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THE CO-LESS-THAN-A TOPOLOGY 

AND PIXLEY-ROY SPACES 

Peg Daniels 

I. Introduction 

Given a space X, let ~(X) be the collection of all 

nonempty subsets of X. For each A E P(X) and each open set 

U of X, let [A,U] {B E ~(X): A ~ B ~ U}. Then {[A,U]:
 

A € ~(X) and U is an open set in X} forms a basis for a
 

topology on ~(X), called the Pixley-Roy topology on ~(X).
 

Let PR(X) denote ~(X) with this topology. It is well-known
 

that if X is a Tl-space, then each element of this basis is
 

clopen, and so PR(X) is completely regular and zero­


dimensional.
 

Most researchers have considered the Pixley-Roy 

topology restricted to the finite subsets Of a space. These 

spaces are always hereditarily metacompact. Much work has 

been done investigating when these spaces are normal, 

collectionwise-Hausdorff, paracompact, ccc, or metrizable 

(see e. g. [B], [HJ], [L], [PR]). E. van Douwen has shown, 

however, that these are not the only interesting Pixley-Roy 

spaces [vD]. 

For an infinite cardinal K, let K(W) denote the 

co-finite topology on K, and let PR3 (K(W» denote the sub­

space of PR(K(W» consisting of all the nonempty subsets 

of K of cardinality less than or equal to two. In [D] we 

proved that if K >, w, then PR (K (w» is not collectionwise­
3 

Hausdorff, and hence, not paracompact. We also mentioned 
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that if K 2 wI' then PRw{K(W», the subspace of PR(K(W» 

consisting of all the nonempty, finite subsets of K, is sub­

paracompact, but if K > wI then PR (K(W» is not subpara­3 

compact. 

In this paper we generalize those results by (a) con­

sidering the "co-Iess-than-~" topology on an infinite 

cardinal K for various infinite cardinals ~, and (b) includ­

ing infinite subsets of K in our Pixley-Roy spaces. 

Let 10~ (K) = {x ~ K: IK-xl < ~}; ~
~ (K) forms a topology 

on K. We consider Pixley-Roy spaces over K with this 

topology. For each A € ~(K) and each x € ~~(K), let 

U(A,K-X) = [A,x]. {U(A,K-X): A € P(K), x € P~(K)} forms 

a basis for a Pixley-Roy topology on ~(K),which we denote 

by PR(K(~». Given a cardinal a, we let PRa(K(~» denote 

the subspace of PR(K(~) consisting of all subsets of K of 

cardinality less than a. 

PR(K(~» is completely regular and zero-dimensional. 

In this paper we study the properties of paracompactness, 

subparacompactness, and collectionwise-Hausdorffness in 

the spaces PRa(K(~» for various cardinals K, ~, and a. 

As is common with investigations of Pixley-Roy spaces, the 

results are intimately connected with properties of the 

underlying spaces; in this case the combinatorial properties 

of sets playa large role. 

The results may be summarized as follows: 

For any infinite cardinal ~, PRa(~(~» is paracompact 

for each cardinal a < cf ~; in fact,. {x E PR(~(~» Isup x < ~} 

is hereditarily paracompact and monotonically normal; it 
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is A-metrizable if A is regular or A = w. If A is regular, 

or singular with cf A > w, then PRO(A(A» is neither col­

lectionwise-Hausdorff (and hence, not paracompact) nor sub­

paracompact for each cardinal a > (cf A)+. If cf A = W then 

we have no results on the subparacompactness of PR (A(A»
a 

for any cardinal a ~ (cf A)+ = wI' but these spaces are not 

collectionwise-Hausdorff, and hence, not paracompact. 

For cardinals K and A with K > A > wand cf A > w, 

PRO(K(A» is neither subparacompact nor collectionwise­

Hausdorff for any cardinal a ~ 3. For the case cf A = w, 

we have the following partial results: PRo(K(A)) is not 

collectionwise-Hausdorff, and hence, not paracompact, for 

any cardinal a > 3; if K > (A+)+, then PR (K(A)) is not - - a 
subparacompact for any cardinal a > 3; if K = A+, then 

PRO(K(A» is subparacompact for any cardinal a < W, and 

PR(K(A» is not subparacompact; we are thus left with the 

question of the subparacompactness of PRo(K(A)) for 

WI 2 a < K. 

Note that we need not consider the case where K and A 

are infinite cardinals and K < A, since the space PR{K(A» 

is then a discrete space. 

Also note that if each of K, A, 8, 0, and T is a cardi­

nal, with w < A < K < 8, and a < T, then (a) PRo(K(A» is 

a closed subspace of PRT(K(A», and hence the ?aracompact­

ness (subparacompactness, collectionwise-Hausdorffness) of 

the latter implies that of the former, and (b) PRO(K(A» 

is a closed subspace of PR (8(A» and similar remarks apply.o 

In [vOl, E. van Douwen also looked at the space PR(w(w», 

which he referred to as A[w#l, and a related space, which he 
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called Q. n is homeomorphic to the space PR(w(w» with the 

point ~ included and the topology as previously defined. 

We could include the point ~ in any space PR(K(A» in a 

similar fashion, and we may study such spaces in a future 

paper. For now we note that including 9 may drastically 

change the properties of these spaces: E. van Douwen has 

pointed out in a private communication that, for example, if 

we include ~ in the space PRw(K(wl », then this space is 

Lindelof for each K ~ wI. But without the point ~, 

PR3 (w 2 (wl » is neither subparacompact nor collectionwise­

Hausdorff, as mentioned previously. 

II.	 PR (A(A» 

The usual set-theoretic notation is followed, e.g. IFI 
denotes the cardinality of F; cardinals are initial ordinals; 

if x is a set of ordinals, then sup x is the least ordinal 

greater than or equal to each element of x; for each cardi­

nal, cf A is the cofinality of A, and A+ is the successor 

of Ai and so on. 

Theorem 1. If A i8 an infinite cardinal~ then PRa(A(A» 

is hereditarily paracompact and monotonically normal for 

any cardinal a .:: cf A. In fact~{x e; PR(A(A»: sup x < A} 

is hereditarily paracompact and monotonically normal; more­

over it i8 A-metrizabZe ~f A i8 regular or A = w. 

Proof. Suppose A is an infinite cardinal. Since 

PRcf A(A(A» is a closed sUbspace of {x € PR(A(A»: sup x 

< A}, we show only that the latter space, which we denote 

by X, is hereditarily paracompact and monotonically normal. 
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Suppose that Z c X and U= {U(x,F ): x E Z} is an open- x 
cover of Z. We show that U has a disjoint clopen refine­

ment. Let {AS: S < cf A} be an increasing sequence of 

ordinals converging to A. Let A = {U(X,F U (AO-X»: x E Z o x 
and x c A }. A is a disjoint clopen collection. For each 

- 0 o 

S < cf A, let AS {U(X,FX U (AS-X»: x E Z, S is the 

least ordinal such that x ~ AS' and x ~ Ua<s(UAa )}. It is 

easy to check that u{AS: S < cf A} is a disjoint clopen refine­

ment of U. Since every open cover of Z has such a refine­

ment, Z is paracompact, and hence X is hereditarily paracom­

pact. (If A is regular or A = w, let AS = S for each S < Ai 

it is easy to check that Ua<A{U(x,a-x): x E X and x ~ a} is 

a A-discrete base for Xi since A(A) is a space in which the 

intersection of less than A open sets is open, PR(A(A» also 

has this property, and hence X is A-metrizable, i.e., it is 

a regular space that has a A-locally finite base, and is 

such that the intersection of less than A open subsets is 

open. All A-metrizable spaces are hereditarily paracompact 

and monotonically normal (see [H], [5]). 

For each x E X and F C A - x of cardinality less than 

A, assign U(x., F) to U(x, F U (A -x», where cxx is the cxx 

least cx such that x ~ A . Such an assignment satisfies the cx 
property that if U(x,F U (A -x» n U(y,G U (A -y» ~ ~, a ax y 

then either x E U(y,G) or y E U(x,F), and hence X is mono­

tonically normal. 

Originally we proved that the space X above is para-

compact and monotonically normal. T. Przymusinski pointed 

out that the proof could be simplified and strengthened by 



212 Daniels 

showing that for regular A, X is A-metrizable, and that 

suitable modifications could be made for the singular case. 

At the next level, however, paracompactness is lost. 

In order to prove the next theorem, we need two preliminary 

lemmas: 

Lemma. Every subparaaompaat P-spaae is paraaompaat 

(X is a P-spaae if n E U is open in X ~henever eaah U is noon n 

open in X). 

Sketah of Proof. Suppose X is a subparacompact P-space 

and (j is an open cover of X. Let (V ) E be a sequence of nnw 
open refinements of (j such that for each x E X there is an 

nEw such that st(x,V ) is contained in some element of (j.n

Let V = {n. E V.: for each i E 00, V. E V.}. Then V is a 
1 w 1 1 1 

point-star refinement of (j, and hence X is paracompact. 

Note that if X is a P-space, then PR(X) is a P-space. 

The second lemma is a result from set theory called 

the Free Set Lemma, and can be found in [J] (If F: X -+- p(X), 

then a set S c X is free for F provided that for any two 

elements x and y of S, we have that x ~ F(y) and y ~ F (x) ) : 

Free Set Lemma. If F: X -+- {x ~ X: Ixl < n} ~hepe 

n < Ixl, then there is a free set SeX for F ~ith lsi = Ixi. 

Theorem 2. If A 1,s-.. an infinite aardinaZ, then PRa(A(A» 

i8 not aoZZeation~ise-Hausdorff, and henae, not paraaompaat, 

for any aardinaZ a ~ (cf A)+; furthermore, if cf A > 00, 

then these spaaes are aZso not 8ubparaaompaat. 

Proof., Suppose A is an infinite cardinal. Note that 

if cf A > 00, then A(A), and hence PR(A(A» is a P-space, 
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and so it suffices to show ~hat PR(cf A)+(A(A» is not 

collectionwise-Hausdorff to conclude that, by the previous 

lemma, it is also not subparacompact. 

First 'let us assume that A is regular, or that A . 

Let X = PR((A x 2) (A» denote the Pixley-Roy space over 

A x 2 with the co-less-than-A topology. Since IA x 21 = A, 

clearly X is homeomorphic to PR(A(A»: we show that X is not 

collectionwise-Hausdorff. Let C= {f ~ A x 2: f is a function 

with dom(f) = A}. 

To see that Cis closed in X, consider a point f E X-C. 

Then either there is an a < A such that f n ({a} x 2) ~, 

in which case U(f,({a} x 2» misses C, or there is an a < A 

such that f n ({a} x 2) = {a} x 2, in which case U(f,~> 

misses C. Cis clearly discrete, since if f and 9 are two 

elements of C, then f ~ g. 

We claim that the points of Ccannot be separated by 

disjoint open sets. Suppose that, on the contrary, 

{l/(f,F > : f E C} is pairwise disjoint. For each f E C,f 

< A, and so there is an a < A such that P (a + 1)IFfl ~f f f 

x 2; let H = [(af + 1) x 2] - f. {l/(f,H > : f E C} is pair­
f f 

wise disjoint. It is easy to check that if f and g are two 

elements of Cwith fl - gl then since f n H musta +1 - a +1' 9 
9 9 

be empty, 9 n H is nonempty, and so a > age We construct
f f 

a sequence (f : a < A) of elements of C as follows. Let 
a -

fa E C. Suppose a < A and for each S < a, f S E Chas been 

chosen such that if y < S, then fa ~ f , but fal 1 .., y .., a +
f y 

fl. Let f' E Cbe such that for each S < a, 
y a +1 af y 
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f' I - f I If 0. is a 1 imit , let y sup a f ' and
0. a +1 - S a +1·

f f S<a S
S S 

if 0. is a successor, say 0. = a' + 1, let y = 0. +1; in 
fa' 

A
either case, f'l has 2 extensions in [, and so we may choose 

0. y 

one, call it fa such that fa ~ f for any S < 0.. Note that
S 

a > a for each S < 0.. In this way we define (f : 0. < A);f f
0. S 0. 

now fA E Cis completely determined, i.e., fA is the element 

of Csuch that f I - f I for each S < A. ButA a +1 - S a +1
f f

S S 
then > sup a = A, which is a contradiction. We con­a f fA S<A S 
clude that the points of [ cannot be separated, so X is not 

collectionwise-Hausdorff, and hence PR(A(A» is not collec­

tionwise-Hausdorff. 

Now let us assume that A is singular. The main ideas 

are very similar to those presented above, but this case is 

not as simple. Let (A : 0. < cf A) be an increasing sequence
0. 

of regular cardinals, each bigger than cf A, converging to 

A. Since IUa<cf A({a} x A ) I = A, PR( (lJa<cf A({a} x A » (A»a a 

is homeomorphic to PR(A(A». Let X = Ua<cf A({a} x A ). We a 

claim that [ = {f c X: f is a function with domain cf A} is 

a closed discrete set in PR(cf A)+(X(~» that cannot be 

separated by disjoint open sets. The proof that C is closed 

and discrete is similar to the one presented above. 

Suppose that {U(f,F ): f E [} is pairwise disjoint.f 

For each f E [, IFfl < A, so let a < cf A be such thatf 

IFfl < A ; let G = F - U ( {a} x A > and let a f f f a~af a 

H = [Ua<a ({a.} x Aa.> - f] U Gf . {U(f,H ) : f E C} is pair­f f ._- f 

wise disjoint. Note that for each f E [ and B > af' 
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a function with domain cf A that "bounds" G i.e., for
f

, 

each S > af' kf(S) > sup{y E AS: (S,y) E Gf }. As in the 

previous argument, we want to construct a sequence of f's 

with increasing af's. In order to do this, we need the 

following lemma: 

Lemma. For eaah fEe there is a ~f E Csuah that for 

eaah S > a f , ~f(S) > kf(S), and with the property that if 

g is	 an eZement of Cwith gl~f+l = fl~f+l such that for 

eaah	 S > af' g(S) > ~f(S), then a g > a f · 

Proof of Lemma. Suppose fEe and there is no such 

function ~f. Let ~O E C be such that for each S > a f , 

~O(S) > kf(S). Let go E Cbe such that gol~f+l = fl~f+l 

and for each S > af' go(S) > ~o(S), and a ~ a f • Suppose 
go 

y < A~f+l and for each 0 < y, ~o and go have been defined. 

Now for each S > af' l{g8(S): 8 < Y}I ~ Aa < AS' so we may 
f 

let ~Y be an element of Csuch that for each S > af' 

~ (S) > sup go(S)- Then there is agE Cwith g I +1 
y o<y y y a f 

fl~f+l such that for each S > ~f' gy(S) > ~y(S), and 

a In this way we define g for each y < A~ af·g	 y af+l­
y 

For each.y < A let K = {o < n G ~~};goaf+l' y 
Auf+l: . y 

we claim that IK I < IG I- Suppose this is not so; then 
y - y 

there are two elements 0 and p, 0 < p, of A 1 and an a +
f 

element (O,T) of X such that (O,T) E G n go n gp. Since y 

gol~f+l = fl~f+l gpl~f+l = gyl~f+l' we must have that 
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o > af. But then T = g (0) > $ (0) > sup gv(o) ~ go(cr) = T, 
p P v<p 

a contradiction. So for each y < A +1' IK I < IG I < A a f Y - Y a 
gy 

< A < A +l • By the Free Set Lemma of Section II, there 
af af 

are two elements 0 and p of A +1 such that 0 ~ K
p

and P ~ Ko • af 

Thus go n Gp ~, and gp n Go = 9. But then we also have 

that go n H ~ and gp	 n Ho = ~, and so go U gp E lj(go,Ho )p 

n lj(gp ,H )' which gives us a contradiction. We concludep

that the lemma is true. 

Continuation of Proof of Theorem 2. Let f E [, andO 

let $f be as in the lemma. Suppose that y < cf A and for 
o 

each 0 < Y we have defined f 6 (and its corresponding ~f ) 
o 

such that for each a < 6 we have that f I - f I o a +1 - 0 a +1
f f o a 

and that for B > a f ' f 6 (B) > $f (8), and so a f > a f . Let 
o 0 6 a 

f~ E [be such that for each 0 < y, f~laf +1 = fola +1· 
f6 0 

If Y is a limit, let ~ = sup ' and if y is a successor,a f6<y 6 

say y = y' + 1, let ~ = a f +1. Suppose a < y and e is such 
y' 

that a f < B <~. Let 0 < Y such that B < a f . Note that 
a 0 

o	 < 6, and so f 6 (B) > $f (B); thus f' (B) > $f (B) • For each 
a y 0 

B > ~, I{~f (8): 0 < y}1 < cf A < A so we may let f beB,
6 y 

an element of Csuch that fyl~ = f~l~ and such that for each 

B ~ ~, fy(Bl > SUP{~fo (Bl: 0 < y}. Thus we have that for 

each 0 < y, fyl +1 = fala +1' and for each 8 > a f ' 
af fa 0 a 

f (B) > t~ (B), and so > . In this way we define thea f a fy 0	 y 0 



TOPOLOGY PROCEEDINGS Volume 7 1982 217 

sequence < f : y < cf A). Again we let f A be the function y cf 

determined by this sequence, i.e., f A is the element ofcf 

Csuch that for each y < cf A, I - f I Butf cf A a 
f 

+1 - Y a 
f 

+1· 
y Y 

then a f > sup a f = cf A, which is a contradiction. 
cf A y<cf A y 

We must conclude that C cannot be separated, so PR(cf A)+ 

(X(A)) is not collectionwise-Hausdorff, and hence 

PR(cf A)+(A(A) is not collectionwise-Hausdorff. 

We originally proved Theorem 2 with the assumption of 

GCH, and also noted that for limit cardinals, it was 

enough to assume these cardinals were strong limits; in fact 

under these assumptions we can prove that the space 

PR(cf A)+(A(A) is not even weakly A+-collectionwise­

Hausdorff (a space X is K-aoZZeationwise-Hausdorff provided 

that every closed discrete subset of cardinality K can be 

separated by disjoint open sets; it is weakZy K-aoZZeation­

wise-Hausdorff provided that for every closed discrete 

subset A of cardinality K there is a subset B c A of 

cardinality K that can be separated by disjoint open sets). 

K. Kunen pointed out that it is enough to assume that there 

is a A-Canadian-tree (a tree of height and size A), for a 

regular cardinal A, to show that PR(A(A)) is not weakly 

A+-collectionwise-Hausdorff. Thus, under the above 

assumptions, PR(cf A)+(A(A)) is A-collectionwise-Hausdorff, 

but not A+-weakly-collectionwise-Hausdorff. 

K. Kunen was also able to show without any extra set-

theoretic assumption that PR(wl(wl » and PR(cf A)+(A(A»), 

where cf A = w, are not collectionwise-Hausdorff. His 



218 Daniels 

proofs could be easily generalized to any successor cardinal 

and any singular cardinal. We then came up with the proof 

above that works for all regular cardinals. 

We are left with the following question: 

Question 3. Assume that A is an infinite cardinal 

+with cf A = w. Is PRcr(A(A» subparacompact for (cf A) < 

a < A+? 

The simplest form of this question is whether PR(w(w», 

the Pixley-Roy space over the collection of all nonempty 

subsets of w with the co-finite topology, is subparacompact. 

E. van Douwen has also looked at this space and a related 

space, which in [vD] he called A[w#] and Q, respectively. 

He and B. Scott indep~ndently raised the question whether 

Q is countably metacornpact. The countable metacompactness 

of Q can be shown to be equivalent to the countable meta­

compactness of PR(w(w», so if PR(w(w» is subparacompact 

we would also have a positive answer to their question. 

It should also be pointed out that E. van Douwen 

essentially showed in [vDl that PR(w(w» is not normal by 

showing that it is separable but contains a closed discrete 

set of cardinality c = 2w by identifying w with <w2 and 

using the branches of this tree as the closed discrete set. 

III. PR (K(A-», K> A-

We now consider spaces of the form PR(K(A», with K > A. 

Theorem 4. If K and A are infinite aardina~s, K > A, 

and cf A > w, then PRcr(K(A» i8 neither subparaaompaat nor 
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aoZZeationwise-Hausdorff for any aardinaZ a > 3. 

Proof. Suppose K and A are infinite cardinals, K > A, 

and cf A > w. Since PR(K(A)) is a P-space, it again suf­

fices to show that PR3 (K(A)) is not collectionwise-Hausdorff

The collection {{a}: a < A+} is a discrete closed sub­

set of PR (K(A)). Suppose that {U({a},Fa}:a < A+} is a3 

collection of pairwise disjoint open sets. For each pair 

of points a,S, either a E F S or S E Fa. Since IUa<AFal 2 A, 

let S E A+ - (Ua<AFa U A). Then for each a < A, a E F B, 

contradicting the fact that IFBI < A. Since {{a}: a < A+} 

cannot be separated, PR (K(A)) is not collectionwise-Haus­
3 

dorff. 

Remark. A similar argument shows that K(A) is not 

weakly separated in the sense of Tkacenko [T]: X is 

weakZy separated if for every point x E X one can choose a 

neighborhood V so that if y E V and x E V ' then x = y.x x y 

Przymusinski has noted that PR (X) is (hereditarily) col­
3 

lectionwise-Hausdorff if, and only if, X is weakly separated 

(see also [P]). 

We again note that these spaces are in fact not weakly 

A+-collectionwise-Hausdorff, and that they are A-collection­

wise-Hausdorff. 

Theorem 4 leaves unanswered various questions about the 

case of cf A W. Partial results of this case are given 

in the next theorem. 
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Theopem5. Suppose ~ is an infinite aapdinal, cf ~ = 00, 

and K >~. Then PRa(K(~» is not aollectionwise-Hausdorff 

for any aapdinal a > 3 and the following hold: 

(a) if K > ~+, then PRa(K(~» is not subpapaaompact 

fop any cardinal a ~ 3. 

(b) PR (~+(~» is not papaaompaat fop any capdinal
a 

a > 3. 

(c) PR (~+(~» is 8ubparacompact for any cardinal a 
(J < w. 

(d) PR(~+(~» is not subpapaeompaet.
 

Ppoof. Suppose ~ is an infinite cardinal, cf ~ = 00,
 

and K >~. The proof that PR3(K(~» is not collectionwise­

Hausdorff is the same as that in Theorem 4. 

(a) Suppose K > ~+. It suffices to show that PR3(K(~» 

is not subparacompact. Suppose that it is. U = {U({a},~): 

a < K} is an open cover of PR3(K(~». Suppose that (V ) E nnw 

is a sequence of open refinements of U such that for each 

x E PR3(K(~») there is an nEw such that st(x,V ) is con­n 

tained in some element of U. 

For each a < S < K, let naS E 00 be such that st({a,S},n )aS 

is contained in some element of U. For each a < K and mEw, 

let F ~ K - {a} be a set of cardinality less than ~ such am 

that U({a},F ) is contained in some element of V . am m 

lu +({a} F >I < A+' so let S E K - U +({a} U 
a<~ 00 am ­

U UmE a<A 

UmEwFam>. Let mEw be such that {a < ~+: naS = m} has 

cardinaltiy A+. If a is in this set, then either 

st({a,S},Vm) ~ U({a},~) or st({a,S},Vm) ~ U({S},~). 

Therefore, either {a,S} ~ U({a},F ) or {a,S} t U({S},F ),am sm
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i.e. either a E F or a E F . Since a ~ F , we must haveam am am

a E F • But since IFaml < A, we have a contradiction. am
 

Thus PR3 (K(A» is not subparacompact.
 

(b) Since PR3 (A+(A» is not collectionwise-Hausdorff, 

it is not paracompact. However, neither the methods of 

proof of Theorem 4, nor those of part (a) enable us to 

establish that this space is not subparacompact. 

(c) It suffices to show that PRW(A+(A» is subpara­

compact. Let X PR (A+(A» and suppose U is an open cover w 
of X. For each a < A+, since laj = A, we may let 

a = where C ... , and < A for eachUnEwCan' aO =- Cal ICanl=­
n € w. For each a E A+, let F{a} be a subset of A+ - {a} 

of cardinality less than A such that U({a},F{a}) is con­

tained in some set in U. Suppose F has been defined for x

each element of X of cardinality less than or equal to n.


Suppose x E X, Ixl = n + 1. Let {aO,···,an_l,a } be ann

increasing enumeration of x. Let F be a subset of A+ - x x 

of cardinality less than A such that U(X,F ) is contained x 

in some set in U and such that F{ } - x C F fdraO,···,a j 
x 

each integer j < n - 1. In this way we assign a set F for x 
every x E X; these Fx's have the property that if x = 

{aO,···,a } is an increasing finite sequence of ordinals in n
A+ and y = {ao,···,a

j
} for some j < n is such that x n Fy ~, 

then U(x,F ) c U(y,F ).x - y 

For each nEw and x E X, let F F U (U{C : xn x an 

a E x} - x) , and let V W(x,F ) : x E X}. Each V is an 
n xn n 

open refinement of U. Suppose x E X. We show that there 

is an nEw such that st(x,V ) is contained in some element n 
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of U. Let {a.: j < m} be an increasing enumeration of x. 
J -

For each pair of integers i,j with i < j, let n .. € w be
J.J 

such that a € C . ..• Since there are only finitely manyi a n 
J 1.J 

such pairs, let n max{n i < j ~ m}. If x € U(y,U{C :ij : an 

a € y} - y), then y must be an initial segment of x. Let k 

be the least integer less than or equal to m such that 

x n F{ .. <k} =~. It is easy to show that st(x,V ) c a j . J_ n n 

U({a.: j < k},F{ J._<k}n). The Canis ensure that ifJ - a j : 

x € U(y,F ), then y is an initial segment of x, and the yn 

F IS ensure that the open sets containing these initial y 

segments (and x) are nested. 

(d) Suppose PR(A+(A» is subparacompact. As in 

Theorem 2 we may construct a discrete closed subset 

D = {d : a < (A+)+} of PR(A+(A+)} that cannot be separated
a 

by disjoint open sets, and such that for each x € PR(A+(A+» 

- D there is a subset F of A+ - x of cardinality less than 
x 

or equal to two such that U(x,F ) meets no point of D, and x 

such that for each pair a,S of (A+)+, d ~ d . Since a S
U = {U(x,F ): x € PR(A+(A» - D} U {U(d ,Il): a < (A+)+} is x a 
an open cover of PR(A+(A», let <V ) € be a sequence of 

nnw 

open refinements of U such that for each x € PR(A+(A», 

there is an n € w such that st(x,V ) is contained in some n 

set in U. For each a < (A+)+ and each n € w, let 

F C A+ - d be a set of cardinality less than A such that an a 

U(d,F ) is contained in some set in V • a an n 

For each a < (A+)+, IUnEwFanl < A, and so U(da,Un€wFan) 

is an open set in PR(A+(A+». Let a and a be two elements 
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of (A+)+, and let nEw be such that st(d U dS'V ) is con­a n 

tained in some element of U. Since d and dB are not both a 

elements of any element in U, either d U d ~ U(da,F ) or a S an

d U dB ~ U(dB,FBn)· So either d S n Fan ~ ~ or d n Fan ~ 9.a a 

Thus, for each pair a and S, either d n (UnEwFan) ~ ~ or a 

dB n (UnEwFan) ~ 9. But then {U(da,UnEwFan): a < (A+)+} is 

a collection of pairwise disjoint open subsets of PR(A+(A+» 

separating {d : a < (A+)+}, a contradiction. So PR(A+(A»
a 

is not subparacompact. 

These results still leave us with the following ques­

tion: 

Question 6. If A is an infinite cardinal, cf A = w, 

and wI ~ a ~ A+, is the space PRa(A+(A» subparacompact? 

The simplest form of this question is whether the 

Pixley-Roy space over the collection of all nonempty counta­

ble subsets of wI with the co-finite topology is subpara­

compact. 

Note that an affirmative answer to Question 6 would 

give an affirmative answer to Question 3. 
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