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SEQUENTIAL ORDER OF HOMOGENEOUS 

AND PRODUCT SPACES 

L.Foged 

In this paper we will present some examples of sequen­

tial spaces with properties related to their sequential 

order [1]. In section 1 we will show that homogeneous 

spaces may have any p~escribed sequential order. In sec­

tion 2 we will show that the sequential order of the sequen­

tial coreflection of a product of spaces of "small" sequen­

tial order may have "large" sequential order and will 

answer a question posed by Michael [4] when we give an 

example of a sequential HO-space Z so that the sequential 

coreflection of z2 is not regular. Our constructions use 

sets of sequences as underlying sets and will be facili ­

tated by the following notation. If X is a set, we denote 

finite sequences in X by (xo,xl,···,xk),where k E wand 

every x E X. If {xo'xl,···,xk } C X and SeX, we letj 

(xo'xl,···,xk,S) = {(xo,xl,···,xk,xk+t: x k +l E S} and let 

( x ' xl' • • • , x k ' S, • •• ) be the set of all finite sequences ino
 

X which extend a member of (xo,xl,···,xk,S).
 

1.	 Homogeneous Spaces 

The authors of [1] asked whether their space Sw is 

the only countable, Hausdorff, homogeneous, sequential space 

which is not first countable. A technique which produces 

many spaces with these properties was given in [3]; this
 

technique produces spaces which, like Sw' have sequential
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order wI. While [5] gives a non-regular example with the 

listed properties and has sequential order 2, the situation 

among regular spaces is clarified by the following. 

A. Examples. For every a 2 wI there is a countable, 

regular, homogeneous, weakly first countable space X with a 

sequential order a. 

Following [1], if A is a subset of a topological 

space X then AO = Ai if a = S+l, then Aa = the set of 

limits of sequences in AS; if a is a limit ordinal, then 

a S 
A = US<aA · 

We will construct our spaces by induction on a, letting 

X be a countable discrete space. Suppose we have con­o 

structed X for all S < a. s 

1. a is not a limit ordinal.
 

Write a = S+l; let B be a wfc system [2] for X ; pick

S

a distinguished point x* in X
S

. Let X be the set of finite 
a 

sequences (x ,xl ,···,x2k ) in X U W so that o s
 
x E X if j is even,
j s 
x. E w if j is odd. 

J 
We define a wfc system B' for X as follows. If n < wand a 

a = (xo,xl,···,xk ) E Xa' then 

B' (n, a ) = { a} U (x0' • • • , xk-1 ' B (n , xk ) \ {xk } , • • • 

U (x0' • • • , xk ' w\ n , x * , • • • ), 

where w\n = {n,n+l,n+2,···}. 

We may then show that the sets 

{a} U (x ' xl ' • • • , xk - 1 ' U\ {xk } , • •• ) uo 

U (x,x ,···,x ,n,V , ••• 
n>n 0 1 k n 

- 0 
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where a = <xo'xl,···,xk ) E Xu' U is a neighborhood of x ink 

X ' no < w, and every V is a neighborhood of x* in X ' S n S 
make up a local neighborhood base at o. 

Inductively, Xu may be shown to have a base of clopen 

sets. 

For each a = <xo'xl,···,xk ) E Xu the clopen neighbor­

hood <xo,xl,···,xk_l'XS'···) of a is canonically homeomorphic 

to Xu = <X ,···) under a homeomorphism carrying a to <x*).S

It follows that distinct points a and L lie in disjoint 

clopen sets which admit a homeomorphism carrying a to Li 

hence Xu is homogeneous. 

We wish to show that Xu has sequential order u. Sup­

pose A c Xu and <x*) E clA\A. Then as {<x*)} U 

<Xs\ {x*} ,' ••• ) U <x* ,w,x
S
'··· ) is a neighborhood of <x* ), 

we may assume that either (1) A c <XS\{x*}, ••• ), or 

(2) A	 c <x* , w, XS' • • • ). 

(case 1 ) A c <XS\ {x* }, • • • ). Let TI: <XS\ {x* }, • • • ) -+ 

<Xs\ {x*} ) be the natural "trimming" function. Since 

<x*) E cl A, we may use the given neighborhood base for 

<x* ) to show that <x* ) E cl TI (A). As TI (A) c <x
S

) and <Xs ) 
is closed and homeomorphic to XS' we deduce that (x*) E 

[TI(A)]S.	 That (x*) E AS, follows from (*). 

(*) For every Y [TI(A)]Y\TI(A) CAY. 

If Y = 1 and (x ) E seq cl TI(A)\TI(A), then there is a 
o 

sequence <0) in A so that {TI (0 ) ) < converges to (x ).n n<w nnw 0 

Recalling the definition of B I
, we see that in fact 

{On ~<w converges to (x ). Assume now that (*) holds foro 
all 6 < y. If Y = 6+1, let (x ) E [TI(A)]Y\TI(A)i we mayo 
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o assume <x } ~ [n(A)] . Then there is a sequence <a} in 
o n n<w
 

[n (A)]O\n(A) converging to <x }, the induction hypothesis
o 

yielding that <x } E AY. On the other hand, if Y is a o 

limit ordinal, then [TI(Al]Y\TI(Al = Uo<y[TI(Al]o\TI(Al c 

U
o<Y

AO = AY. This establishes (*). 

(case 2) A c <x* , w, XS' • • • }. Let 1T: <x* , w, XS' • •• } -+ 

<x*,w,X } be the trimming function. Again, <x*} E cl A
S

implies that <x*} E cl 1T(A). Because 1T(A) c <x*,w,X } u
S 

{<x*}} and because the latter set is closed and homeomorphic 

to the sequential sum [1] of H copies of X (thus has o s 
sequential order S + 1), we get <x*} E [n(A)]S+l. We may 

verify that (*) holds for n, and thus {x*} E AS+l . 

Thus in either case <x*} E AS+l = Aa . Hence the 

sequential order of X is no greater than a. As X contains a a 

a closed copy of the sequential sum of H copies of X ' the o S 
sequential order is precisely a. 

2. a is a limit ordinal. 

Write a = sUP{Si: i < w} so that the Sits are not limit 

ordinals. For every i < w, let Xi = XS.i distinguish a 
1 

point xi in X., and let X~ = x.\{xi }. X is the set of all 
111 a 

finite sequences {xo,xl,···,x } in u. X~ so that for allk l<W 1 

j < k 

if x j E Xi, then x j +l ~ Xi. 

Let Bi be a wfc system for Xi so that for every x E Xi and 

every n ~ i, Bi(n,x) = Xi. Now define a wfc system B for 

X as follows: For n < wand a = {xo,xl ,·· .,xk } E X with a a 

x E X~ letk 1 
0 
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B(n,a) { a} U < x0 ' x1 ' • • • , xk-I' Bi (n , xk ) \ {xk} , • • • } 
o 

U U. -J.' < X , x1 ' • • • , xk ' B. (n, xi) \ {xi} , • • • }.
1r1 0 ' 1 

0 

A neighborhood base at a is formed by the sets of the 

form 

{a} U (xo ' xl' • • • , xk- 1 ' U\{xk } , • • • } u 

U . ~. {x , xl' • • • , x k ' vi \ {xi} , • • • },
1r10 0 . 

where U is a neighborhood of in X. , for all i ~ i vixk 1 0 
0 

iis a neighborhood in Xi of x , and for all but finitely 

many i vi = xi. X may be shown to have a base of clopena 

sets. 

Fix x~ E X~. Let a = (xo'xl,···,xk ) E X with xk E Xi.a 

We will find clopen neighborhoods of < Xl } and a that are 
o 

homeomorphic under a mapping carrying a to ( x I ), giving
o 

homogeneity as before. If i 0, then we can find a homeo­

morphism f on X so that f(xk ) = x~ and a clopen neighbor­o 

hood V of xk in Xo so that x O 
~ V U f(V)i thus (f(V),···) 

and (x ' xl' • • • , xk - l ' V,· •• ) are the desired clopen neighbor-o 

hoods. If on the other hand i ~ 0, find homeomorphisms f 
0 

ion X and f. on X. so that f (xo ) Xl and f i (xk ) = x ;
0 1. 1. 0 0 

also find clopen neighborhoods V of x0 and V. of so 
0 1

xk 
O ithat x ~ fo(V ) and x ~ V.. The natural map defined o 1 

piecewise from the clopen neighborhood {a} U (xo,xl,···,x _l ,k
0

V. \ {xk} , • • • } u (x , xl' • • • , xk ' V \ {x } , • • • } u U'..l' 01 0 0 Jr1, 

(x ,x
1 

, •• ·,x ,Xj, ••• ) of a onto the clopen neighborhood
o k 

{{x~}} U {x~,fi(Vi)\{xi}, ••• } U {fo(Vo)\{x~},·.·} U Ujfi,O 

( x I X~ ••• ) of (x I ) is a homeomorphism.
0' J' 0
 

Suppose A c X and (x~) E cl A\seq cl A. Since
 a 
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(x~)	 ~ seq cl A, there is an i < w so that A misses o 

U.. (XI,X~,··.). We may assume that either 
J.>J. 0 ].

o 

A c: (X~\{x~}, ••• ) or that A c: (x6,X!, ••• ) for some i < i . o 

I f A c: (x I , X~ , • • • ), let iT: (x I X~ ••• ) -+ (x I X~) be the o ].	 0' ].' 0' ]. , 

trimming function. Then (Xl) E cliT(A), and since 
o 

iT (A) c (x~,Xi) and (x~,Xi) U {{x~)} is closed and homeo­

morphic to Xi' we have that (x~) E [iT(A)]Si c: [iT(A)]u. One 

may show that iT satisfies (*); thus (Xl) E AU. The proofo 

in the case A c (X \{x l }, ••• ) is similar. Hence X has o 0 U 

sequential order no larger than u. The subsets {(x )} u 
o 

( X ' Xi ) of Xu are closed and homeomorphic to Xi when o 

X t Xi, so the sequential order of Xu is at least o 

sup s. = u. This completes the proof.
i<w	 ]. 

2.	 Product Spaces 

While the product of two sequential spaces need not be 

sequential, if X and Yare sequential there is a natural 

sequential space topology for the set X x Y: decree that 

a sequence { (xn'Y ) )nEw "converges" to (x,y) if and onlyn 

if {xn)nEw converges to x in X and (Yn~Ew converges to Y 

in Y; define U to be open in X x Y if it is sequentially 

open with respect to these "convergent11 sequences. This is 

the sequential coreflection of the usual product topology, 

denoted henceforth by a(X x Y). 

Our next examples show that there is no natural bound 

on the sequential order of a(X x Y) based on the sequential 

orders of X and Y. 
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B. ExampZes. There are countable regular spaces X 

and Y so that X is Frechet and Y is weakly first countable 

with sequential order 2 so that Ox2 and Oy2 have sequential 

order w •1 

Let X be the set of all finite sequences in w of even 

(possibly 0) length. A set U is open in X if and only if 

for every ( n
1

,n
2
,· •• ,n ) E U and every i E w, there is a2k 

j E w so that ( n1 ' n2 ' • • • , n 2k ' i , w\ j , • • • ) c U. 

The space ox2 contains a closed copy of S Let w 

s (<1» = (<I> ,<1» and for n l E w let s (nl ) = ( D,n 
l 

),<1» • 

Generally, s(n1 ,n2 ,···,n2k ) = (0,nl,n2,···,n2k_l)' 

( n1 ' n 2 ' • • • , n 2k ») and s (n1 ' n 2 ' • • • , n2k+1) = ( 0, n1 ' n 2" • • • ,n2k+1 ),

( n1 , n 2 , • • • , n 2k ». Observe that ( s (n1 , n 2 , • • • , nk+l)~k+ 1Ew 

converges to s(n1 ,···,n ). We will show that these arek 

~ssential1y the only sequences in S = {s (0) : a a finite 

2 sequence in w} converging to a point of x , hence S is a 

2sequentially closed copy of S in xw 

Suppose with us that there is e ..,equence a in S converg­

ing to (rl ,r2 ,···,r2k ),( sl,s2,···,s2~») E X 
2 

which is not 

eventually constant· in either factor. Then there is such a 

a = «(o,ni,n~, ••• ,nl >,(ni,n~, ••• ,n~ »))pEw so that 
p p 

I i - J' I 1, i > 2k + 1, J' > 2~ + 2 for all pEw;
P P P - P 

{n~k+l: pEw} and {n~~+2: pEw} are infinite; {n~k: pEw} 

and {n~~+l: pEw} are finite. Now if j ~ 2~,(n~>pEW is even­

tual~y constant (=s,), so 2k + 1 > 2~; also 2~ + 1 ~ 2k + 1,
J 

so 2k + 1 > 2~ + 2. We also have that if j < 2k I, ( n~) E 
J P w 

is eventually constant (=r +1 ), so 2~ + 2 > 2k - 1. With
j 

2k ~ 2~ + 2, we get 2~ + 2 > 2k + 1, a contradiction. 
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80 every convergent sequence in 8 is eventually con­

stant in one of the factors. If 0 is a sequence in 8 which 

is constant in the second factor, 0\« O,nl ,n2 ,··· ,n2k- l }, 

(nl ,n2 ,··· ,n2k }) = ( « O,n l ,n2 ,··· ,n2k,n~k+l)' 

(n ,n ,···,n })}PEw for some (n l ,n2 ,···,n2k ) EX. Like­
l 2 2k 

wise if 0 is constant in the first factor, 

o \ « 0, n1 ' n 2 ' • • • , n 2k-I) , ( nl' n 2 ' • • • , n 2k- 2}) = 

( « O,nl ,n2 ,··· ,n2k- l ),( n l ,n2 ,··· ,n2k-l,n~k}) }pEw' showing 
2that every sequence in 8 converging to a point in x is 

eventually constant or a subsequence of one of our canonical 

convergent sequences, as desired. 

Let Y be the set of all non-void finite sequences of 

positive rationals ,with wfc system given by 

B (m, ( qo ' q1 ' • • • , qk }) = (qo' q1 ' • • • , qk-1 ' 8m(qk )} U
 

(qo,ql'· ··,qk,8 (O) , ••• }, where 8 (q) = {r E Q+: Ir-q\ < 11m}.
m m

Now let (q(j)} '< be a sequence in Q+ converging mono­
J w 

tonically to 0 and (q(j,k)}k<w be a sequence in 

(q(j+l),q(j» n Q+ converging monotonically to q(j). We 

will show that the set S = {s(o): 0 a finite sequence in w} 

is a closed copy of Sw in Oy2, where s(¢) = «I },(l }), 

s(nl ,n2 ,··· ,n2k- l ) = «1,q(nl ,n2),··· ,q(n2k-3,n2k-2) ,q(n2k- l )}, 

( 1+q (n1) , q (n2 ' n 3) , • • • , q (n 2k _2 ' n 2k-1 )} ) , s (n1 ' n 2 ' • • • , n 2k ) 

( ( 1 , q (n1 ' n 2) , • • • , q (n2k-1 ' n 2k )} , ( 1+q (n1) , q (n2 ' n 3) , • • • , 

q (n2k- 2 , n 2k- l ) , q (n2k )} ) · 

We will show that a sequence (0 ) = (s(nP nP ••• p p<w l' 2' , 

n~ )} < in 8 cannot converge to a point «r ,r ,···,r ),
l P w 12kp 

2
(sl,s2'···'s£}) of y if for infinitely many p < w both the 

1
first coordinate (=0 ) has length > ·k and the second 

p 
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2
coordinate (=a p ) has length >~. For if such a sequence 

did converge we could, by finding a subsequence, assume 

that the a~' s extend ( r 1 ,. • • , r k ) and converge to 0 in the 

k+1 position, while the a~ I s extend ( sl'· •• , sR.) and converge 

to 0 in the ~+l position. That is, {n~: p < w} is finite 
1 

for all i < 2k - I and {n~k-l: p < w} is infinite, while 

{nr: p < w} is finite for all i < 2~ and {n~~: p < w} is 

infinite; this contradiction establishes our claim. 

If (a) = ( s (nP n P ••• nl?» is a sequence in S
P P<wI' 2' , 1 p< W 

converging to « r I' r 2' • • • , r k ),( sl' s2' • • • , s ~» so that the 

laI,s have length k, then a is eventually constant 
p p 

(=(rl,···,r _ }) in the first k-l positions, i.e. for
k l 

appropriate nl,n2,···,n2k-4 and large p (l,q(ni,n~), ••• , 

q(n~k-S,n~k-4» = (l,q(nl ,n2 ) , ••• ,q(n2k-S,n2k-4»· Further, 

(a~)p<w converges to r k ~ 0 in the k position, so that 

(n~k-3)p<w is eventually constant (=n2k- 3 ) and {n~k-2: p < w} 

is infinite. Consequently (a ) < is a subsequence of
P P w 

( s (n1 ,n2 , • • • , n2k- 3 , n2k- 2 ) )n - <w' 
2k 2 

Similarly, if (a ) < is a sequence in S converging to p p w 

«r1 ,r2,···,rk ),(sl,s2'···'sR.» so that the a;'s have length 

~, then (0) is eventually a subsequence of 
p p<w 

(s(n1 ,n2 ,···,n2R._2,n2R._1 )n R.-1<w· 
2 

Since (s(n
1

,n ,···,n"n'+1)) converges to2 J J nj+l<w 

s(n ,n ,···,n ) and these are essentially the only convergent
l 2 j 

sequences in S, S may be viewed as a closed copy of Sw in 

2 oy • 
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c. Example. There is a regular space Z with a counta­

ble weak base [6] so that oz2 is not regular. 

Let P be a countable set of irrationals which is dense 

in , where <p: P -+- N is one-to-one. Let Z be the set of all 

non-void sequences (finite or infinite) in P with wfc system 

defined as follows. 

B{n ,( Po' PI' • • • , Pk » = ( Po' PI' • • • , Pk-1 ' Sn (Pk ) ) U ( Po' PI' • • • ,
 

Pk ' Sn (O) , • • • ),
 

B{n,( Pi >iEw) (po'Pl ,··· ,Pn-l,P ,··· ), where
n 
Sn{x) = {y E P: Iy-xl < !.} and (p P , ••• pT···) is the n 0' 1 ' k' , 

set of all sequences in P, finite or infinite, which extend 

a member of (po,Pl,···,Pk,T). Z is regular and has a 

countable weak base. 

For k E w let 

W U{B {<p (qk) ,( Po,Pl'··· ,Pk » x B(l,( qo,ql'··· ,qk » : 2k 

Po,Pl,···,Pk,qo,ql,···,qk E p} 

W2k+1 U{B { I , ( Po' PI' • • • , Pk+1 » x B {<P (Pk+1) , ( qo' q1 ' • • • , qk » : 

po,Pl,···,Pk+l,qo,ql,···,qk E pl. 

It is straightforward to check that a sequence converging 

to a member of Wk must eventually be in Wk U Wk+l , and hence 

W = UkEwWk is a sequentially open set in z2. 

Let {P , q ... } c: P so that <P{po) > qo We will show{ ... )-1 
· 

that every sequentially open set U in z2 with {(p ),(q"'» E u 
o 0 

o 0 

contains a sequence converging to a point not in W, hence 

that Oz2 is not regular. 

Assume we have found Pi (i < k), qi (i < k), and qk so 

that 

1. {( Po' • • • , Pi)' ( qo' • • • , qi» E U if i < k. 
-1 -12. $(qi) > (Pi+l) and $(Pi) > qi if i < k. 
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3. ¢ (P ) > (qk) -1 .
k 

4. « po'··· ,Pk ),( qo'··· ,qk-1 ,qk}) e: u
 

Because of (4) we can find an m e: w such that
 

B(m,( po'· •• ,Pk }) x B (m,( qo'· • • ,qk-1 ,qk}) c Uj choose 

Pk+1 e: P so that <po'··· ,Pk ,Pk+1 } e: B(m,< po'··· ,Pk» and 

qk e: P so that <qo'··· ,qk) e: B(m,( qo'··· ,qk-1 ,qk» , 
-1 -1	 -1

qk < (qk) < ~(Pk)' and ~(qk) > (Pk+1) · Note that 

« Po' • • • , Pk ) , ( qo' • • • , qk » e: U. 

Since « po'··· ,Pk,Pk+1 ),< qo'··· ,qk}) e: U, there is an ­

n < w so that B(n,( p ,···,Pk'Pk+1 » x B(n,(qo,···,qk}) C U. o 

So there is a qk+1 e: P so that (qo,···,qk,qk+1) e: 

B(n,<qo,···,qk)} and a Pk+1 e: P such	 that (po,···,Pk+l) e: 
-1

B(n,< po,··· ,Pk,Pk+l », ¢ (qk) > (Pk+1) , and ¢ (Pk+l) > 

(qk+1)-1. This finishes the induction. 

The sequence { « Po' • • • , Pk ), ( qo' • • • , qk }): k e: w} in U 

converges to ~ = «Pi)i<w,(qi)i<w) in z2. To see that 

~ t W, note that if ~ e: B(~(sk)' (r ,r1 ,···,rk » x o 

B(l,( so,s1,···,sk» for some k ~ 0, then, since every 

infinite sequence in B(¢(sk),(ro,rl,···,rk » is an exten­

sion of (r ,r1 ,··· ,rk ),( po,··· 'Pk ) = (r '··· ,rk ), and foro o 
the same reason (so'···, sk ) ( qo'· •• ,qk). Thus 

c; e: B(¢ (qk) ,( po'Pl ,··· ,Pk» x B(1,( qo'··· ,qk », which 

would mean ¢(qk) < (Pk+1)-1, violating (2). A ~ike argu­

ment shows that ~ is not in any of the sets B(1,(r ,rl ,···,o 

r k+l » x B(¢(rk+l),(so,···,sk». Thus c; ~ W as claimed. 

We note that Z is an ~O-space (Theorem 1.15 in [6]), 

thereby answering Michael's question in [4]. 
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