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RELATIONS BETWEEN HOMOLOGY AND HOMOTOPY

PRO-GROUPS OF CONTINUA

Jerzy Dydak1

All basic notions of shape theory and pro-categories
used in this paper can be found in [D-S].

In the recent paper [F] S. Ferry has characterized
continua having the shape of an LCn-space (n > 0, the case
n = 0 is due to J Krasinkiewicz [K2]) as those possessing
the following property:

(*) for some point x € X the k-th homotopy pro-group
pro-ﬂk(x,x) is stable for k < n and satisfies the
Mittag-Leffler condition for k = n + 1.

Also the author proved in [D3] that a continuum X is
an Lc®-givisor (n > 0) iff X is nearly l-movable and
satisfies the following condition:

(**) the k-th homology pro-group pro—Hk(X) is stable for
k < n and satisfies the Mittag-Leffler condition for
k =n+ 1.

The interplay between conditions (*) and (**) was

investigated in [D2]. Here is the main result of [D2].

Theorem 1. Let X = (Xm,p$+l) be an inverse sequence
of pointed connected CW complexes and let n > 0. If
pro—ﬂk(§) is stable for k < n and satisfies the Mittag-
Leffler condition for k = n + 1, then pro—Hk(§) is stable

for k < n and satisfies the Mittag-Leffler condition for

lpresented at the Alabama Topology Conference, March
1980. Paper not proofread by author.



k=n+1. Also if pro—nl(g) i8 isomorphic to the trivial

group, then the converse holds true.

Condition (**) can be expressed with the use of éech

cohomology groups in the following way (see [D1]):

Theorem 2. Let X be a continuum. Then the following
conditions are equivalent for n > 0:
a. pro-Hk(X) i8 stable for k < n and satisfies the
Mittag-Leffler condition for k = n + 1,
vk . .o vYn+l
b. H (X) e finitely generated for k < n, H (X)/
Tor ﬁn+l(x) 18 a free Abelian group and Tor ﬁn+l(x) i8

finite.

Theorems 1 and 2 were used in [D2] to give a simple
proof of the following result due to Geoghegan and Lacher

[G-L].

Theorem 3. A l-shape connected continuum X hae the
ghape of a finite complex i1f the deformation dimension of
X 18 finite and all Cech eohomology groupe M (X) are

finitely generated.

In this paper we provide some further applications
of Theorem 1.

The main tool in proving Theorem 1 was (see [D2])

Lemma 4. Suppose

k-1,k, .k k-1 k
P, : Gn -+ Gn and q,

k k
,n+1° Gn+l > Gn

are homomorphisms of groupe (n > 1 and 1 < k < 5 is an

integer) such that
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k-1,k . k _ k-1 _ k-1,k

Py qn,n+l qn,n+l Phy1
for n > 1 and 2 < k <5, each sequence gn = (Gi,p:-l’k) i8
exact and g# = (Gk k

n’qn,n+l)'
If Gl is stable and G* satisfies the Mittag-Leffler

condition for i = 2, 4, then c3 satisfies the Mittag-Leffler

condition.
We need the following supplement to Lemma 4.

Lemma 5. Under the hypotheses of Lemma 4 if g? is
stable for k = 1, 2, 4 and satisfies the Mittag-Leffler

3 18 stable.

condition for k = 5, then G
Proof. By Lemma 4 the pro-group §3 satisfies the
Mittag-Leffler condition,
Recall that the fact that a pro-group (An,pﬂ)
satisfies the Mittag-Leffler condition (is stable) can be

formulated in the following way:

there is an increasing sequence n, < n, < s+ of

1 2
positive integers such that
n
k+1 n n n
pnk im(pnk+2): im(pnk+2) N im(pnk+l)
k+1 k+1 k

is an epimorphism (isomorphism).
Therefore without loss of generality we may assume

that

k
n+l,n+

k

n,n+l)

im(qk

n+l,n+2) * 0@

k .
qn,n+1 2) > im(q
is an isomorphism (epimorphism) for all n > 1 and

k=1, 2, 4 (k = 3, 5). We are going to prove that

a im(q> )i im(g> )+ im(g> 1)
n,n+l n+l,n+2’° n+l,n+2 n,n+l
is a monomorphism. So suppose
3 . 3 . 3
Xn+1 € lm(qn+l,n+2) n ker(qn,n+1)'
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3
Take X 43 € 1m(qn+3 n+4) such that

x3 _ q3 (x )
n+l n+l,n+3 ""n+3

(by qk we denote the composition of corresponding qk ).

p-1,p
Then p (x ) € 1m(q ) and q . 2 3(x ) =1
n+3 n+3 n+3,n+4 n,n+3 Ph+3 n+3 -
_ . 4 4 ,
Therefore pn+3(xn+3) = 1 and there exists X043 € Gn+3 with
3 _ 3,4, .4 3,4 , 4 : _ .
X 43 = Ppis xn+3). Since < qn,n+3(xn+3) = 1 there is
5 5 . 4,5 _ 4 4 5 5 .
X2 € G with Pp (xn) = qn,n+3(xn+3)' Take X 43 € Gl+3 with
Q@ (x2,.) = @, _(x0)
n-1,n+3 "n+3 n-1l,n""n""
Then
4 4,5 5 5
9-1,n+2 * Pnt2 * Tn+2,n+3 Fpes)
_ 4,5 5 5 4,5 5 5, _
= Ppll * 9n-1,ne3ne3) T PRl1 ooy, n X)) S
_ 4 4 5.5 _ 4 R 4
= 9-1,n ° (xy) = 9h-1,n qn,n+3(xn+3)
_ 4 e (x ).
= 9p-1,n+2 ° 9n+2,n+3 *n+3
Hence
4 2 ) = plis Lo x> )
9n+2,n+3 *n+3 n+2 n+2,n+3 ‘*n+3
and therefore
3 _ 3 _ 3 . .3.4 -
*n+l = 9n+1, n+3 (¥ +3) = 9n+1,n+3 n+3(xn+3)
_ 3,4 ot )
Pn+l qn+l,n+3 n+3

3,4 4 . 4,5 . 5 )
Pnt1 ° 9n+1,n+2 ° Pn+2 ° 9n+2,n+3 *n+3

3 L5304, 4,5, 5 (x )
qn+l,n+2 pn+2 pn+2 qn+2,n+3 n+3

Thus §3 is stable.

The main result of this paper is the following:

Theorem 6. Suppose Xy and S2 are continua such that

Xl nx,# 9 and X, U X, have the shape of some LCm-spaces
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(m >1). If X; is pointed l-movable and the natural
homomorphism of first Cech homotopy groups

nl(xl,xo) > nl(xl U] XZ’XO)
18 a monomorphism for some point X, € Xy n X2, then Xl has
the shape of an LCm-space.

Proof. Since pro—ﬁl(xl U XZ’XO) is stable, we get that
ﬁl(Xl U x2,x0) is countable and therefore nl(xl,xo) is
countable. Now Corollary 6.1.9 in [D-S] (p. 8l1) says that
pro-ﬁl(xl,xo) is stable. First consider the case where

n .
x1 X2 is connected.

. + o
Take an inverse system (Zn,qg l) of finite connected

CW complexes such that for some connected subcomplexes

xl,n’xo,h and X2’n of Zn there is

a. xO,n = xl,n n x2,n and xl,n U len = Zn’

b. X, U X, = lim(z_,q™h),

c. X1 = 1%m(xl’n,q:+l)

a. %, = 1in(x, "

e. Xy =X N X, = 1im(x0’n,q2+1).

Without loss of generality we assume each q2+l is
cellular.

Moreover we may assume that each q2+l induces iso-
morphisms of ﬁl(xl,n+l’xn+l) onto ﬂl(xl,n’xn) (here X =

(xn)) and of ﬂl(X l) onto nl(X X ) (see [Kl]’

0,n+l’xn+ 0,n'""n
Theorem 3.1 on p. 151, or [F]). Also we assume that each

. v n+1l
ﬂl(Zn,xn) contains G = nl(xl 1] XZ’XO) such that ﬁl(qn )

maps G identically onto itself. We identify each group

T (X

1 ,n’xn) with G

_ Vv .
0 0= ﬁl(xo,xo) and each nl(xl’n,xn) with
G, = ﬁl(xl,xo) in such a way that qg+l induces the identity
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on G0 and G1 when restricted to x01n+1

tively. For each n take the universal covering space E;

and xl,n+l respec-

of Zn and let P, En - Zn be the covering projection. Let
-1

(X

n i n) for i = 0, 1, 2, and choose a base point
1

X =p

n
X € p;l(xn) for each n. Take maps

~n+1 ~ ~ ~ o~
n ° (Zn+1’xn+1) > (Zn’xn)
such that
. ~n+1 = n+l R
Ph q, 9, P+l

Since each Py induces isomorphisms of all k-homotopy groups

for k > 2 and pro-nk(xl U X ,xo) is stable for k <m and

2
satisfies the Mittag-Leffler condition for k = m + 1, we

. 5y o~ ~n+1 .
infer that (ﬂk(Zn,xn),ﬂk(qn )) is stable for k < m and

satisfies the Mittag-Leffler condition for k = m + 1. By

Theorem 1 the pro-group (Hk(ﬁg),Hk(5:+l)) is stable for

k < m and satisfies the Mittag-Leffler condition for
k=m+ 1.
For each n consider the component % of X con-
0,n 0,n

taining Xne

Then P, = pn|X0’n: XO,n > XO,n 1s a covering projection
such that im[ﬂl(Eh)] is equal to the kernel of the natural
homomorphism from G0 = ﬂl(XO,xo) to G = nl(X1 V] X2,x0).

Therefore

—n+1 _ ~n+l 0 ~ . (s ~ 5 ~
G = 9 Ko one1r¥Fne)t Ko nerrXner) v Eg e Xy

induces isomorphisms on T - Similarly as before we get
> —n+1 . s s
that (Hk(XO,n),Hk(qn )) is stable for k < m and satisfies

the Mittag~-Leffler condition for k = m + 1. Now observe

1

that ag+ induces a bijection between components of

Xo,n+l(xl,n+l) and XO,n(Xl,n)' Moreover each component of
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-~ ~

(il,n) is the image of X (x

kadl

0 1,n which is the component

of

/N 0,n
Yl n containing §n) under an element of g € G, where G
r

is interpreted as a subgroup of ﬂl(Zn,xn) which acts on ?n
(see [Co], p. 12). Since the action of fundamental groups

is functorial in the sense of 3.16 in [Co] (p. 12), one

. = ~n+l = :
easily gets that (Hk(xo,n)’Hk(qn |x0,n+l)) is stable for

k < m and satisfies the Mittag-Leffler condition for

k

m+ 1.
Now for each n we have the functorial Mayer-Vietoris
exact sequence
- Hk(ioln) - Hk(ii,n) ® Hk(izln) + H (7))
> K )
Applying Lemma to 4 and 5 we get that

= ~n+l =
(H (X ) GH (@ %) )

is stable for k < m and satisfies the Mittag-Leffler condi-
~n+1l

tion for k = m + 1. Since (xl,n’[qn |Xl,n+1]) dominates
(x; n,[52+1|x1 n+1]) in pro-homotopy, we infer that
1 ’
5 ~n+l, s
(H (X) q)oH (@ 71Xy )

is stable for k < m and satisfies the Mittag-Leffler condi-
tion for k = m + 1. Recall that the natural homomorphism

to G is a monomorphism. Therefore each X

of Gl 1,n is
simply connected and Theorem 1 says that (ﬂk(Xl n’ﬁn)’
’
~n+l, & : s e
™ ay ]xl,n+l)) is stable for k < m and satisfies the

Mittag-Leffler condition for k = m + 1. Consequently

n+l
(M (Xy ex)omy (ay

)) = pro-ﬂk(xl,xo) is stable for k < m
and satisfies the Mittag-Leffler condition for k = m + 1
which completes the proof of Theorem 6 in case Xl n X,

is connected.



274 Dydak

If Xl n X2 is not connected it has a finite number of

components. Take an abstract arc L intersecting each com-

ponent of Xl n X2 in exactly one point. Then Xi = xl UL
and Xé = X2 U L satisfy the hypotheses of Theorem 6 and
X! n X! is connected. Therefore X, U L has the shape of an

1 2 1
LCn—space. By the main result of [KZ] (see also [D-S], p.

95) there is a sequence Yk > Yk+l D> +++ of locally connected

continua whose intersection is X1 such that each Yk+1 is a
strong deformation retract of Yk. Then Yk+1 UL is a

strong deformation retract of ¥, U L which implies that

k
(Xl,xo) is shape dominated by (Xl U L,xo). Therefore Xl

has the shape of some LCm-space. Thus the proof of Theorem

6 is concluded.

Corollary 7. Suppose X and X2 are continua such that

X, n X, # 8 and X, U X, are pointed ANSR's. If Xy i8 a

1 2
pointed l-movable continuum of finite deformation dimension

- v v .
and the natural homomorphism nl(xl,xo) > ﬂl(Xl V] XZ'XO) 18

a monomorphism, then Xl i8 a pointed ANSR,

Proof. By Theorem 6 and Ferry's result [F] all
homotopy groups of (Xl,xo) are stable. By [E~G] (Theorem

5.1, see also [D-S], Theorem 9.22 on p. 114) X, is a pointed

1
ANSR.

Corollary 8. Suppose Xl and X2 are continua of finite

deformation dimension such that Xl n X, and X, U X2 are

pointed ANSR'’s. If Xl N X  is l-shape connected, then X

2 1

and X, are pointed ANSR's.

2



TOPOLOGY PROCEEDINGS Volume 6 1981 275

Proof. First suppose xl n x2 is connected and take

Xq € x1 n X2 (the case xl n X2 = f is obvious). Since the

projections p: X; U X, » (X; U xz)[(x1 N X,) and

p|x1: xl - X1|(xl n XZ) induce isomorphisms of first shape
groups (see [D4], Theorem 8.6 on p. 41) and clearly the

inclusion X, |(X; N X,) ~ (X; U X,)|X; n X, induces mono-

2

morphism of first shape groups, we infer that the natural

homomorphism from nl(xl,xo) to ﬂl(Xl U X ,xo) is a mono-

2

morphism. Then Corollary 7 implies that X, is a pointed

1
ANSR.

If Xl n X2 is not connected we take an abstract arc L

intersecting each component of Xl n X2 at exactly one

point. If Xi = Xl U L and Xé = X2 U L, then the hypotheses

of Corollary 8 are satisfied and Xi n Xé is connected.

Therefore X; U L is a pointed ANSR. Now Corollary 5.2 in

1

[D-0] implies that X, is pointed l-movable. In the same

1
way as in the proof of Theorem 6 one gets that (Xl,xo)

is shape dominated by (Xl v L,xo). Consequently Xl is a

pointed ANSR.

Remark. Both Corlllary 7 and 8 relate to the follow-

ing problem posed by Borsuk [B]:

Is it true that X, and X,

and Xl n X2 are ANSR's?

A counterexample to this problem was provided by the

are ANSR's provided Xl u X2

author in [D5] and independently by K. Kuperberg (unpub-
lished).
Observe that using our methods one can prove the

following
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Theorem 9. If compacta X, and X2 have the shape of

LCk spaces (k > 0) and X, N X, hag the shape of an

LCk_l-space, then Xl U x2 has the shape of an LCk-space.

The proof of Theorem 9 is analogous to the proof of

Theorem 6 and uses the following

Lemma 10. Suppose X;s x2 and Xy n X2 are continua

guch that for some point x, € X, N X, the pro-groups

0 1 2

pro-ﬂl(xl,xo) and pro—ﬂl(xz,xo) are stable. If xl n X2

18 pointed l-movable, then pro-ﬁl(xl U Xz,xo) i8 stable.
Proof. Take an inverse sequence (Zn,q2+l) of finite

connected CW complexes such that for some connected sub-

complexes xl,n'xo,n and len of Zn there is
a. xO,n = xl,n n len and Zn = xl,n U x2,n'
b. X U X, = lim(z_,q™*h),
c. X = lim(xl'n,q:+l)
d. X, = lim(x, ,q2*h

n+1l

e. xo = Xl n X2 = lim(xo,n'qn ).

Without loss of generality we may assume each q:+l is

cellular. Moreover we may assume that each q:+l induces

isomorphisms of wl(X l) onto T ,xn) (here

1%1,n
X, = (xn)) and of ﬂl(xz,n+l'xn+l) onto wl(xz’n,xn), and

1,n+l’xn+

an epimorphism of ﬁl(x n+l) onto m, (X ,xn) (see

0,n+l'x
[K], Theorem 3.1 on p. 151, or [F]).

1'*"0,n

Let us fix n for a moment and consider the kernel A of

n+l
1Tl(qn ): nl(xo,n+l'xn+1) > 1Tl(xo,n'xn)‘

Notice that any loop o such that [a] € A is contractible in
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both xl,n+l and X

Therefore if we attach a family {Dj}

2,n+l°

jeg of 2-discs

to Xo,n+1 in order to kill A, the inclusions

X104l 7 %1041 Y jéJJD’ and X, 141 7 Xopey Y ngDj
induce isomorphisms of fundamental groups, and xl,n+l U
x2,n+l is a retract of xl,n+l U X2,n+l (v j:GD" Hence the
inclusion in: xl,n+1 v x2,n+l -+ xl,n+l U x2,n+l U jéGDj

induces isomorphism of fundamental groups. Take any

extension
Rt ST U+ 7, of o with
j
—n+1
UD, X, .
TR < X
Then @ x U UD,: X U UD, » X
n 1,n+l j€g 3j 1,n+l jeq 3j 1,n’
-n+1
a |Xp,ne1 Y ngDy X2,n+1 Y ngDj * X2,n
and L x U UD.: X U uD, - X
n 0,n+l jeg j° 70,n+l jeq 3j O,n

induce isomorphisms of fundamental groups and by van Kampen's
Theorem §:+l induces an isomorphism of fundamental groups.
Consequently q2+l = §2+l . in induces an isomorphism

of fundamental groups and the proof of Lemma 10 is concluded.

Remark. Theorem 9 can be derived from [Kod] under the

weaker assumption that x1 n X2 has the shape of an LCk-space.
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