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AN EXAMPLE CONCERNING LOTS 

WI'fH all -BASES 

Harold R. Bennett 

In 1966 Worrell and Wicke [WW] introduced the concept 

of a 8-base as a generalization of developability. In 1967 

Bennett [B ] introduced another generalization of developablel 

spaces, namely, quasi-developable spaces. In 1971 Bennett 

and Lutzer [BL] showed that the concept of a 8-base and a 

quasi-developable space are the same. In 1974 Aull [A] 

introduced and studied spaces with o8-bases, an obvious 

generalization of spaces with 8-bases. 

In [B ] it was shown that a LOTS with a 8-base has a2

point-countable base and an example was given of a LOTS 

with a point-countable base that did not have a 8-base. In 

this note an example of a LOTS with a o8-base that does not 

have a point-countable base is given. 

Let N, P and Q denote the set of natural numbers, the 

set of irrational numbers and the set of rational numbers 

respectively. 

Definition 1. A base B for a topological space X is 

a 8-base (o8-base) for X if B = u{B \In E N} where if x E X n 

and U is an open set containing x, then there exists 

n(x) E N such that x is in finitely (countably) many members 

of Bn(x) and there exists B E Bn(x) such that x E B c U. 

Definition 2. A base ~ for a topological space X is 

a point-countable base if, for each x E X, x is in at most 
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countably many members of ~. 

It is easy to see that if ~ is a point-countable base 

for a topological space X, then ~ is a o8-base for X. 

Definition 3. A linearly ordered topological space 

(=LOTS) is a linearly ordered set equipped with the usual 

open interval topology of the given order. A subset C of 

a LOTS is convex (with respect to the given order ~) if, 

whenever p and q are in C, then the closed interval between 

p and q is contained in C. 

Example 1. There is a LOTS X with a o8-base that does 

not have a point-countable base. 

Let X = {(xl' x 2 ' • • • , x A) IA ~ wI' xa, E P if a, < A, 

x A E Q}. If X and yare in X and x ~ y, then there is a 

first ordinal y such that x y 1 yy. If x y ~ yy then let 

x < y. Equip X with the usual linear topology induced by 

<. If x = (xl,···,x )' let L(x) = A. We say that y extendsy

x if L(y) > L(x) ='A and x = y for each a, < A. If x E X,- a, a, 

n E Nand L(x) = A, let 

U(n,x) = {y E xly extends x, xA-l/n < YA < xA+l/n} U {x}. 

It is not difficult to see that {U(n,x) In E N} is a 

local base at x for each x E X. If x E X and L(x) < wI' 

then x extends at most countably many elements of X. Thus 

U = {U(n,x) Ix E X,L(x) < wl,n E N} 

is a collection of open sets that is point-countable on 

{x E XIL(x) < W }. Let Ql,Q2'··· be a counting of Q and,l 

if (n,m) E N2 let 
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V(n,m) = {U(n,x) IL(x) = wl,x = q }.w	 ml 

Notice if x :# y, L (x) = L(y) wl and xW = qm = yw , then 
1 1 

U(n,y) n U(n,x) = J;J for each n E N. Thus, if V = u{ V(n, m) I
(n,m) E N2 }, it follows that U U V is a o8-base for X. 

To see that X does not have a point-countable base let

8 be any base for X. Choose Pa E P (1 ~ a ~ wI)' and 

x E X, n E N, and B E 8(2 ~ a ~wl) so thata a a
 

(i)a xa (Pl,P2,···,PS,···,l) with L(Xa ) a·,
 

(ii)a x E u(na,x ) c B ~ U(l,x ); and
a a a a
 

(iii)a if 2 < S ~ a, then x E u(nS'xS)'
a 

for 2 < a ~ wl . Conditions (i)-(iii) actually describe how 

the recursion is carried out. Thus, when a is a limit 

ordinal, (i)a defines x automatically; (iii)a follows from a 

(iii)S for S < a; and (ii)a shows how to choose first B ,a 

then n . And when a = y + 1, choose P so that x (as givena y a 

by (i)~) is an element of U(n ,x ); (iii) is then clearly 
u. y y a 

true, and as before (ii)a guides the choice of B and n . a a 

By (iii) ,x E n{B : 2 < a < w }. But if 2 < S < 
w w a- ll l 

a < wl ' then Xs ¢ U(l,xa ) ~ Bai since Xs E BS' it follows 

Thus, B is not point-countable (at X ), andw
1 

X has no point-countable base. 
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