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A HEREDITARILY INDECOMPOSABLE HAUSDORFF 

CONTINUUM WITH EXACTLY TWO COMPOSANTS 

Michel Smith 

An example of an indecomposable Hausdorff continuum 

with exactly one composant and an example of an indecomposa­

ble Hausdorff continuum with exactly two composants have 

been given by David Bellamy [Be]. Such continua cannot be 

metric continua [M]. We present an example of a heredi­

tarily indecomposable Hausdorff continuum with exactly two 

composants. Bellamy constructs his one composant indecom­

posable continuum by identifying two points in different 

composants of his two composant indecomposable continuum. 

This technique cannot be used to construct a one composant 

hereditarily indecomposable continuum. Thus, the problem 

of the existence of a one composant hereditarily indecom­

posable continuum remains open. 

Definitions and ~otations. A continuum is defined to 

be a compact connected Hausdorff space. Suppose A is an 

ordinal, Xa is a topological spa.ce for each a < A, and if 

b a < b then h is a mapping from X onto X so that if a b a 

a < b < c < A then hb 
0 h C h C

• Then the space X = l!m{x ,hb }a b a a a 
a<b<A 

denotes the space which is the inverse limit of the inverse 

t {X hb} If Y d ha+l -.. X issys em a' a a<b<A· A = Wo an a : X +la a 
1 hbdefined then h: is defined to be h:+ 0 h::~ 0 o b-l· 

Each point P of X is a function from A into Ua<AXa such that 

P E X and P f:(Pb ) for all a and b with a < b. If a a a 
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X a < A n denotes the function from X into X such that a a 

n~(p) = Pa' the superscript X will be suppressed in some 

cases when it is clear which space is meant. 

The composant of the continuum M containing the point 

P of M is the set of points Q of M such that there is a 

proper subcontinuum of M containing P and Q, it is denoted 

by Cmps(M,P). The continuum M is said to be indecomposable 

if it is not the union of two proper subcontinua. If X is 

a space and K is a subset of X then Int(K) denotes the 

interior of K and Bd(K) denotes the boundary of K. 

If X is a metric space, x E X and y E X, then d will 

be used to indicate a metric and d(x,y) will be used to 

indicate the distance from x to y. If x E X and £ > 0 then 

S (x) = {tld(x,t) < £}. If HeX and x E X then 
£ 

d(x,H) = glb{d(x,y) Iy E H} and S£(H) = {tld(t,H) < £}. 

A chain C is a finite sequence of open sets c l ,c2 ,···,cn 

called links so that c i n c j ~ ~ if and only if li-jl ~ 1. 

If £ > 0 then the chain C = c l ,c2 ,···,c is an £-chain n 

means that for each i 1,2,···,n the diameter of isc i 

less than £. If D is a chain we will also use the notation 

D(l) ,D(2) ,···,D(n) to denote the elements of D. If the 

chain D covers the continuum M and P and Q are points of 

M which lie in the first and last links of D respectively 

then D is said to covep M fpom the point P to the point Q. 

Let mesh(D) = lub{diam D(i) Ii = 1,2,···,n} and D* = U~=lD(i). 

If D = d ,d2 ,···,d is a chain and H c D* then let D(H)l n 

denote the set {d.ld. n H ~ ~}. Note that if H is a con­
1 1 

tinuum then D(H) is a chain. Suppose that N is a function 



TOPOLOGY PROCEEDINGS Volume 9 1984 125 

from the set of positive integers {I,··· ,r} onto the set 

of positive integers {I,··· ,s}. Then N is a pattepn means 

that for each integer i with 1 < i < r we have 

IN (i+1 ) - N (i) I < 1. If N is a pat tern N: {I,···, r} -+ 

{l,···,s}, then the chain D follows the pattepn N in the 

chain C means that D has r links, C has s links, and 

D(i) c C(N(i)). The chain E is said to be a consolidation 

of the chain D if and only if each link of E is the union 

of a subcollection of D and each link of D is a subset of 

some link of E. The chain D = d l ,d2 ,··· ,d is cpooked in n 

the chain C = c l ,c 2 ,···,c means, that if d. and d. are m 1 J 

links of D lying in the links c and C respectively of C r s 

with 2 < s - r then there exist links d and d so that u v 

d C c - l ' d C c +l and either i < u < v < j oru s v r 

i>u>v> j. 

The following theorem is due to Bing [Bi]. 

Theopem A (Bing [Bi]). Suppose that N: {l,···,n] -+ 

{l,···,r} is a pattepn, N is onto, N(l) 1, N(n) r, 

D ,D ,··· is a sequence of chains fpom the point P to thel 2 

point Q such that D1 has r links, and for each positive 

integep i D'+ is cpooked in D., and mesh (D.) <~. Then 
1 l 1 ~ - 1 

thepe is an integep j and a chain E fpom P to Q such that 

E is a consolidation of the chain D. and E follows pattepn
J 

M is a pseudo-arc means that M is a non-degenerate 

chainable hereditarily indecomposable continuum. Bing 

has also shown [Bil that if M is a pseudo-arc then there 
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. f h· 1 2 h .eX1sts a sequence 0 c a1ns D ,D , ••• eac cover1ng M such 

i+l . k d· i h i 1that for i > 1 D 1S croo e 1n D , mes D < I' and 

00 i* 
M = ni=lD • 

We shall also use the following characterization for 

hereditarily indecomposable continua which was proven in 

the metric setting. The theorem is also true in the non-

metric case; but we will only need to use it in the metric 

case. 

Theorem B (Krasinkiewicz [K]). A continuum X is 

hereditarily indecomposable if and only if fora each pair 

E and F of mutually exclusive closed subsets of X and for 

each open set U intersecting all the components of E there 

exist two closed sets M and N such that 

X M U N, 

E c M, 

FeN, and 

M nNe U - (E U F). 

Finally we use an observation made by Cook. 

Theorem C (Cook [C]). If X and Yare continua, Y is 

hereditarily indecomposable and h: X + Y is a continuous map 

of X onto Y then h is confZuent. 

Definition. If h: X + Y is a mapping from X to y then 

h is s~id to be confluent if and only if for every subcon­

tinuum I of Y each component of f-l(I) is mapped onto I. 

Suppose Y is a pseudo-arc and X is a proper nondegen­

erate subcontinuum of Y. We wish to construct a retraction 
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of Y onto X with the additional property that Y - X is 

mapped into a single composant of X. Lemmas 1.1 and 1.2 

are technical lemmas necessary for the construction. 

Lemma 1.1. If X is a pseudo-arc, Q E X, and Y is a 

pseudo-arc properly containing X then there exist two 

closed sets Hand K whose union is Y so that X is a compo­

nent of H, X n K = {Q}, and Bd(H) = Bd(K) = H n K. 

Proof. Suppose Y is a pseudo-arc distinct from X 

containing X. Let 1 ,1
2 

, ••• be a sequence of pseudo-arcs
1 

lying in Y so that I +l C In and X = n~=lIn. Let PI be an

point of Il-X which lies-in Sl(O), and let R be an openl 

set containing PI so that R n x: ~ and R c Sl(Q).l l 

Suppose that ~ and P have been defined for all k < ~.k 

Then let P~+l be a point of I~+l-X which lies in 

~ ­
Sl/~+l(P) - Ui=lRi , and let R~+l be an open set containing 

P~+l so that R~+l n X = ~, R~+l n Ri = ~ for i < ~, and 

R~+l C Sl/~+l (Q). Let K U~=lFti U {Q}, and let H = Y - K. 

Then K is closed because {Ri}~=l is a null sequence with 

sequential limiting set {Q}. Furthermore X n K = {Q}. The 

only points of H that are in K are limit points of Y - H, 

so Bd(H) H n K = Bd(K). Clearly X c H. Suppose now that 

X is not a component of H, then let I be the component of 

H containing X. If I ~ X then 1:here is a point z E I - X, 

so for some I z ¢ I . But I n I ~ ~ so I c I, but Rn' n n n n 

contains a point of I n and R n c Int K; this is a contra­

diction. So X is a component of H. 
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Lemma 1.2. Suppose X is a pseudo-apc, Q E X, and Y 

is a pseudo-apc which contains X and is the union of two 

closed point sets Hand K so that X c H, X n K = {Q}, and 

Bd(H) = Bd(K) = H n K. Suppose fupthep that 0 1 and 0 2 ape 

2 1chains coveping X so that 0 pefines 0 and follows the 

1 1pattepn N in 0 , 0 coveps Y, and fop i 1,2 

i __ iii i -r i-r
O d ,d ,···,dk ., Q E d - d

2
, K c d - d and V is anl 2 l l 2 

l. 

i -r open set such that K eVe V c d - d Then thepe is a
2

.l 

chain A = a 1 ,a2 ,···,ak covering Y so that a i n X = d~ n X, 
2 

A foLLows N in 01, K c a 1 - a 2 and V c a 1 . 

Ppoof· Let U be an open set so that Vc U c IT c 

d i id i = 1,2. By theorem B, Y is the union of two closed
2

,
1
 

l
sets HI and K so that 

K U X c Kl 

Y - 02* c HI 

HI n Kl c V - X U K. 

For each positive integer n < k let X be a subcon­2 , n
-2­

tinuum of X irreducible from Q to d + and let N be the n l n 

pattern that 02(X ) follows in Ol(X ) such that Nn(t) = N(t)
n n 

for all t for which Nn(t) is defined. Note that since 

Q E X and di is the only link of 0 1 containing Q then n 

Nn(l) = 1. Also note that one of 02(X ) and 02(X ) is a n m 

subchain of the other and they both have the same first 

link. 

lLet G {III is a component of Y - V - K }. Each 

element of G intersects Bd(V), and by definition G* cHI. 

Since each element of G intersects Bd(V) each element of 

1 1G must also intersect d - d •l 2 
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Let 0 and R	 be open sets such that Bd(V) n HI eRe 

l~ c 0 c 5 c U - K . Since 0 c U we have 0 n d~ ~. We 

l _ - 1 1 
can consider that chain D = 0, el1 R, d 2 ,···,dk1 

d l ,d2 ,···,dk +1 which covers Y. Let M be the function 
1 n 

defined as follows: 

1 

It can be easily verified that ~-1n is a pattern, 

M : {1,2, ••• ,k } -+ {1,2, ••• ,k +l}. Note that Mn(t) 1 n 2 l 

if and only if t 1, further M (2) = 2. n 

For each lEG there is an integer jI such that 

Dl(I) = Dl(X.). By theorem A there is a chain B coveringIJ I 

I so that B follows M. in D. Then, from the definitionI JI 

of D, we have that BI(l) c 0 and B (l) n R = ~ for 1 > 1I 

since R intersects only the first link of D and M. (1) 1 
J I 

if and only if 1 1. Therefore I n Bd(V) c BI(l). For 

each lEG,	 Y is the union of two'closed sets HI and K soI 

that 

1(V - R) U K U (Y - B1) c KI , 

HI n K
I 

c (BI(l) - ~[2f) n R - I. 

Kl l'rhus {HIlI E G} covers Y - V - - R. Since Y - V - K - R 

lis compact and HI n (Y - V - K - R) is clopen in Y - V ­

1
K - R some finite subcollection {HI.};=l of {HIlI E G} 

J 

covers Y - V - Kl - R. 
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Consider then: 

n ••• n K • 
II 

l
The collection J = {Ji n (Y - V - K R)}~=l is a collec­

ltion of disjoint sets clopen in (Y - V - K - R) that covers 

(Y - V - Kl - R). Suppose 1 < r < s < m then 

J r n J (HI n K n ... n K )s Ir I r - l 1 

... n K )n (HI n K nI I s s-l 1 

c n KHI I r r 

c R. 

So the elements of J are disjoint.
 

For notational ease let B = B . Suppose r ~ sand
 r I r 

(J n Br(i)) n (J n Bs(j)) ~~. Then (J n Br(i)) nr s r
 

(J n Bs(j)) c J n J c R so Br(i) n R ~ ~ and
s r s 

Bs(j) n R ~ ~ so i = 1 and j = 1. Therefore 

k.+l 
{U~=lJr n Br(i)}i~l is a chain which follows the pattern 

in D. Let 

(V U R) U (d~ n K 
l

) U U~=l(Jr n Br(l)) 

U U~=l(Jr n B (2))r 

a. (d~ n Kl ) U urn (J n B (J'+l)) if 1 < J' < k 
J J r=l r r - 2· 

Since we have Br(i) n R ~ ~ if anq only if i = 1 it follows 

that a. n (V U R) = ~ for j > 1. Then A = a ,a ,···,aJ 1 2 k 2 
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covers Y and follows N in Dl . ]~urthermore by construction 

we have a i n X df n X and K c a l - a 2 , and we also have 

Veal since V n d~ ~. 

Theorem 1. Suppose X is a pseudo-arc, X is irreducible 

from P to Q, and Y is a pseudo-arc which contains X and is 

the union of two closed point sets Hand K so that X is a 

component of H, X n K = {Q}, and Bd(H) Bd(K) = H n K. 

Then there is a retraction h of Y onto X so that h(K) = Q, 

h-l(P) = P, and h maps Y - X onto the composant of X that 

contains Q. 

Proof. We shall construct the retraction h using the 

standard technique of covering Y and X with special 

{ a}oo {Da}oo .sequences of chains A a=l and a=l respectlvely so 

that Aa and Da both follow some pattern Na in Aa - l and Da - l 

respectively, a > 1. Then h is defined by matching the 

links of the chains {Aa}:=l covering Y with the links of 

a co • 
the chains {D }a=l coverlng X. 

Let P be a point of X which is in a composant of X 

distinct from the one containin9 Q. Let 
a 00 

be a{D }a=l 

sequence of chains covering X so that: 

a a a 00 a*
i) Da 

= d ,d2 ,---,d , Da +1 refines Da , and X na=lD ;l k a 

aii) P E d a - d a and Q E d a - d ;
k k -1 1 2 

a a
 

l l JL
iii) D covers Y, K c d - d,) , and K n d~ ~ for all a 
J..1 1 

and all i > 1;
 

iv) lim mesh Da 0;
 
a-+-oo
 

Da + l 1 a
v) mesh < 4" d(P,d _1) ; and
k a
 

vi) d~ n d~ ~ ~ if and only if d~ n d~ ~ ~.
 
1 ] l. ] 
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By condition v we have that the shortest subchain of Da+l 

containing d a +l and some link which intersects d a -1 has
kka+l a 

at least 5 links. Let Na +l be a pattern that Da+l follows 

in Da . Note Na+l(l) = 1 Na+l(k ) = k Na+l(k -1) k 
, a+l a' a+l a 

Suppose that ~ is a positive integer and for each 

positive integer a < ~ we have the following: 

a1) u is an open set containing K such that
 

Ua Ua a-I Ua
K c c c U , n de:' = 1J for i > 1 and Ua 
c 

1	 Sl/a(K)i 

2) Y Ha U Ka with Ha and Ka closed and X c Ha , 

Ka - l U (Y - Da *) c Ka , Ha n Ka c (da - d a ) n Int(Ha - l ) n 
. 1 2a 

u - Xi	 and 

Aa3) - aal ,aa2 ,··· , aak is a chain covering Y so that if 
a 

Na a > 1 then A
a 

follows in Aa - l , U c ar a~, a~ c d~, a 

and ae:' n Ha 
= de:' n Ha . 

1 1 

Then by condition iii above we can find an open set u~+l 

containing K so that u~+l c U~, u~+l n d~+l = 1J for i > 1 
1 

and u~+l c ( ) By lemma 1.2 we can find a chain ASl/~+l K · 

covering Y so that a. n X d~+l n X, A follows N~+l in A~, 
1 1 

K c a l - a 2 , and ui +l c ale By theorem B, since X c Int Hi 

(d~+l _ d~+l) u~+land Q E	 n n (a
l 
-a ) , then there exist1 2 2

closed sets H~+l and K~+l so that Y = H~+l U K~+l , 

U (H~+l	 n d~+l) 
1 

ai+1 (a n K~+l) U (di+1 n H~+l) for 1 < i < k~+l-l
i 
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aR,+l [ ( ) n KR,+l].u (dR,+l n HR,+l) 
kR,+l-l akR,+l U akR,+l-l kR,+l-l 

aR,+l dR,+l n HR,+l.
 
kR,+l kR,+l
 

The fact that AR,+l is a chain follows from the construction 

of HR,+l and KR,+l. The fact that AR,+l follows NR,+l in AR, 

follows from the fact that alR,+l - aR, AR,+l and DR,+l follow 
1_ l' 

NR,+l in AR, and DR, respectively, and from condition v which 

guarantees that (aR,+l U a~+l -1) c a~. Therefore by 
kR,+l R,+l R, 

a}oo a}ooinduction there exist infinite sequences { H 0.=1' {K 0.=1' 

{Ua}:=l and {Aa}:=l satisfying conditions 1-3 above. 

00 i
Furthermore we have (in fact by a slight modifi-K c ni=la l 

i
cation we can obtain K = 

00 

We also require thatni=la l ) .. 
-1"i i 1 a n aR, ~ ~ if and only if a n elR, ~ ~.k k 

Define NR, for m < R, to be the function NR,: {1,2,··.,k }m m R, 

-+- {1,2, ••• ,k } defined by N; NmoNm+lo~+2o••• oNR,. 
m 

It is easy to see that NR, is a pattern that DR, follows in 
m 

x R, x
If x E Y then let nR, be an integer such that x E A (nR,). 

R, R, x
Let P E X n D (nR,).x 

We shall now construct the retraction h. Claims 1.1 

and 1.2 allow us to define h. Claims 1.3 and 1.4 show that 

h is continuous. Cliam 1.5 shows that h is a retraction. 

Finally, claims 1.6, 1.7, and 1.8 show that h has the 

special required properties which will be needed for the 

construction in Theorem 2. 

Sl, 00

Claim 1.1. For each x E y the sequence {Px}R,=l is a 

Cauchy sequence. 
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Proof· Suppose £ > O. Let N be an integer such that 

£ 
mesh DN 

< 3. Let i and m be integers larger than N with 

sequence. 

We define P x 

CZaim 1.2. Suppose x E Y and for each i Qi is a point
x 

i xof D (n ). Then lim Qi = P .i i-+oo x x 
i

Proof· By claim 1.1 
00 is also a Cauchy sequence{QX}i=l 

so it has a sequential limit point. But d(P~,Q~) < mesh Di 

so lim Qi P. 
i-+oo x x 

Define h: Y -+ X by h(x) Px for all x E Y. By claim 

1.2 h is well defined. 

CZaim 1.3. If x E Y then d(h(x),pk) < 2 mesh Dk • x -

Proof· From the proof of claim 1.1 we have 

d(pi pk) < 2 mesh Dk • So lim d(pi pk) < 2 mesh Dk so
x' x x' xi-+oo 

d(h(x) r pk ) < 2 mesh Dk . x ­

Claim 1.4. h is continuous. 

Proof. Suppose £ > O. Let N be an integer such that 

if m > N then mesh Dm 
<~. Let m > N and let 0 > 0 be 

such that if d(x,y) < 0 then In~ - n~1 < 1. Then 

d(h(x),pm) < 2 mesh Dm, d(h(y) ,pm) < 2 mesh Dm, and x y 

d(P~,P~) < 2 mesh Dm since In~ - n~1 < 1. So d(h(x),h(y» 

< 6 mesh Dm < £. 
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Claim 1.5. h is the identity on x. 

Proof· This follows easily from the fact that for 

pR,each x E X can be chosen to be x for all R,. So P x. x x 

Claim 1.6. h-l(P) = P. 

Proof. Suppose not. Then there is some point 

z E Y - X such that h(z) = P. Since X n~=lHi it follows 

that there is some integer j so that z ¢ Hj. Thus Z ¢ aa.' 
J 

j l d j d j Dj + land p + k - But d(pj+l,h(z)) < 2 mesh < z ,. k . k . -1 • z -
J J 

d(p,da._l) by condition v above, so h(z) ~ P, this is a 
J 

contradiction. Hence h-~(P) = P. 

Claim 1.7. h(K) = Q 

Proof. K c di for all R" thus for any x E K the point 

pR, can be chosen to be Q.x 

Claim 1.8. If C is the composant of X containing Q 

then h(Y - X) = c. 

Proof· Suppose z E Y - X and h(z) ¢ c. Then z ¢ K 

since h(K) Q and Q E C. Let I be the component of H con­

taining z. Then I n X = ~ since X is a component of H. 

Thus I n K ~ ~, and P ¢ f(I) so f(I) is a proper s~bcontinuum 

of X and Q E f(l) since 1 n K ~ ,. Thus f(l) c C. There­

fore h(Y - X) c C. 

Suppose that h(Y - X) ~ C. Then there is a point 

z E C - h(Y - X). Let I be a stibcontinuum of C containing 

Q and z. So I is a proper subcontinuum of X. Let L be a 

component of H distinct from X, so h(L) is a proper sub-

continuum of X, Q E h(L) but z ¢ h(L) therefore h(L) c I. 
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So since h(K) = Q, h(Y - X) c I. But Y - X is dense in Y 

so h(Y - X) must be dense in h(Y) = X. This is a contra­

diction. So the claim is established. This proves the 

theorem. 

In the construction which follows we construct spaces 

as inverse limits of inverse systems. We construct 

X = lim {X ,hS} for some A so that X c X for a < S and 
+ a a a sa<S<A 

h S is the identity on X . Thus if a is an ordinal and a a 

Y {yl for some x E X and ys = x for all S such that 
a 

a < S} then Y is a homeomorphic copy of X which lies in 
a 

X. We shall identify this continuum Y with X using the 
a 

natural projection mapping. 

The continuum which we seek will be constructed as an 

inverse limit of an inverse system of pseudo-arcs {X } 
a a<wl' 

indexed by wI the first uncountable ordinal. The bonding 

maps between the pseudo-arc X and its successor X + will 
a a l 

be a map of the type guaranteed by Theorem 1. The crucial 

property of the bonding maps h a +l : X +1 ~ X that will be 
a a a 

necessary for the construction is the property that h a +l 
a 

is a retraction that maps X + - X onto a single composant
a l a 

of Xa. This technique is similar to those employed by 

Bellamy [B] and Smith [51,52]. 

Theorem 2. There exists a Hausdorff continuum which 

is hereditarily indecomposable and which has exactly two 

composants. 

Proof. We shall first construct countable sequences 

of pseudo-arcs {X }oo 1 and functions {h B} and then define 
a a= a 
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the inverse limit X = lim {X ,hB} (claims 2.1-2.4). Then 
Wo ex.<B<wO ex. ex. 

we shall extend this construction to obtain an inverse sys­

tern of pseudo-arcs {X} , so that the inverse limit of 
0. o.<w l 

the inverse system will be the required continuum (claims 

2.4-2.8) . 

Let Xl be a pseudo-arc which is irreducible from the 

point P to the point Q and let X be a pseudo-arc contain­l 2 

ing Xl which is the union of two closed point sets H and2 .. 
K so that Xl is a component of H2 , Xl n K2 = {Q} and2 

Bd(H ) = Bd(K ) = H n K2 . Let h~ be the retraction2 2 2 
2 2-1 

guaranteed by theorem 1 so that hI (K2 ) = Ql' hI (P) = P, 

2100
and h l (X2 - Xl) = Cmps(xl,Ql). Let {Mi}i=l be a monotonic 

sequence of continua each containing Q and whose union isl 

Cmps(xl,Ql)· Let Q2 E Int(K2 ) and Q2 ¢ Cmps(x2 ,Ql). Since 

h~ is confluent and h~(Q2) = Ql then for each positive 

integer i there is a subcontinuum M~ of X2 containing Q2 so 

that h~(M~) M~, and M~ is clearly a proper subcontinuum 

of X Let C = Cmps(xi,Qi) i = 1,2. We claim that2 . i
 
00 2 2


C2 = Ui=lM and hence h (C 2 ) Cl . For suppose not, then
i l
 

00 2

let z E C ..... Ui=lMi . Let I be a. proper subcontinuum of M2 

containing Q2 and z. But each M~ intersects I, so
-1 

by hereditary indecomposability M~ c I, and hence 
1 

00 2 2002 
Ui=lMi c I. But hI (Ui=lMi ) = Cl ' I c X2 - Xl' 

2h (X - Xl) = C and so h(I) is a proper subcontinuum of
l , 

This is a contradiction, 

By induction for each posit.ive integer i > 1 construct 

h i+l H Q i 00 

l 2 

Xi' i ' Ki , i' i' {Mj}j=l' a.nd Ci so that: 
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1) Xi is a pseudo-arc, Xi c Xi +l ' Xi is irreducible 

from P to Qi; 

2) Xi is the union of two closed sets Hi and K soi 

that Bd(Hi ) = Bd(Ki ) = Hi n Ki , X
i 

- is a component of
l 

Hi,{Qi} = Xi - l n Ki,Int(Ki ) ~ ~; 

3) Ci = Cmps(xi,Qi)' Q E Int(Ki _ l ) andi 

Q. C Cmps (X. ,Q. 1) i
. 1. 'f- 1. 1. ­

i+l
4) hi : Xi +l ~ Xi is a retraction of Xi + onto Xi sol 

'+1 i+l
that h~ IXi is the identity on Xi' hi (K i +l ) = Qi' 

h~+I(Xi+1 - Xi) = C
i

, h~+l-l(p) = P; and 

i 00

5) {Mj}j=l is a monotonic set of subcontinua of Xi so 

that Ci = uj=IM~, Qi E M~ for all j, and h~+I(M~+I) M~ 

for all j. 

Define X = lim {X. ,h~} and let n.:·X ~ X. be the 
W .. 1. 1. 1. W 1.o 1.<J<wO o 

natural projection, ni(x) xi where x = x l ,x2 '···. 

CZaim 2.1. X is a pseudo-ara.
Wo 

Proof· X is chainable and hereditarily indecomposable.
Wo 

CZaim 2.2. If x E X and there is an integer j ~ 2 
Wo 

suah that n. (x) E X. 2 then n· (x) E x. 2 for aZZ i _> j.
J J- 1. J-

Proof. We prove the claim by induction, suppose that 

k > j and nt(x) _ for j 2 i < k. Since X _ c 'E Xj 2 j 2 Xk - l 

we have nk(x) = x E X _ c X and by condition 3 sincek j 2 k - l
 

¢ Cmps(xk,Qk_l) and Qk-l E Xk - l then Xk - l n Ck ~.
 

k+l

h k (Xk +l - Xk ) = Ck so x k +l ¢ Xk +l - Xk so x k +l E Xk ' 

but h:+l is the identity on X so x = x and hencek k +l k 



TOPOLOGY PROCEEDINGS Volume 9 1984 139 

Let Q be the point Ql,Q2'''·· in the inverse limit 
w0 

o space X Let M.
W

lim {M~ ,h~~ IMk }. Denote
W Jo i<k~WO J JL j 

00 Wo 
CZaim 2.3. C u· 1M.. 

W J= Jo 
00 (:.uo Wo 

Proof· Suppose C ~ u· 1M .. Since M. is a proper
Wo J= J J 

00 Wo
subcontinuum of X it follows that U. 1M. c C Let 

Wo J= J Wo 
00 Wo z E C - U. 1M. , then there is a proper subcontinuum I 

Wo J= J 

of X containing z and Q . There exists an u so that 
W Wo o 

TIu(I) ~ Xu· But Q E TIu(I) so TIu(I) c C and TIu(I) c Mj,u u 

TIu(I) ~ Mj for some j. Now TIu+l(I) contains Qu+l so 

TI +1 (I) n Mj+l ~ ,. But h:+1 (Mj+l) = Mj and Mj ~ TIa(I) so a
 
u+l J,.
Mj ~ TIu+r(I) and so by hereditary indecomposability 

(I) u+l h f b' d' ( ) C It f 11TI + l C Mj . T ere ore y In uctlon TIlt I ~ Mj or a u 
WoIt > u and hence I c M. which is a contradiction. So 
J 

Define: 

CZaim 2.4. If r < s then hS(X - X ) = C . r s r r 
00 r+l

Proof· By condition 5 we have C +l = Ui=lMi and r 

h r + l (M7+1 ) = M7. So hr+l(C ) = C. Thus by definition 
r 1 1 r r+l r
 

S
of h we have hS(C ) = Cr. We prove the claim for the case r r s 

when r ~ W by induction. Suppose then that for all ~ sucho 
that r < ~ < k we have h~(X~-X ) = C This is clearlyr r r 

true whenever k = r + 1. Let x - X If x ~ XE Xk +l r k 
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k+l	 kthen x E Xk+l - Xk so h (x) E Ck ; but since hr(Ck ) = C ' k r 

then h~+l(X) E Cr. If x E Xk then x E X - X and h~+l isk r 
k+l kthe identity on X so h (x) = hr(x); and so by the induc­k r
 

k+l

tion hypothesis h	 (x) E Cr. Consider now the case wherek 

r = Woe Let x E X - Xr . Then for some 0 > r, Xo ¢ Xr •Wo	 X 
oSo x o E Xo - X Thus h

W
O(X) h O 

o 1f 0
W

(x) h~(XO) E C r r r r 

by the previous case. 

a}oo aWe shall now define	 X ' Qa' {Mi i=l' C and he (for alla a 

a < a) for all ordinals a < wI. Also we shall define H 
a 

and K for all non-limit ordinals a < wI. Suppose 0 < wI a 

is a limit ordinal and X ' etc. have been defined forA 

A < 0 and X is a pseudo-arc for all A < o. Then let
A 

Xo = 11m {XA,hI},
 
A<Y<O
 

X
oSince 1f is the projection of X onto the A coordinate we
A	 o 
o Xo

define h A = 1f A • Let 00 = {OA}A<O' 

M~ = 11m {M~,h~}, and 
J. A<Y<O J. 1\ 

Co = Cmps(Xo,Qo)· 

The sets H and K need not be defined for limit 6rdinals.o o 
Since 0 < wI then some countable set is cofinal in 0 so X o 

is a pseudo-arc. Furthermore by claim 2.3 Co 

Suppose ~ is not a limit ordinal but ~ = 0 + n for 

some limit ordinal 0 and some positive integer n, and that 

X ' et~. have been defined for all A < 0 and that we have:A
 

1) X is a pseudo-arc,
A 

2) QA E M~ and M~ is a subcontinuum of X for all posi-A 
00 A

tive integers i, and CA = Ui=lMi , 
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3) if S < A: a) h~(M;) = M~ ,
1 

Ab) h (X - X ) = S A S CS' 

c) Xs n C = ~, and
A
 
A
d) C h (C ) • s S A

Then we obtain X + ' etc. by using the construction above byo n 

replacing Xl with Xa , Ql with Qa' and M~ with M~ for all i. 

Thus conditions 1, 2, and 3 are satisfied for all A < wI. 

Define X 
wI
 

wI A

M. = lim {M.,h~}, and 

1 -+- 1 I\.
A<o<Wl 

Qw {QA}A<W
1 1 

Let W {xl there exists y < wI such that if a > y then 

7f (x) EX}. Thus W = U X. Let C = Cmps(X ,Q ).
a y y wIy<wl wI wI 

Note, we identify P with {P}A<W . If y < w then X is al yl 

proper subcontinuum of X and P EX, so W c Cmps(X ,Pl. 
wI y wI 

Since for each y < wI X is irreducible from P to Q then 
y y 

X is irreducible from P to Q . We wish to prove that 
wI wl 

c X - W. Let y E X - W. 
wI wI wI 

Claim 2.5. If a > S then Yei ¢ XS• 

Proof· If a > S there exis1t:s an ordinal a such° > 

that Yo ¢ X (or else Y E X W) • Suppose Y E X thens s c a e 
Y ¢ C by condition 3c above. But hO(X - X ) c C so 

a a a aa ° 
¢ X - X so Yo E X . But hO is the identity on X soYo o a a a a 

h~(Yo) = Y E Xs so Yo = Y and Yo E X which is a contra-
a a s 

diction. Furthermore a similar argument establishes the 

following claim: 
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Claim 2.6. If a > 8 then there exists 0 > a such 

Claim 2.7. E CYa a 

Proof· By claim 2.5 there is a 0 > a such that 

E X	 - X But hO(X - Xa) c C so E C .Yo o a· a 0 a Ya a 

Claim 2.8. Y E C 
wI 

Proof. By claim 2.7 and condition 2 above for each a 

there exists an integer n so that Y E M~. So there is a a 
a 

an uncountable subcollection J of wI and an integer n so 

that	 n = n for all a E J. Now J is cofinal in wI and a 

h~(M~) = M~ for all a < a so y E lim {M~,hr} and hence 
A<y<wl

wI 
Y E M ' which is a proper subcontinuum of X that contains n	 wI 

Thus	 from claim 2.7 we have established that X has 
wI 

exactly two composants Wand C 
wI 
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