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MAPPINGS AND DIMENSION 

James Keesling! and David C. Wilson 

1. Introduction 

In 1936 Eilenberg posed the following problem in the 

Scottish Book [10, Problem #137]. If f maps a compact 

metric space X (having the same dimension at each of its 

points) onto Y such that dim X > dim Y > 0, must there be 

a closed subset K contained in X such that dim K < dim f(K)? 

Theorem 6.2 of [8] gives a counterexample to this question. 

Keesling and Wilson [6] proved the following theorem. If 

n ~ 2, then there is an n-dimensional continuum X contained 

in I n +l and a map f: X ~ I = [0,1] such that f is onto and 

if K is any O-dimensional compactum in X, then f(K) is 

O-dimensional. In addition the map f and the space X have 

the following properties. (1) The space X is n-dimensional 

at each of its points. (2) The map f is the restriction 

-1
of the projection mapping. (3) for each y E I the set f (y) 

is either an n-cell or chainable. Thus the map f is cell-

like and X has trivial shape. (4) If K is a closed subset 

of X and dim K ~ n - 2, then dim f(K) o. (5) There is a 

closed (n-l)-dimensional subset K such that f(K) = I. 

The purpose of this paper is to give sufficient condi­

tions for a positive solution to the problem of Eilenberg. 

The first result in this direction is the following theorem. 

lThis work was presented by the first author at the 
Spring Topology Conference held in March 1982 at the u.s. 
Naval Academy in Annapolis, Maryland. 
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Theorem 2.3. Let f(X) = Y be a proper map between 

separable metric spaces. If dim X < n and dim f-l(y) > m 

for all y E Y, then there is a closed set K in X such that 

dim K < n - m and dim f(K) = dim Y. 

A consequence of Theorem 2.3 is that if each point-

inverse set of a map has dimension ~2, then property (4) 

must be violated. 

Theorem 2~7 gives sufficient conditions which ensure 

that the dimension of K is small even when the dimension 

of X is large. 

Theorem 2.7. Let f(X) = Y be a map between compact 

-1metric spaces, where dim Y < 00. If I < dim f (y) ~ k for 

all y E Y, then there is a closed set K in X such that 

dim K < k and dim f (K) = dim Y. 

The proof of Theorem 2.7 is similar to Kelley's Theorem 

7.8 [7]. Keesling ([4] and [5]) has results similar to 

Theorem 2.3, Theorem 2.7, and their corollaries for open 

mappings. 

Theorem 3.2 and Theorem 4.5 give sufficient conditions 

for the domain of f(X) = Y to contain a closed set K such 

that dim K < dim X - I and dim f(K) = dim Y. The point-

inverse sets are assumed to be ANR's in 3.2 and perfect in 

4.5. 

The examples given by Theorem 5.2 show that Theorem 2.3 

is best possible. Note also that Theorem 5.2 generalizes 

the construction given in [6]. 

If A c X, then the interior of A will be denoted by 
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Int A. The boundary of A will be denoted by Fr A. The 

letters ANR will d~note absolute neighborhood retract. If 

f denotes a collection of subsets of a set X and A c X, 

then the star of A (relative to f), denoted st(A,f) I is 

the collection of all members of f which meet A. The 

mesh of f, denoted ~(f), will be the sup{diam yly E f}. 

The authors wish to express their appreciation to Alice 

Mason for her helpful remarks and examples concerning the 

results of this paper. 

2. The Main Theorems 

For a discussion of the basic concepts of dimension 

theory see the classic text by Hurewicz and Wallman [1]. 

A discussion of the important properties of essential 

families is given in [8]. A map is proper if the inverse 

image of each compact set is compact. 

Proposition 2.1. Let f(X) = Y be a closed mapping 

between metric spaces. If X is finite dimensional and Y 

is infinite dimensional, then there is a closed set K in 

x such that dim K = 0 and dim f(K) = 00 

Proof. This proposition is a routine corollary of 

Theorem 1.4 in [3]. 

Proposition 2.2. Let {Xi}:=l be a sequence of closed 

subsets of a separable metric space X such that lim Xi c X ' oo 
i-+oo 

where X is compact. Also assume that if U is any neighbor­
oo 

hood of X ' then there is an N such that for i ~ N, Xi C U. oo 

iii i
If (Al,B ),---, (Am,B ) is an essential family for Xi suchl m

7 • i 7 • i d th f 7 7t hat v~m A = A ~~m = B an A n B = ~ or avv
k k

, Bk k , k k
i-+oo 1-+00 
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k = 1,··· ,m, then the set {(AI ,Bl ,···, (Am,B )} forms an m

essential family for X oo • 

Proof. Let Sl'···'Sm be closed separators in Xoo for 

the pairs (Al,Bl ),···, (Am,B ), respectively. We must show m

m
 

X 

that nk=lsk ~~. Since Sk is a separator for Ak and Bk in 

00 
we can find a separator S' in X such that X - S'k k 

Uk U Vk , c Uk' B C Vk , and S' n X = Sk· Since 
00 

Ak k k 
1. i i.1m Ak Ak and I',1m Bk = Bk we can find an integer N such 
1-+00 1-+00 

that i > N implies that Ak
i 

C Uk and Bk
i 

C Vk . Thus, Sk' n Xi 

is a separator for Ak 
i and Bi in Xi' which implies thatk 

n~=lsk n Xi ~ <1>. Equivalently Xi n (n~=lSk) ~~. Without 

loss of generality we can assume that lim (X, n (n~=lSk)) 
i-+oo 1 

exists. Since lim Xi C X ' ~im (Xi n (n~=lSk)) C X noo oo
i-+oo 1-+00 

(n~=lSk) = n~=l(Sk n Xoo ) = n~=lsk· Since Xoo is compact, 

~im (Xi n (n~=lSk) ~ <1>. Thus n~=lsk ~ and the proof is<I> 

1-+00 

complete. 

Theorem 2.3. Let f(X) = Y be a proper map between 

separable metric spaces. If dim X < n and dim f-1(y) > m 

for all y E Y, then there is a closed set K in X such that 

dim K < n - m and dim f(K) = dim Y. If in addition Y is 

complete, then there is a closed KO in X such that dim KO 

< n - m and Int f(K O) ~ $. 

Proof. If Y is infinite dimensional, then we are done 

by Proposition 2.1. Thus we may assume dim Y < 

Let B be a countable basis for X. Let ~ 

••• , (Um,V )} be a sequence of m pairs of open sets of X with m

the property that each Ui and Vi is a finite union of members 
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of Band U. n V. = <1> for i = 1, · · · , m. In particular, the 
1 1 

collection rp is countable. If P E 'P, then let Z(P} be 

the set of all points y E Y such that f-l(y} has an essential 

family { (AI (y) , B (y) ) ,. • • , (A (y), B (y)}} such that A. (y)l m m 1 

c U. and B. (y) c v.. Since f is proper and dim f-l(y} > m 
111 

for all y E Y, Y UpE'PZ(P}. By Proposition 2.2 the set 

Z(P} is a closed subset of Y. By the Sum Theorem dim Z(P} 

dim Y for some P E 7>. 

Let J = f-l(Z(P}}. Since dim J ~ n, we can apply 

Theorem B [1, p. 34] m times to find closed sets Sl'···'Sm 

such that Si separates Ui and Vi and dim (Sl n S2 n ..• n 

Sm) ~ n - m. Let K = Sl n S2 n .•• n Sm. An easy check 

<1>shows that K n f-l(y} # for all y E Z(P}. Thus dim K < 

n - m and f(K} = Z(P}. 

If Y is complete, then by applying the Baire Category 

Theorem we can find a set Z(P} such that Int Z(P} # <1>. 

The argument now proceeds as before. 

Corollary 2.4. Let f(X} = Y be a proper map between 

separable metric spaces. If dim f-l(y} = dim X < 00 for all 

y E y~ then there is a cZosed Q-dimensionaZ set K c X such 

that dim f(K) = dim Y. 

Corollary 2.5. Let f(X} = Y be a proper map between 

-1separable metric spaces. If dim X < n~ dim f (y) ~ m for 

all y E Y~ and dim Y ~ k(n-m+l}~ then there is a closed set 

K c X such that dim K = 0 and dim f(K} > k. 

Proof. By Theorem 2.3 there is a closed set K' c X 

such that dim K' < n - m and dim f(K') = dim Y. Since 
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dim Y ~ k(n-m+l), Theorem 1.4 of [3] assures the existence 

of a closed set K c K' such that dim K = 0 and dim f(K) > k. 

Corollary 2.6. Let f(X) = Y be a proper map between 

-1separable metric spaces. If dim X < n~ dim f (y) ~ m for 

all y E Y~ and dim Y > n - m + l~ then there is a closed 

set K c X such that dim K = 0 and dim f(K) > o. 

Note that Corollaries 2.4 and 2.6 give conditions on 

a map which ensure a positive answer to the question of 

Eilenberg. 

Theorem 2.7. Let f(X) = Y be a map between compact 

metric spaces~ where dim Y < 00. If 1 < dim f 
-1 

(y) ~ k for 

all y E Y~ then there is a closed set K in X such that 

dim K < k and dim f(K) = dim Y. Also~ there is a closed 

set KO in X such that dim KO < k and Int f(KO) ~ ~. 

Proof. Since the dimension of Y is finite, Y can be 

embedded in Em for some integer m. We now follow the proof 

and notation of Theorem 2.3 to find a closed set Z(F) of Y 

such that dim Z(F) dim Y. In this situation the pair 

P = (U,V), where IT n V ~ and each f-l(y) has a component 

meeting both IT and V. For convenience assume f: X Y where7 

each component of each f-l(y) meets both IT and V. 

We will prove the theorem by showing the existence of 

sequences {J.}~ l' {S.}~ l' {W.}~ l' and {5.}~ 1 with the
1 1~ 1 1= 1 1= 1 1= 

following properties. (1) Each 5. is a finite collection 
1 

of pairwise disjoint separators of IT and V. (2) The set 

S. is the union of the members of 5 .. (3) Each J is a 
1 1 i 

closed subset of Si and f(J i ) = Y. (4) Each Wi is an open 
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-1subset of X such that J U W C Wi. (5) If f (y) n Ji i + l i 
-1 n Si(a) ~ ~, where Si(a) E si' then f (y) n J n Si (a) = i 

-1
f (y) n Si (a). (6) The open set Wi is covered by a finite 

collection of open sets W., where ~(W.) < 1 and the order 
1 1 i 

of W. is < k + 1. 
1 

Under the assumption that properties (1) to (6) are 

satisfied we can define K = n~ lW'. By properti~s (3) and1= 1 

(4) f(K) = Y. By property (6) dim K < k. 

To begin the induction assume that the diameter of X 

is less than 1. Let J l = Sl be any separator of IT and V. 

Let 51 = {Sl} and Wl = X. 

Assume inductively that there are finite sequences 

{J.}~ l' {S.}~ l' {W.}~ l' and {sl·}q1·=1 which satisfy pro­1 1= 1 1= 1 1= 

perties (1) to (6). 

For each Sq(a) E sq find a collection sq+l (a) = 

{Sq (a,i) Ii = 1,2,··.,3m} of 3m pairwise disjoint separators 

of U and V. Each S 
q 

(a,i) is to be chosen so close to S 
q 

(a) 

that if f-l(y) n J n S (a) ~ ~, then f-l(y) n S (a,i) c W . 
q q q q 

Let sq+l = uasq+l(a) and Sq+l be the union of the members 

-1
of sq+l. Let J(a,i) = f (f(J n Sq(a))) n Sq(a,i). Let q
 

3m
 
J(a) = ui=lJ(a,i) and let g = fIJ(a). For each y E g(J(a» 

there is an open set W(y) such that g-l(y) is contained in 

-1
W(y) and W(y) is contained in W . Since dim g (y) ~ k,q 

we can choose W(y) so that it can be covered by 'a finite 

1
collection of open sets W(y), where ~(W(y) 2 q+l and the 

order of W(y) < k + 1. Since g is a closed map there is 

an open set V c Y such that g-l(Vyl c W(yl. Since Y is 
y 

compact subset of Em, there is a finite closed cover r of 
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g(J(a)) with the property that f refines the collection
 

{v Iy E g(J(a))} and ISt(y,f) I < 3m for all y E f. Let
 
y 

Yl'···'Y be a listing of all the members of f. Let s 
. -1

K (a) = Sq(a,l) n 9 (Y ). Assume inductively that therel l
 

are pairwise disjoint closed sets K (a) , ••• ,Ks(a) where
l 
-1

K. (a) = S (a,t) n 9 (Y .) for some choice of t. Since 
1 q 1


\St(yr+1,f) I < 3
m 

and since there are 3
m 

sets Sq(a,l) , ••• ,
 

lSq (a,3m), we can find an integer t with the property that 

if Yi E St(Yr+l,f) and i < r + 1, then Sq(a,t l
) n 9

-1 
(Y +l )r
 

misses K (a). Let K +l (a) Sq(a,t l ) n 9
-1 

(Y +l ). If we
i r r 
s

let K(a) = Ui=lKi(a), then note that g(K(a)) = g(J(a)).
 

If we let J = u~=lK(a), then notice that g(J +l ) = Y.
 q +l q 

The open set Wq +l can be found by covering each Ki(a) 

with one of the open sets W(Yi). Since the members of the 

collection {K. (a) la = l,···,p and i = l,···,s} are pairwise
1 

disjoint we can shrink each W(Yi) slightly to a set Wi so 

that the members of the collection {W~ Ii = l,···s} are pair­
1 

wise disjoint. (That is, open sets associated with differ­

ent separators are made disjoint.) If we let W be the 
q

+1 

union of the sets Wi, then Wq +l will have the property that 

it can be covered by a finite collection of open sets whose 

order is < k + 1. Clearly we can choose W + so that W q l q +l
 

is contained in W. Thus we have completed the proof of
 
q 

the theorem. 

3. The ANR Case 

-1
In this section we consider the case when f (y) is 

an ANR for every y E Y. 
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Proposition 3.1. Let Y be a set of cardina~ity c. 

If N denotes a positive integer~ ~(R) denotes the power set 

of the reals~ and 8: Y ~ ~(R) is a function such that 

18(y) I = c for alZ y E Y~ then there is a function ~: Y ~ ~(R) 

which has the properties that ~(y) c 8(y)~ I~(y) I = N~ and 

~(y) n ~(y') = ~ if y ~ y'. 

Proof. The proof of this proposition is a straight 

forward application of the well-ordering principle and the 

axiom of choice. 

Theorem 3.2. Let f(X) Y be a map between compact 

metric spaces where dim Y < and where f-l(y) is an ANR00 

for all y E Y. If 1 ~ dim f-l(y) < k + 1 for all y E Y~ 

then there is a closed set K in X such that dim K < k and 

dim f(K) dim Y. Also~ there is a closed set K in X suchO 

that dim KO < k and Int f(K O) ~ ~. 

Proof. As in the proof of Theorem 2.7 we can assume 

there is a pair P = (U,V) with the properties that U n V = ~ 

-1
and each component of f (y) meets both ij and V. 

We will prove the theorem by showing the existence of 

sequences {Ji}:=l' {Si}:=l' {Wi}:=l' and {Si}:=l with 

properties (1) to (6) listed in the proof of Theorem 2.7. 

If S (u) = {x E Xld(x,U) = E}, then a theorem of
E 

Sieklucki [9] can be applied to show that for each y E Y, 

the set {E > Oldim (S (U) n f-l(y) < k} has cardinality c.
E 

Proposition 3.1 can now be used to find collections 

Sq+l (u,y) = {Sq(u,y,i) Ii = 1,2, ••• 3ffi 
} of pairwise disjoint 

separators of U and V such that dim (S
q 

(a,y,i) n f-1(y» 
-
< k 

and Sq(a,y,i) n Sq(S,y' ,j) = ~ whenever (a,y,i) ~ (S,y',j). 
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Clearly, the members of Sq+l(a,y) can be chosen close to 

S (a) and the proof now follows the proof of Theorem 2.7 
q
 

exactly.
 

Corollary 3.3. Let f(X) = Y be a map between metric
 

spaces where dim Y < and f-l(y) is a I-dimensional ANR
00 

for all y E Y. Then there is a closed O-dimensional set 

K in X such that dim f(K) = dim Y. 

4. The Perfect Point-Inverse Case 

A space is said to be perfect if it contains no 

isolated points. We now consider maps with perfect point-

inverses. A map f: X ~ Y is irreducible if f(X) = Y, 

but f(K) ~ Y for every proper closed subset K c X. 

Proposition 4.1. If f(X) = Y is a proper map between 

compact metric spaces~ then there is a closed set K c X such 

that the map flK is an irreducible map from K onto Y. 

Proof. The proof of this proposition is a simple 

application of the Hausdorff Maximal Principle. 

A surjective map f: X ~ Y will be called locally open 

at y E Y if for every open set U c X which meets f-l(y), 

the point y is in the interior of f(U). As a point of 

notation we let Y denote the set of all points of Y at
f
 

which f is locally open and X = f-l(y >.

f f 

Proposition 4.2. Let X be complete and f(X) Y be a 

proper map. Then Y is a dense Go subset of Y.
f 

Proof. Since X is complete and f is proper, Y is also 

complete [11]. Since the collection G = {f-l(y) Iy E y} 
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forms an upper semi-continuous decomposition of X, the 

proposition follows from Jones [2]. 

Proposition 4.3. Let X be complete and f(X) = Y be a 

proper irreducible map. Then X is a dense subset of x.
f 

-1
Moreover, f (y) is degenerate for all y E Y and flx is

f f 

a homeomorphism of x onto Y .
f f 

Proof. Let U be a non-empty open subset of X. Since 

f(X-U) ~ Y and Y is dense in Y, there is a point y E Yf f 

n (Y-f(X-U)). Since y E f(U), X n U ~ ¢ and X is dense.f f 

Let y be a point where f is locally open. If xl and 

x are distinct points in f-l(y), then we can find disjoint
2 

open sets Ul and U such that xl E U and x E U2 . Let2 l 2 

V (Int f(Ul )) n (Int f(U
2

)) and l~t W = Ul n f-l(V). If 

K X - W, then K is a proper closed subset of X with the 

property that f(K) = Y. We now have a contradiction to the 

irreducibility of f. 

Since f is locally open at the points of Y f\X is
f

, 
f 

a homeomorphism of X onto Y
f

.
f 

Let f(X) = Y be an open mapping with complete perfect 

point-inverses. Then by Theorem 1.1 of [4], there is a 

closed Q-dimensional set K in X with f(K) = Y. The example 

of [6] outlined in the introduction shows that we cannot 

find such a closed O-dimensional set if f is only assumed 

to be a proper map with perfect point-inverses. However, 

we now show that under these circumstances we can find a 

closed nowhere dense set K in X such that f(K) = Y. 
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Theorem 4.4. If f(X) = Y is a proper map where X is 

complete and f-1(y) is perfect for all y E Y, then there is 

a closed nowhere dense set K in X such that f(K) = Y. 

Proof. Let K be a closed subset of X such that g flK 

is irreducible. If U is open in X and U c K, then since X 
g 

is dense in K, there is ayE Y such that g-l(y) c U. But 
g 

-1 -1-1
since f (y) is perfect, f (y) n U = g (y) n U must con­

tain at least two points. This contradiction shows that K 

must be nowhere dense. 

Theorem 4.5. If f(X) = Y is a proper map from a 

locally finite n-dimensional polyhedron onto a Hausdorff 

space Y with the property that f-l(y) is perfect for all 

Y E Y, then there is a closed subset K c P such that 

dim K < n - 1 and f(K) = Y. 

Proof. Let K be the subset of X guaranteed by 

Theorem 4.4. Since K is nowhere dense, dim K < n - 1. 

5. The Examples 

Theorem 5.2 shows that Theorem 2.3 cannot be improved 

without some additional hypotheses. 

Proposi tion 5.1. Le t {(A l , B ) , • • • , (An' B )} be anl n 

essential family for a compact n-manifold N. Let 

Sk+l,···,Sn and Mk+1,···,M be closed subsets of N where n 

1 < k < n. Let Lk+1,···,L be open subsets of N with the n
 

property that Si c L. c L. c M. and M. misses A. U B .. If
 
111 1 1 1 

n L. U. U V., and S. separates A. U U.M = ni=k+lMi' Mi 1 1 1 1 1 1 

from B U Vi in N, then the collection {(M n Al,M n B ),
i l 

• • • , (M n Ak , M n Bk ), (M n Uk+1 ' M n Vk +1) , • • • , (M nUn' M n Vn) } 
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is an essential family for M. 

Proof. For i = l,···,k let T be a closed subset ofi 

M which separates M n Ai from M n B in M. For i = k + 1,i 

···,n let T be a separator of M n U from M n Vi in M.i i
 
n


We must show that ni=lT i f ~. 

Let k + 1 < i < n. Since Ti eLi' M - L = U U Vi'i i i 

and T. separates U. n M front V. n M, we can find a closed 
1 1 1 

set T! c L. such that T! n M = T. and T! separates U. from 
1	 1 1 1 1 1 

V. in M.. Since L. contains Si' L. separates A. from B. in 
1 1 1	 1 1 1 

N.	 Since L. is an open subset of a manifold and T! c L
1 1 i

, 

Tl must also separate Ai from B in N. (For if not, then
i 

we could run an arc a in N from Ai to B missing Ti. This
i 

arc would then contain a subarc S in M. which would run 
1 

from	 Ui to Vi missing Ti.) 

If 1 < i < k, then there is a closed set Ti containing 

T such that Ti n M = T and Tl separates Ai from B in N.i i	 i 

Since n~=lTl c n~=k+lTl c n~=k+lLi c M and Ti n M = Ti , 

n~=lTl n~=l(Tl n M) = n~=lTi· Thus, n~=lTl f ¢ implies 
n 

ni=lT i f ~. 

Theorem 5.2. If n > m > l~ then there is an n-dimen­

I n lsional compactum X c + and a map f: X ~ I with the fol­

lowing properties. (1) The map f is the restriction to X 

I n + lof the projection map p: ~ I onto the last factor. 

(2) For each y E I dim f-l(y) > m. (3) If K is a closed 

subset of X and dim K < n - m - l~ then dim f(K) = o. 

(4)	 The set X is n-dimensional at each of its points. 

Proof. Let {r
l 
,r ,···} be a countable dense subset of

2 

I.	 The space X will be obtained as the nested intersection 
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r I n + l ,f compacta {Xk!k = O,l,···}. Let Xo = U0 = ¢ , and 

1et f~ denote the restriction of p to the set Xk · Let 

n.: I ~ I be the projection onto the ith factor and let 

Ai n~l(o) and B = n~l(l).i 

Assume inductively that we have found compacta 

XO,···,Xk and open sets UO'Ul'···'Uk with the following pro­

perties. (1) If j > 0, then U. is an open subset of I with 
J 

diameter less than ~ which is the union of a countable 
J 

sequence of pairwise disjoint open intervals which converge 

to r .. (2) If i ~ j, then r . ~ Fr(U.) and Fr(U.) n Fr(U.)
J 1 J 1 J 

= ¢. (3) If i < j, then either U. n U. = ¢ or U. is con­
1 J J 

tained in one component of Ui. (4) X c X - c··· c Xk k l o 

I n l+ . (5) The set f~l(y) is a PL n-manifold for all y E I. 
J 

-1 -1
(6) The set f. l(I-U.) = f. (I-U.). (7) If U.(i) is a com-

J- J J J J 

ponent of U., then there is a compact PL n-manifold with 
J 

n -1boundary N. (i) c I such that f. (U. (i) ) N. (i) xu. (i) . 
J J J J J 

(8) Each n-manifold N. (i) has the property that the collec­
J 

tion J = {(AI n N. (i) , B n N. (i) ) , • • • , (A n N. (i) , B n N. (i) )
J I J m J m J 

forms an essential family for N. (i). Moreover, each N. (i)
J J 

also has the property that there exists a collection 

JI = {(A~+I,B~+l)' ••• ' (A~,B~)} such that J n JI = <P and 

J U JI is an essential family for N (i). (9) As the setj 

of components, {Uj(i)}, of U converge to r the set of
j

,
j 

n-manifolds N. (i) are dense in the set of all PL n-manifolds
J 

which satisfy property (8). 

We now want to establish the existence of sets Xk +l 

and U + which satisfy properties (1) to (9) above. Pro­
k l 

ceeding as in [6] we first find points a and b such that 
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a < r k+l < b and the interval [a,b] misses the set 

{rl,---,rk }. By properties (2) and (3) we can also assume 

that if [a,b] meets a set U., then it is contained in some 
J 

component of D.. Inside the interval (a,b) now find a small 
J 

open set U + which is the union of a countable sequence ofk l 

pairwise disjoint open intervals which converge to r +l .
k

-1By properties (6) and (7) we know that f k ((a,b» = N x 

(a,b) for some PL n-manifold N, where N s~tisfies property 

(8) • Let {M. Ii = 1,2,---} be a sequence of PL n-manifolds 
1 

in In which satisfy property (8) and are dense (in the 

hyperspace topology) in the collection of all continua N 

which satisfy property (8). If Uk+l 

the set Uk+l (i) is the ith component of U convergingk+l 

to r k +l , then define the set X above U + (i) to be thektl k l 

set Mi x Uk+l(i). Above the set I - Uk + leave the set1 

X as it was before. More precisely, let f -1 (I-Uk +l ) nk k 
-1

fk+l(I-Dk +l ) n Xk +l . We hQve now shown that the sets 

and Uk +l satisfy propertie$ (1) to (9) •Xk +l 

Let X = 
00 

and f = pix. By Proposition 2.2 dimnk=lxk 
f-l(y) > m for all y E I. 

-

Let K be a closed subset of X such that dim K < n - m -

Suppose f(K) contains a nondegenerate i~terval [a,b]. 

If so, then select a point r from the countable dense sub­k 

set such that r E Uk c (a,b). By properties (6) and (7)k 
-1 we can assume that f «a,b» = N x (a,b) for some PLk 

n-manifold N. Since dim K < n - m - 1, dim (K n (N x irk}»~ 

< n - m - 1. By property (8) we caQ inductively find 

closed sets Sm'---'Sn such that Si separates Ai from Bi 
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and S = Sm+l n ••• n Sn misses K n (N x {rk }). Choose 

compact PL n-manifold neighborhoods Mi of Si so that M
i 

misses Ai U Bi and M = M + n ••• n M misses K. By Pro­m l n 

position 5.5 [8] the collection J {(M n Al,M n B ) , ••• ,
l
 

(M n A 1M n B )} is an essential family for M and thus for
 m m 

N. By Proposition 5.1 there is a collection J' such that 

J. n J' = ¢ and J u J' is an essential family so that M also 

satisfies property (8). By property (9) there is an integer 

i such that Uk(i) c (a,b) and Nk(i) is so close to M that 

Nk(i) misses K n (N x {r }). If i is chosen large enough,k 

then Nk(i) x Uk(i) will miss K. Thus fk(K) does not con­

tain Uk(i) contradicting the assumption that f(K) contains 

(a,b). Thus we have shown that the image of every closed 

(n-m-l)-dimensional subset of X is O-dimensional. 

Since the proof that X is n-dimensional at each of its 

points is virtually the same as the argument given in [6], 

it will be omitted. 

The authors would be interested in answers to the fo1­

lowing questions. 

Question 1. If f(X) Y is a mapping between compact 

metric spaces such that m < dim f-l(y) ~ n for all y E Y, 

then is there a closed set K c X such that dim K < n - m 

and dim f(K) = dim Y? 

Question 2. Can the maps in Theorem 5.2 be made 

monotone or cell-like? 

Added in Proof: Question 1 has been answered in the 

affirmative by Eiji Kurihara. The proof will appear elsewhere. 



107 TOPOLOGY PROCEEDINGS Volume 7 1982 

References 

[1]	 W. Hurewicz and H. Wallman, Dimension Theory, Princeton 

University Press, Princeton, 1941. 

[2]	 S. L. Jones, The impossibility of filling En with arcs, 

Bull. Amer. Math. Soc. 74 (1968), 155-159. 

[3]	 J. Keesling, Mappings and dimension in general metric 

spaces, Pac. J. Math. 25 (1968), 277-288. 

[4] , Open mappings and closed subsets of the domain 

in general metric spaces, Proc. Amer. Math. Soc. 20 

(1969), 238-245. 

[5]	 ________, Mappings and dimension in metric spaces,
 

Gen. Top. and its App1. 2 (1972), 181-192.
 

[6]	 and D. Wilson, A solution to a problem of
 

Eilenberg concerning dimension lowering mappings,
 

Proc. Amer. Math. Soc. 86 (1982), 159-162. 

[7]	 J. L. Kelley, Hyperspaces of a continuum, Trans. Amer. 

Math. Soc. 52 (1942), 22-36. 

[8]	 L. Rubin, R. M. Schori and J. Walsh, New dimension­

theory techniques for constructing infinite-dimensional 

examples, Gen. Top. and its App1. 10 (1979), 93-102. 

[9]	 K. Siek1ucki, A generalization of a theorem of K.
 

Borsuk concerning the dimension of ANR-sets, Bull.
 

Acad. Po1on. Sci. Sere Sci. Math. Astronom. Phys. 10
 

(1962), 433-436. (Also see correction in 12 (1964).) 

[10]	 S. M. U1am, The Scottish Book, Los Alamos Scientific
 

Laboratory Monograph LA-6832, 1957.
 

[11]	 I. A. Vainstein, On closed mappings of metric spaces,
 

Dokl. Akad. Nauk SSSR 57 (1947), 319-321.
 

University of Florida 

Gainesville, Florida 32611 


	a8.pdf



