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APPROXIMATE POLYHEDRA AND SHAPE THEORY 

J. Dydak and J. Segal 

In recent years a number of generalizations of the 

notion of absolute neighborhood retract (ANR) have 

appeared. Among these are approximate absolute neighbor

hood retracts (AANR) due to M. H. Clapp [4] and the equiva

lent notion of NE-sets due to K. Borsuk [3]. S. Mardesic 

[11] has recently given a generalization called approximate 

polyhedra (AP) which applies to topological spaces. 

Mardesic's AP's agree with AANR's in the compact metric 

case so for brevity we use his notation throughout this 

paper. Although the AP's form a much larger class than 

ANR's, Clapp showed that they possess many of the fixed 

point properties of ANR's. Moreover, he showed that the 

AP's form a quite natural class in the sense that they are 

precisely the limits of polyhedra in the metric of con

tinuity. 

In shape theory Borsuk [2] generalized the ANR's with 

the notion of fundamental absolute neighborhood retracts 

(FANR's). While this class possesses many of the desirable 

shape analogues of ANR's, it also has members with consid

erable local pathology. Not surprisingly, in shape theory 

base points cause considerable difficulty (see R. Geoghegan 

[9]). However, recently H. M. Hastings and A. Heller [10] 

have shown that every FANR is a pointed FANR. Whether this 

also holds for Borsuk's even broader generalization of 

ANR's, namely movable continua, is still not known. In 
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other words, is every movable continuum also pointed movable? 

In this paper we show that AP's with the fixed point pro

perty (a subclass of movable continua) are pointed movable. 

We also show that every regularly movable continuum has the 

shape of an AP and that a compactum is movable iff it is 

shape dominated by an AP. In this paper compactum means 

compact metric and continuum means connected compactum. 

Definition 1. (Clapp) A compactum X is an apppoxi

mate absolute neighbophood petpact (AANR) provided when X 

is embedded in a metric space M, then for every E > 0 there 

exist a neighborhood U of X in M and a map r: U ~ X such 

that the distance d(r(x),x) < E for all x in X. 

Definition 2. (Mardesic) A compactum X is an apppoxi

mate polyhedpon (AP) if for each E > 0 there is a polyhedron 

P and maps f: X ~ P, g: P ~ X such that the distance 

d(gf(x),x) < E for all x in X. 

Remapk 1. Mardesic [11] actually defines AP's for the 

class of topological spaces by using normal coverings 

instead of the metric notion of "E > 0." However, he shows 

that compact metric Apr s agree with AANR's. Moreover, he 

proves that if a paracompactum X is LCn - l and of covering 

dimension dim X < n < 00, then X is an AP. 

Theopem 1. A compactum X is movable iff sh X < sh Y 

whepe Y is an AP. 

Ppoof. Assume that X is movable. Then C. Cox [5] 

and S. Spiez [13] have shown (see also S. A. Bogatyi [1]) 
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that if X is a subcompactum of a compactum M and X is the 

intersection of open-closed subsets of M, then sh X < sh M. 

Let X = lim{X ,pn+l} be the inverse limit of the ANR-sequencen n 

{Xn,p~+l}. We take M to be a space X* defined as the dis

joint union of X and all the X. A basis for the topology
n 

of X* consists of all the open sets Un from X and of the 
n 

sets 

U* = U -1 (U ) U -1 (U ) 
n Pnn' n Pn n·

n<n' 

For every positive integer n we also define a map 

P~: X~ + X ' wheren 

X* u X, U X c X*,
n n<n' n 

by putting p*lx = p ,p*lx , = p "n < n'. Then X nx* n n n n nn n 

where the X; are open-closed subsets of X*, so that 

sh X < sh X* (see Mardesic and Segal [12, p. 48]). More

over, X* is an AP since for every E > 0 there is a poly

hedron, namely X~ = Xl + X2 + ••• + Xn (disjoint union) for 

n sufficiently larg~, and maps f: X* + x+ (defined by
n 

f(x) = p~(x) for x in X~ and f(x) = x for x in X ' m < n)m 

and g: x+ + X* (defined as the inclusion) such that 
n 

d(gf(x),x) < €, for all x in X*. Thus we have X* is an 

AP which shape dominates X. 

v 

The converse is proved by Bogatyi [1, Theorem 6] . 

Actually he proves the stronger statement that an AP is 

internally movable. 

Definition 3. ~ compactum X is said to be regularly 

movable provided there exists an ANR-sequence X = {Xn,p~+l} 

such that X = lim X and each bonding map pn+l is a homotopy 
~ n 
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n+l
domination. So Pn# : TIl(X +l ) + TIl (X ) is epic and theren n 

fore pro-TIl(X) is Mittag-Leffler. This implies that X is 

pointed I-movable which implies it is pointed movable. 

Theorem 2. If X is regularly movable, then there 

exists an AP Y with sh X = sh Y. 

I , ( n+l) h h n+lProo.f Let X = ~m Xn'Pn ' were t ~ Pn are 

homotopy dominations and the X are ANR's. Define induc
n 

tively Y C Y C Y c··· C Y E ANR and retractionsI 2 3 n 

r : Y +l + Y such that Y ~ X and the following diagram
n n n n n 

cXn +l 
) Yn +l 

n+l

1 1 rPn n 

X c ~ Y 
n n 

is homotopy commutative and X is a deformation retract of 
n 

Y · Let Yl Xl· Suppose Yl 'Y2 '···'Y are defined. Let n n 

gn: X + X +l satisfy p~+lgn ~ id · Then Y + l = M(9 ),n n x n n 
n 

the mapping cylinder of an extension 9 : Y + X +l of gn.n n n 

Since gn has a left homotopy inverse, there exists a retrac

tion r : Y + + Y possessing the desired properties.
n n 1 n 

It is easy to see that any Y lim(Y ,qn+l) such that 
+ n n 

n+l t t' , APthe qn are re rac lons, 1S an . 

Remark 2. D. A. Edwards and R. Geoghegan [8] showed 

that there are compacta shape dominated by ANR's (i.e. 

FANR's) which fail to have the shape of a compact ANR. 

However, J. Dydak and A. Trybulec [7] showed if X is 

regularly movable and shape dominated by an ANR, then X 
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has the shape of a compact ANR. 

Lemma 1. Suppose X is a subcontinuum of the Hilbert 

cube. If for each E > 0 there exists a neighborhood U of
E 

X in Q and a map r : U + X such that p(r (x),x) < E for
E E E 

x E X and r (x ) = x for some x E X~ then X is pointed
E E E E 

movable. 

Proof. The assumptions on X imply that X is movable. 

Since a movable and pointed I-movable continuum is pointed 

movable we need only show that X is pointed I-movable. So 

take X E X and let U be a neighborhood of X in Q. Then,o 
for sufficiently small E, the map r is homotopic reI.

E 

x in U to the inclusion map U 4 U. Suppose W is a
E E 

neighborhood of X in U and a is a loop in U at x O. Take
E E 

a path S joining X and x in W. Since (UE'X )· 4 (U,X )o E E E 

is homotopic to r : (UE'X ) ~ (U,x ), the loop y r E- (S
-1

as)E E E

is in Wand is homotopic reI. x to S-laS in U. Hence 
E 

SyS-l is a loop at X in W homotopic reI. X to a in U.o o 
Thus X is pointed I-movable and consequently X is pointed 

movable. 

Corollary 1. If X is an AP with the fixed point pro

perty~ then X is pointed movable. 

Definition 4. By generalized Euler characteristic 
v 00 v 

we mean X(x) = I (-1) 
i 
~rank H. (X) which is defined for 

i=O 1 

a compactum X such that H. (X) is finitely generated for all 
1 

and is trivial for almost all i. i 
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Theo~em 3. If X E AP and x(X) ~ 0, then X is pointed 

movabZe. 

P~oof. Embed X in the Hilbert cube Q and take a 

decreasing sequence (Un)~=l of compact ANR's with 

Then H. (X) = lim H. (U ). Fix i > O. We are 
~ + ~. n 

going to prove that the natural homomorphism an: Hi(X) ~ 

Hi(U ) is a monomorphism for n sufficiently large. Let n

G = image of an. Then H. (X) = lim G , each G is finitelyn ~ + n n 

generated and (G ) satisfies the Mittag-Leffler condition n
 

(see Dydak and Segal [6, Lemma 6.1.5 and Theorem 6.1.7 on
 

p. 78]). Hence (G ) is stable (see Theorem 6.1.8 on p. 80 n 

in Dydak and Segal [6]) and an must be a monomorphism for 

n sufficiently large. Since almost all groups H. (X) are 
~ 

trivial, there is a ne1ghborhood U of X such that the 

natural homomorphism 8.: H. (X) ~ H; (U) is a monomorphism 
~ ~ ~ 

for all i. Let E > 0 and take r ~ X such thatE UE 

p(rE(x),x) < E for x E X and rElx: X ~ X is homotopic in 

U to the inclusion X ~ U. Then 8.·H. (r Ix) = 8; = 
~ ~ E ~ 

a.·H. (id ) and therefore H. (r IX) = H. (id ), since 8; is a 
~ ~ x ~ E ~ X • 

monomorphism. Consequently, the generalized Lefschetz 

number A(rElx) of rElx is equal to x(X) = A(idx) and, by 

Clapp's generalization of the Lefschetz fixed point theorem, 

there exists x E E X with rE(xE) = x E• By the Lemma, X is 

pointed movable. 

P~obZem 1. Is every continuum X E AP pointed movable? 

P~obZem 2. Does every X E AP have the shape of a 

regularly movable continuum? 
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Problem 3. Suppose X E FANR nAP. Is there a finite 

CW complex of the same shape as X? 
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