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Let M be a comEact

pi~cewise

linear manifold and H(M)

the space of all homeomorphisms of M onto itself with the
supremum topology:

p (f,g)

=

sup{d(f(x), g(x)}.

For some

xEM

years there has been considerable interest in the question
of whether H(M) is an

~2-manifold;

i.e., a separable metric

space which is locally homeomorphic to ~2' the Hilbert
space of square-summable sequences.
is locally contractible [1,3].

It is known that H(M)

There are other partial

results along these lines including the fact that PLH(M),
the subspace of H(M) consisting of all piecewise linear
homeomorphisms, is an
subspace of

~2

~~-manifold, where ~~ denotes the

consisting of those sequences having only

finitely many nonzero entries [5].

n

n

Let Ho(B ) and PLHo(B )

n
n
denote the subspaces of H(B ) and PLH(B ), respectively,
that are equal to the identity on the boundary of the
n-ball Bn .
n

=

Using the fact that, for n ~ 4 and aM

=

$ if

n

5, the identity component of PLH(M ) is dense in the

n
n
identity component of H(M ), the question of whether H(M )
is an i

2

-manifold for a fixed n can, be reduced to the ques

tion of whether the elements of Ho(B n ) can be canonically
n
approximated by elements of PLHo(B ):
n

s: Ho(B )

+

i.e., given

.

(0,1) does there exist a map

n
PLHo(B ) with p(o/(h),h) < s(h) for all h

~:
E

n

Ho(B ) +
n
Ho(B )? [4].
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Also unresolved is the question of whether H(M) has
artibrarily small contractible neighborhoods.
[2] proposed an outline of a proof.

Cernavskii

However, his outline

depends upon the use of a canonical engulfing theorem; it
is proposed that the canonical.engulfing theorem be obtained
by making use of canonical general position.

It is at this

point that the suggestion breaks down since' general position
arguments cannot be made in a canonical fashion.

For

example, let L be a set consisting of six points and
f: L x [0,1]

~ E 3 be a continuous function with the pro

perty that fO(L) consists of six points which are the
vertices of two linked I-spheres and fl(L) consists of
six points which are the ver"tices of two unlinked

function f

a

Given any E >

I-spheres.
t

: L

~ E

general position.

3

and t E [0,1], there is a

with p(ft,f ) < E and with ft(L)
t

in

However, this approximation cannot be

accomplished in a canonical manner.
for sufficiently small E >

More specifically,

a there does not exist a con

tinuous function f': L x [0,1]

+

E 3 with p(f',f) <

and with the property that for each t, ft(L)

E

is in general

pcsition (general position would require that the I-spheres
have non-empty intersection for each t).
exist in other dimensions.

Similar examples

However, using different tech

niques, the theorem of this paper demonstrates that H(M)
does have arbitrarily small weakly contractible neighbor
hoods.
For any manifold M, 1

M

will denote the identity homeo

morphism and NE(h) will denote the E-neighborhood of h in
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For a complex L, ILl will denote the underlying

point set; for any simplex cr of L, st(cr) will denote
U

ITI.

The n skeleta, Ln , of L consists of the subcomplex

cr<T

of L consisting of all simplices of dimension < n.
Let nO:

(0,00)

(0,00) be the identity.

+

Since PLH(M)

is uniformly locally contractible we can define inductively
monotonically increasing functions nn:

(0,00)

+

(0,00) with

the property that for each positive integer n and any

s > 0, if A is any subset of PLH(M) with diameter less than
3n n

(s)

then A is contractible in a set of diameter less

than nn-l (£).
Let Mn be a oompaot PL manifold, n ~ 4; if
5 suppose aM is empty.
Let h E H(Mn ) and E > 0 be given.
Theorem.

n

=

Then there exists an open neighborhood U of h with U con
tained in the s-neighborhood of h and with the property
that if~:

IKI

+

U is any mapping of a locatty finite com

plex K into U, then
map

~(k)

~

is homotopic in U to the constant

= k.

Proof.

Since H(M) is a topological group it suffices

to consider the case h = 1 M• Let £ > 0 be given. since
PLH(M) is homeomorphic to t~, there is a contractible neigh
borhood V of 1 M in PLH(M) with V c Ns(lM) n PLH(M). For
each h E V, choose 0h such that No ~h) n PLH(M) c V. Let
h

U

U No (h) and note that U is an open neighborhood of
hEV h
1 M in H(M) contained i~ the £-neighborhood of 1M and, due
to the dimension restrictions, V is a dense subset of U.

Let

K be

a locally finite complex and

~:

IKI

+

U be given.
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Since V is contractible to 1 M it suffices to· define a map
~: IKI x I + U with f(k,O) = ¢ (k) and f(k,t) E V for all
k E

IKI

and t f 1.

Since K is a locally finite complex, we can obtain a
triangulation of K x (0,1] and a· mapping y: IK x (0,1]
(0,1] so that

if~:

IK

(0,1]

x

1

+

I

+

PLH(M) is any mapping

with the properties that
i) for each vertex (k,t) of the triangulation,
p (~ (k, t) , ¢ (k»

< y (k, t) and

ii) for each simplex a of the triangulation
diam~(o)

then

< infy(p),

~(IK

~(k,t)

l

pEa
x (0,1]

I)

c

V and

~(k't)'

t

f

¢ (k) ,

t

0

¢: IK

x

[0,1]

U defined by

1 +

is continuous.

0

Now further subdivide

K x

(0,1] to form

(K x

(0,1])'

so that if (k,t) and (k',t') are vertices of the same
simplex, a, of
nm(infy(p»,

(K x

(0,1])' then p(¢(k),¢(k'»

where m is the dimension of o.

<

By the

pEsta

previous paragraph it suffices to define

~:

IK

x

(0,1]

I

+

PLH(M) with the properties that i) for each vertex (k,t) of
We will define ~ induc
pEa
tively on the skeleta of (K x (0,1]) I . If v = (k,t) is a
(K x

(0,1]) I,

diam~(o)

< infy(p).

vertex of (K x (0,1])' choose
p(~O(v),¢(k»

of st(v).

~o(v)

E PLH(M) with

< nm(infy(p», where m is the dimension

pEst(v)
Assume inductively that

~n:

(K x

(O,l])~ +

PLH(M) is defined with the property that

~n

and if a is an n-simplex of (K x (0,1])

and if m is the

I

extends

~n-l
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dimension of the largest dimensional simplex that contains

a then

diam~n(a)

< nm_n(infy(p)).
pEst (a)

Now, let a be a

(n+l)-dimensional simplex of (K x (0,1])' and let m be the
dimension of the largest dimensional simplex that contains
o.

Every simplex which contains a contains each simplex in

the boundary of a and hence the boundary of
diameter less than 3n

(infy(p)).
m-n pEst(a)

[In the case n

this condition is satisfied by the choice of
choice of the triangulation (K x (0,1)) '.]
~n+l

can be extended to

finite complex,

~

=

~O

has

=

0,

and the

Therefore,

~n

on the interior of a in such a way

that diam~n+l(O) < nm-(n+l) (infy(p)).
pEst(o)
inductive definition of

~n(a)

~n.

lim~

This completes the

Since (K x (0,1])' is a locally

is continuous.

We note that for

n+oo n

any simplex a in (K x (0,1])',

diam~(a)

< infy(p).
pEa

References
1.

A. V. Chernavskii, Local contractibility of the homeo

morphism group of a manifold, Soviet Math. Ookl. 9
(1968), 1171-1174.
2.

, Contractible neighborhoods in the group of

homeomorphisms of a manifold, Society Math. Dokl. 15
(1974),1349-1352.

3.

R. D. Edwards and R. C. Kirby, Deformations of spaces

4.

W. E. Haver, A near-selection theopem, Gen. Top. and

of embeddings, Ann. of Math. 93 (1971), 63-88.
Its Appl. 9 (1978), 117-124.
5.

o. Wilson, The group of PL-homeomopphisms
of a compact PL-manifold is an ~~-manifold, Trans. Amer.

J. Keesling and
Matn. Soc. 193

~1974),

249-256.

H aver
316

V i rgi ni a commonwealth U ni versi ty
R ichmond, vi rgi ni a 23284

