E X: d(x,y) < -}. Suppose {V : a < K} is a local base n a 

at x, and, to arrive at a contradiction, ~(x,X) ; K. 

Choose Xo E V0\ {x} , Wo open with Xo E W ' x (J Wo· O 

Suppose a < K and we have points {x : a < a} and open sets a 

{W : a < a} such that for each y < a we have x E n Va'a y a<y 

x E W , x ; U W , and x ,Wy • Since I{v : a < a} U 
y y y a<y a a 

{X\W: a < a}1 < K, we may choose x Q E (X\{x}) n ( n Va) n 
a ~ a<a 

(a~SX\Wa) and choose Ws open with x t WS' and Xs E Wso 

Inductively, we define {x : a < K} and {W : a < K}. For 
a a 

each a < K, choose k E w with B(Xa,k ) ~ W • Since 
a a a 

cf(K) > w, we may choose A ~ {x : a < K} with IAI = K and a 

k = n for all x E A. Note that A is cofinal in {x : 
a a a 

a < K}, so that x E A\A. 

Suppose y ;. A. If Y ;. U{W : x E A}, then B(y,n) na a 

A = <1>. Otherwise, choose a = first {a: x E A, Y E W }.a a 

For a < a, X ~ B(y,n). Choose mEw such that B(y,m) ~ W ' a a 

then x ¢ B(y,m) for a > a. Since y ~ x ' choose k E w such a a 

that x ~ B(y,k). Let N = max{k,m,n}, then B(y,N) n A = <1>. 
a 
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Thus for any y ~ A, there exists NEw with B(y,N) n A $, 

i.e. A is closed. However x E A\A, a contradiction. 

Copollapy ~.2.l. If X is T sepapable and symmetpiza3, 

ble, then fop each x E X, ~(x,X) < c. 

Ppoof. Since cf(c) > w, simply apply 3.1 and 3.2. 

In what follows, we will use the notation Kl(A) 

{x: there is a sequence in A which converges to xl. It is 

clear that A Kl(A) for every A ~ X iff X is Frechet. 

Moreover, if Ka(A) is defined in the obvious recursive way 

taking unions at limit ordinals, then A = K (A) for every
wI 

A ~ X iff X is sequential, [AF]. 

*Lemma 3.3. Assume P(c). If X is sequential, D is a 

countable dense conditionally compact subset of X, and 

{xl n IT n U whepe U is open, S < c, then x E Kl (D) • 
a<S a a<S

a a 

I'poof· Let D = {d : n E wl. For each a < S, let n 

F D n U , and W(F ) = {n: dn E Fal. Apply P (c) to the a a a 

sets {w (Fa) : a < Sl to obtain an infinite set F ~ D such 

that F\F is finite for each a < S. Now F has a cluster a 

point and X is sequential, so there is a convergent 

sequence <x : nEw) in F with infinite range, say x -+- y.n n 

Since F\F is finite for each a, we have y E Fa for each a 

a < S. Hence yEn IT = {xl. Thus x -+- x. na<S a 

Lemma 3.4. If E is a dense subspace of a weakly fipst 

countabLe T2 space X and Kl(A) = A fop evepy A ~ E, then 

for each x E X and nEw we have x E Int(B(x,n», whepe 

B is a wfc-system fop x. 

*See note added in proof. 
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Proof. If x 1 Int(B(x,n», then x E X\B(x,n). Hence 

x E Cl [(X\B (x,n» n E] = K ( (X\B (x,n» n E). Choo.se al 

sequence (xk : k E w) in (X\B(x,n»n E with x -+ x, then
k 

(xk : k E w) must be eventually in B(x,m) for every mEw, 

in particular, (xk : k E w> is eventually in B(x,n) which is 

impossible. 

*Theorem 3.5. Assume P(c). If X is sequential and 

regular, E is a dense conditionally compact subset of X, 

and ~(x,X) < c for every x E X, then for each A ~ E, 

Kl(A) = A. 

Proof. Suppose A ~ E and x E K2 (A). Choose a sequence 

<x :	 nEw) in Kl(A) with x -+ x, and for each nEw choose n n 

a sequence (x k: k E w) in A with x k -+ x . Let Sn, n, n 

{xn, k: nEw, k E w}. Since X is regular, S is regular, 

and since ~(x,X) < c, there exist s-open sets {uu: u < B} 

for some B < c with {x} = n IT = n U • Moreover, since 
u<B u u<B u 

X is sequential, S is sequential, and S is conditionally 

compact in S. Now by 3.3, x E Kl(S) ~ Kl(A). Now since 

K2 (A) = Kl(A), we have that Kl(A) = A. 

4.	 Applications 

In this section we present several applications of 

Theorem 3.5 and certain of the lemmas given in section 3. 

In particular, we give a consistent solution to the 

problem of whether e-countably compact symmetrizable 

spaces must be separable. 
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* Theorem 4.1. Assume P(c). If X is a regular, sym

metrizable, e-countably compact space, then X is first 

countable (in fact, a Moore space). 

Proof. Let E be a dense conditionally compact subset 

of X, and let A ~ E. As in 3.5, construct S in an attempt 

to show K2 (A) Kl(A). Now S is a regular symmetrizable 

space with a countable dense conditionally compact subset 

S. Thus by 3.2.1, ~(x,s) < c for every xES. Now apply 

3.5 in the space S, and since S is closed, we have K2 (A) = 

Kl(A) in X. Now by 3.4, since X is T each point of X is2 , 

a Go-set. Moreover, if a point is a Go-set in a regular 

feebly compact space, it has countable character. Thus X 

is first countable. 

*Corollary 4.1.1. Assume P(c). If X is a regular, 

symmetrizable, e-countably compact space, then X is 

separable. 

Proof. This is proved for first countable spaces in 

[Sl] and 4.1 shows that such a space must be first counta

ble. 

* Theorem 4.2. Assume P(c). If X is T compact,2, 

weakLy first countabLe and w < Ixi ~ c, then Ixi E {w,c}. 

Proof. Suppose w < lxl < c. Note that X is sequential, 

regular, ~(x) < c, and by 3.5, Kl(A) = A for every A ~ X. 

Now by 3.4 and the regularity, {B(x,n): nEw} is a neigh

borhood base at x for each x E X. Hence X is first counta

ble and by 2.2, we have a contradiction. 
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Remark 4.2.1. In [M], Malyhin has announced that it is 

consistent that there exist T compact weakly first counta
2 

ble spaces with cardinality lying strictly between wand c. 

We have just established the independence of the existence 

of such spaces. 

An examination of the proof of 4.2 leads to the obser

vation that the following is proved. 

*Corollary 4.2.2. Assume P(c). If X is T3~ countably 

compact~ weakly first countable and ~(x,X) < c for each 

x E X~ then X is first countable. 

5.	 Feeble Compactness 

In this final section, we give a result which is a 

first	 step toward the general problem 1.1. 

*Theorem 5.1. Assume P(c). If X is regular~ feebly 

compact, sequential, ~ (x,X) < c for every x E X, and there 

is a countable subset M ~ X with X(x,X) = w for every 

x E M, then M= Kl(M). 

Proof. Let M = {xi: i E w} and for each i E w choose 

an open local base {U (x.): nEw} at x .• Suppose x E M,
n 1 1
 

and {Va: a < 8} is a collection of open sets with 8 < c and
 

{x}	 n Va n Va. Index w x w by wand apply P(c) to
 
a<8 a<8
 

the sets F {(n,i): U (x.) c V } to obtain an infinite a n 1 - a 

set H ~ {Un (xi) : n,i E w} such that for each a < 8, 

I{u E H: u ~ V }I < w. Let J be the set of unions of a
 

co-finite subcollections of H. Now J is a countable open
 

filterbase; hence J must have a cluster point. Moreover, 
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if Yis· a finer filter than J, we have n{G: G E y} ~
 

n{p: F E J} c n V = {x}. Now if there is an open set U
 
- a<S a 

with x E U and U contains no member of J, then we choose W 

open with x E W ~ W~ U and {F\W: F E J} is a countable 

open filterbase which is finer than J, but cannot cluster 

at x, and hence it cannot cluster at all, a contradiction. 

(Note that this proves that in a regular feebly compact 

space, any countable open filterbase with a unique cluster 

point converges, a fact which may be known to some readers.) 

Thus J + x, and so the sequence (Y
k 

: k E w), where
 

k
 
(F : k E w)= J and Y E n (M n F ), converges to x.

k k i
i=l
 

Hence x E Kl(M). Thus M ~ Kl(M) and clearly K1(M) c M,
 

and the proof is complete.
 

Remark 5.1.1. The restriction that M be countable 

is unnecessary in 5.1, since by assuming x E K2 (M) we 

obtain a countable set S ~ M as in 3.5 with XES, then 

x E K (S) by 5.1 and so x E K (M) .
l l 

* Added in Proof: The authors have recently shown that all 

the results using P(c) which are contained in this paper 

may be obtained using BF(c). 
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