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A HEREDITARILY INDECOMPOSABLE HAUSDORFF
CONTINUUM WITH EXACTLY TWO COMPOSANTS

Michel Smith

An example of an indecomposable Hausdorff continuum
with exactly one composant and an example of an indecomposa-
ble Hausdorff continuum with exactly two composants have
been given by David Bellamy [Be]. Such continua cannot be
metric continua [M]. We present an example of a heredi-
tarily indecomposable Hausdorff continuum with exactly two
composants. Bellamy constructs his one composant indecom-
posable continuum by identifying two points in different
composants of his two composant indecomposable continuum.
This technique cannot be used to construct a one composant
hereditarily indecomposable continuum. Thus, the problem
of the existence of a one composant hereditarily indecom-

posable continuum remains open.

Definitions and Notations. A continuum is defined to
be a compact connected Hausdorff space. Suppose ) is an
ordinal, Xa is a topological space for each a < A, and if

a < b then hg is a mapping from Xb onto xa so that if

b c _.,cC Cqs b
a<b<c<)thenh o h =h_. Then the space X-—l;m{xa,ha}
a<b<a
denotes thevspace which is the inverse limit of the inverse
b o a+l .
system {Xa'ha}a<b<x' If X = wg and ha : xa+l > Xa is

a+l a+2

. b . . b
defined then ha is defined to be ha ° ha+1 ° « o hb-l'

Each point P of X is a function from )X into U such that

a<Axa
- P .
Pa € Xa and Pa = fa(Pb) for all a and b with a < b. If
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a < i "ﬁ denotes the function from X into X, such that
nz(P) = Pa' the superscript X will be suppressed in some
cases when it is clear which space is meant.

The composant of the continuum M containing the point
P of M is the set of points Q of M such that there is a
proper subcontinuum of M containing P and Q, it is denoted
by Cmps(M,P). The continuum M is said to be indecomposable
if it is not the union of two proper subcontinua. If X is
a space and K is a subset of X then Int(K) denotes the
interior of K and Bd(K) denotes the boundary of K.

If X is a metric space, x € X and y € X, then 4 will
be used to indicate a metric and d(x,y) will be used to
indicate the distance from x to y. If x € X and ¢ > 0 then
S (x) = {t]d(x,t) < €}. If Hec X and x € X then
d(x,H) = glb{d(x,y)|y € H} and s (H) = {t|d(t,H) < €}.

A chain C is a finite sequence of open sets C1sCyrt*,Cy
called links so that c; n cj # ¢ if and only if |i-j| < 1.
If ¢ > 0 then the chain C = CyrChreiCy is an e-chain
means that for each i = 1,2,+++,n the diameter of ¢y is
less than €. If D is a chain we will also use the notation
D(1),D(2),+++,D(n) to denote the elements of D. If the
chain D covers the continuum M and P and Q are points of
M which lie in the first and last links of D respectively
then D is said to cover M from the point P to the point Q.
Let mesh(D) = lub{diam D(i)|i = 1,2,+++,n} and D* = y}_;D(i).

If D = dl’d ---,dn is a chain and H ¢ D* then let D(H)

2’
denote the set {d;|d; n H # #}. Note that if H is a con-

tinuum then D(H) is a chain. Suppose that N is a function
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from the set of positive integers {1,.-+,r} onto the set
of positive integers {1,--:,s}. Then N <8 a pattern means
that for each ihteger i with 1 < i < r we have

|N(i+l) - N(i)| < 1. If N is a pattern N: {1,-+-,r} »
{1,++,s}, then the chain D follows the pattern N in the
chain C means that D has r links, C has s links, and

D(i) €« C(N(i)). The chain E is said to be a consolidation
of the chain D if and only if each link of E is the union
of a subcollection of D and each link of D is a subset of
some link of E. The chain D = dl,dz,---,dn is erooked in
the chain C = cl,cz,---,cm means, that if di and dj are
links of D lying in the links cy and Cq respectively of C
with 2 < s - r then there exist links du and dv so that

d cc and either i < u < v < j or

du P r+l

i>u>v> j.
The following theorem is due to Bing [Bi].

Theorem A (Bing [Bi]). Suppose that N: {1,+++,n] ~»
{1,+++,r} 18 a pattern, N is onto, N(1) = 1, N(n) = r,
Dl,D2,~-- 18 a sequence of chains from the point P to the
point Q such that Dy has r links, and for each positive

18 crooked in D,» and mesh (Di) < %. Then

integer i Di+l
there is an integer j and a chain E from P to Q such that
E is a consolidation of the chain Dj and E follows pattern

N zn Dl.

M is a pseudo-arc means that M is a non-degenerate
chainable hereditarily indecomposable continuum. Bing

has also shown [Bi] that if M is a pseudo-arc then there
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exists a sequence of chains Dl,DZ,--- each covering M such

that for i > 1 Dl+l is crooked in Dl, mesh D' < %, and
- o° .pi*
M =n;_,D" .

We shall also use the following characterization for
hereditarily indecomposable continua which was proven in
the metric setting. The theorem is also true in the non-
metric case; but we will only need to use it in the metric

case.

Theorem B (Krasinkiewicz [K]). A continuum X is
hereditarily indecomposable if and only if for each pair
E and F of mutually exclusive closed subsets of X and for
each open set U intersecting all the components of E there

exist two closed sets M and N such that

X =MUN,
E c M,
F ¢ N, and

MNNcU- (EUF).
Finally we use an observation made by Cook.

Theorem C (Cook [Cl). If X and Y are continua, Y is
hereditarily indecomposable and h: X +~ Y is a continuous map

of X onto Y then h i8 confluent.

Definition. If h: X » Y is a mapping from X to Y then
h is said to be confluent if and only if for every subcon-

tinuum I of Y each component of f—l(I) is mapped onto I.

Suppose Y is a pseudo-arc and X is a proper nondegen-

erate subcontinuum of Y. We wish to construct a retraction
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of Y onto X with the additional property that ¥ - X is
mapped into a single composant of X. Lemmas 1.1 and 1.2

are technical lemmas necessary for the construction.

Lemma 1.1. If X 28 a pseudo-arc, Q € X, and Y 18 a
pseudo-are properly containing X then there exist two
closed sets H and K whose union is Y so that X is a compo-
nent of H, X n K = {Q}, and Bd(H) = Bd(K) = H n K.

Proof. Suppose Y is a pseudo-arc distinct from X
containing X. Let Il’IZ'°°' be a sequence of pseudo-arcs
lying in Y so that In+l c In and X = n:=11n‘ Let Pl be a
point of I,-X which lies-in Sl(Q), and let Rl be an open
set containing P, so that El N X =g and §l c S;(Q).

Suppose that Rk and P, have been defined for all k < %.

k

Then let P2+1 be a point of 12+l_x which lies in

Sl/2+l(P) - Ui:lﬁi' and let R2+l be an open set containing
Py SO that §2+1 nx-=4g, ﬁ2+l n ﬁi =g for i < &, and
Rqc< S1,441(@ . Let K = u§=l§i U {Q}, and let H = ¥ - K.

Then K is closed because {ﬁi}:=l is a null sequence with
sequential limiting set {Q}. Furthermore X n K = {Q}. The
only points of H that are in K are limit points of Y - H,
so Bd(H) = Hn K = Bd(K). Clearly X ¢ H. Suppose now that
X is not a component of H, then let I be the component of

H containing X. If I # X then there is a point z € I - X,
so for some 1,2 ¢ I,- But InI/ # @ so I, <1, but R,
contains a point of In and Rn < Int K; this is a contra-

diction. So X is a component of H.
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Lemma 1.2. Suppose X is a pseudo-arc, Q € X, and Y
i8 a pseudo-arc which contains X and i8 the union of two

elosed point sets H and K so that X c H, X n K = {Q}, and

1 2

Bd(H) = BA(K) = H N K. Suppose further that D~ and D° are

chains covering X so that D2 refines ol and follows the

pattern N in Dl, Dl covers Y, and for i = 1,2
1 : L 1 at Yo al and v is an

i
D = dj,@y, ety L Q€4 - dy, Ked) - d
open set such that K« V cV c di - d;. Then there is a
. _ , Q2
chain A = ajsay, ,ak2 covering Y so that a; Nnx= di n X,

A follows N .in Dl, Kca) - 5; and V < a;.

Proof. Let U be an open set so that Vc U c T c

i

di - d2, i=1,2. By theorem B, Y is the union of two closed
sets Hl and Kl so that
KUXcxkl
Y - D2* c Hl
1 1

H nK <V -XUK.

For each positive integer n < k2, let Xn be a subcon-

tinuum of X irreducible from Q to d§+l and let Nn be the
pattern that D?(X_ ) follows in D! (X ) such that N_(£) = N(t)

for all t for which Nn(t) is defined. Note that since

1 1
1

Nn(l) = 1., Also note that one of D2(Xn) and Dz(xm) is a

Q € X, and d7 is the only link of D~ containing Q then

subchain of the other and they both have the same first
link.

Let G = {I|I is a component of Y -~ V - k'}. Each

element of G intersects Bd(V), and by definition G* < Hl.

Since each element of G intersects Bd(V) each element of

G must also intersect di - d;.
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Let O and R be open sets such that Bd(V) n H < R <

RcOcOcU - Kl. Since O c U we have 0 n d% = g. We

can consider that chain D = 0, di - R, d;,---,di =
1

,---,dkl+l which covers Y. Let Mn be the function

defined as follows:

d,.d,

1

M, (1)
Mn(l) = Nn(l) + 1 for 2 < ¢ < k,.
It can be easily verified that M is a pattern,

Mn: {l,2,---,k2} > {l,2,---,kl+l}. Note that Mn(t) =1

if and only if t = 1, further Mn(Z) = 2.

For each I € G there is an integer jI such that

Dl(I) = Dl(xj ). By theorem A there is a chain B
I

I so that BI follows Mj in D. Then, from the definition
I

of D, we have that BI(l) c 0 and BI(l) NR=g for 2 > 1

I covering

since R intersects only the first link of D and Mj (2) =1
I

if and only if & = 1. Therefore I N Bd(V) < BI(l). For

each I € G, Y is the union of two closed sets HI and KI so

that
Ic HI’
(V- R”R UK U (Y- B} <K,
Hp N Ky < (B (1) - E;TfT) nR-I.
Thus {HI|I € G} covers Y - V - K- - R. Since Y - V - k! - R

1

is compact and H. N (Y - V - K~ - R) is clopen in Y - V -

I
Kl - R some finite subcollection {HI }?zl

J

of {HI|I € G}

covers Y - V - Kl - R.
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Consider then:

J, = H
1 Il
J, = H ﬂK,
2 I2 Il
J =H n K n K N eee N K_ .
m Im Im—l Im—2 Il
The collection § = {Ji n(y-v- k! - R)}Iin=l is a collec-
tion of disjoint sets clopen in (Y - V - Kl - R) that covers
(Y -V - Kl - R). Suppose 1 < r < s < m then
J._nJd_ = (H n kK N see N K_ )
r s I. I, I
n (H n K N s+ nK_)
Is Isa1 I
c H n K
Iy Iy
< R.

So the elements of J are disjoint.

For notational ease let Br = BI . Suppose r # s and
r

(. n B (1)) n (g, n B_(3)) # #. Then (J_n B_(i)) n
(Js n Bs(j)) cJ.NJ, =R so Br(i) nR#P and

Bs(j) NR#MPsoi=1and j =1. Therefore

k.+1
{Ugl:lJr n Br(i)}ii1 is a chain which follows the pattern
Mk in D. Let
i

2 1 m
ay = (VUR) U (A nK) UU._,(I. nB (1))

m
U Ur=l(Jr n Br(2))
a, = @ nkY) uu™ . (@@ n B _(§+1)) if 1 < § < k.
j J r=1'"r r )
Since we have Br(z) NR#P if and only if & = 1 it follows

that aj N (VUR) =@ for j > 1. Then A = al,az,---,ak2
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covers Y and follows N in Dl. Furthermore by construction

\¥]

we have a, n X =d, n X and K¢ a, - a,,
i 1 2

=ﬂ_

and we also have

Q
N N

V c a; since V N

Theorem 1. Suppose X ig a pseudo-arc, X is irreducible
from P to Q, and Y is a pseudo-arc which contains X and is
the union of two closed point sets H and K so that X is a
component of H, X N K = {Q}, and BA(H) = BdA(K) = H n K.

Then there i1s a retraction h of Y onto X so that h(K) = Q,
h-l(P) = P, and h maps Y - X onto the composant of X that
contains Q.

Proof. We shall construct the retraction h using the

standard technique of covering Y and X with special

sequences of chains {Aa}:=l and {Da}:=l respectively so

a-1 1

that A% and D* both follow some pattern N in A and D*”

respectively, a > 1. Then h is defined by matching the
links of the chains {Aa}:=l covering Y with the links of
the chains {Da}::=l covering X.

Let P be a point of X which is in a composant of X
distinct from the one containing Q. Let {D“}:=l be a

sequence of chains covering X so that:

*
o Dm+1 refines Da, and X = n° 1DO‘;

i) Da=da q% “’rdkl =
a

1I 2’
=

ii) P € 4 1 20

[0} o

and Q € 4

%l
AR

o
k -1

iii) Dl covers Y, K c di - d;, and K n dg = g for all o
and all i > 1;

iv) lim mesh D% = 0;
o>oo
1 1

v) mesh D** < = q(p,q

a -
4 ) ’

and
ka—l

vi) d? n dg # # if and only if aj n d? # 8.
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By condition v we have that the shortest subchain of DOL+1

at+l and some link which intersects 42 has

k k -1
a+l o

1 o+l

at least 5 links. Let N be a pattern that D

in D%. wNote N**1l(1) = 1, no*! atl

containing d

follows

(k -1) =k .

- ka' N o+l o

(K 4q)
Suppose that % is a positive integer and for each

positive integer o < % we have the following:

1) u* is an open set containing K such that

Kcu®cu®*cu®?, t na% =g for i > 1 and U* c 5., (K);
i 1/a
2) Y = H* U K* with H® and K% closed and X c Ha,
- * e -
k¥ 1y (v - p®*) ¢ k%, B* n K® (d% - dg) n Int % 1) n

g® - X; and

o o _O o
3) A al,az, 'aka

is a chain covering Y so that if

o > 1 then A* follows N* in A“_l, u, < a% - ag, a% c a%,
a

and a, o
i

o _ 40
n H di n H".

Then by condition iii above we can find an open set U2+l

containing K so that U!L+l c UQ, Uﬂ’+1 n dg+l

i
L+1

=g for i > 1

and U By lemma 1.2 we can find a chain A

2+1

S Sy /041K
covering Y so that a; nxs= d§+l n X, A follows N

Kca; - E;, anda vl ¢ a;. By theorem B, since X c Int H
and 0 € (di+l _ dl+l) n U2+l

2
closed sets H2+l and K’L+l

*
x e B, Ky (v - P c k**L, ana

R0 B A% ‘di+l _ dg+1) n ottt g (s

1
Let A**l pe the chain defined as follows:

avtl (al Ao 0 NV X5 )))
1

in Al,

2

n (al-E;), then there exist

2+1 L+1

so that Y = H U K ’

- 52) n Int(Hl) - X.

1 2 k2+
u (H2+l n d§+l)
L4+1 _ 2+1 2+1 241 . _
ay = (ai n K ) U (di n H ) for 1 < i < kg+l 1
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o+l
a
ko171
a1
e+l

+ +
2+1 a e l)

k -1

+
a, _p axhy
2+1 2+1

U
koy1 K
£+1 n H2+l.
2+1

2+1

= [(a

=d

is a chain follows from the construction
2+1 2+1 2

The fact that A

of H’L+1 and K£+1. The fact that A follows N

i+l c ai, A2+l and D

respectively, and from condition v which
+1 +1

koovalt ) cay .
2+1 2+1 2

induction there exist infinite sequences {Ha}:=l, {Ka}:=1'

in A

2+1

follows from the fact that a follow

2+1 2 2

N in A” and D

guarantees that (a Therefore by

{Ua}:=l and {Aa}:=l satisfying conditions 1-3 above.

Furthermore we have K c n: 1

=121 (in fact by a slight modifi-
cation we can obtain K = n:=lai). We also require that
i i . L. 1 1
ay n ay # @ if and only if ay n ay # 9.

Define Ni for m < £ to be the function Ni: {l,2,---,k2}

> {1,2,---,km} defined by Né = Nmon+1°Nm+2°...°N2‘

It is easy to see that Ni is a pattern that p* follows in

p™.
X . 2, X
If x € Y then let ny be an integer such that x € A (nzL
L L, X
Let P_ € X nD (nl).
We shall now construct the retraction h. Claims 1.1

and 1.2 allow us to define h. Claims 1.3 and 1.4 show that
h is continuous. Cliam 1.5 shows that h is a retraction.
Finally, claims 1.6, 1.7, and 1.8 show that h has the
special required properties which will be needed for the

construction in Theorem 2.

Claim 1.1. For each x € Y the sequence {Pi}:=l is a

Cauchy sequence.
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Proof. Suppose ¢ > 0. Let N be an integer such that

mesh DN < %. Let 2 and m be‘integers larger than N with
m, X L,.X L, Xy _ X
m < %&. Then x € A (nm) and x € A (nl). So |Nm(n2) nml.il'

L
X

2 Lm m AN .
d(Px,Px) < 2 mesh D < ¢. Therefore {Px}z=l is a Cauchy

m

L, X 2
€D (nz), Py

m, X m, % X
Also we have P € D (nm), Px € D (Nmnz)’ so
sequence.

We define P_ = lim PQ.
b'4
L+

Clatm 1.2. Suppose x € Y and for each 3 Qi 18 a point
L, X . L2 _
of D (nz). Then %iﬂ Qx = Px'
Proof. By claim 1.1 {Qi]z=l is also a Cauchy sequence
so it has a sequential limit point. But d(Pi,Qi) < mesh D*
so lim Ql =P_.
L0 X S
Define h: Y - X by h(x) = Px for all x € Y. By claim

1.2 h is well defined.

Claim 1.3. If x € Y then d(h(x),Pt) < 2 mesh Dk.
Proof. From the proof of claim 1.1 we have
d(Pl,Pk) < 2 mesh Dk. So lim d(Pl,Pk) < 2 mesh Dk so

X X Qo> X X _

d(h(x),Pi) < 2 mesh Dk.

Claim 1.4. h is continuous.

Proof. Suppose € > 0. Let N be an integer such that
if m > N then mesh D" < %. Let m > N and let § > 0 be
such that if d(x,y) < § then |n$ - n%[ < 1. Then
d(h(x),Pg) < 2 mesh Dm, d(h(y),P?) < 2 mesh Dm, and
d(Pz,Pg) < 2 mesh D™ since |n$ - n%] < 1. So d(h(x),h(y))

< 6 mesh D™ < €.
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Claim 1.5. h is the identity on X.
Proof. This follows easily from the fact that for

each x € X Pi can be chosen to be x for all g. So Px = X.

Claim 1.6. h 1(p) = b.
Proof. Suppose not. Then there is some point
z € Y - X such that h(z) = P. Since X = n°i°=lHl it follows

that there is some integer j so that z ¢ H). Thus z ¢ a;.,
J

and P31 ¢ @) - a)
J

j+1
k.-1° D
j

But d(Pg+l,h(z)) < 2 mesh <

d(P,di _l) by condition v above, so h(z) # P, this is a
J

contradiction. Hence h_l(P) = P.
Claim 1.7. h(K) =Q
Proof. K c di for all %, thus for any x € K the point

Pi can be chosen to be Q.

Claim 1.8. If C is the composant of X containing Q
then h(Y - X) = C.

Proof. Suppose z € Y - X and h(z) ¢ C. Then z ¢ K
since h(K) = Q and Q € C. Let I be the component of H con-
taining z. Then I n X = @ since X is a component of H.
Thus I N K # @#, and P ¢ £(I) so £(I) is a proper subcontinuum
of X and Q € f(I) since I n K # #. Thus f(I) <« C. There-
fore h(Y - X) = C.

Suppose that h(Y - X) # C. Then there is a point
z € C~-h(Y - X). Let I be a subcontinuum of C containing
Q and z. So I is a proper subcontinuum of X. Let L be a
component of H distinct from X, so h(L) is a proper sub-

continuum of X, Q € h(L) but z ¢ h(L) therefore h(L) < I.
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So since h(K) = Q, h(Y - X) <« I. But Y - X is dense in Y
so h(Y - X) must be dense in h(Y) = X. This is a contra-
diction. So the claim is established. This proves the

theorem.

In the construction which follows we construct spaces
as inverse limits of inverse systems. We construct
X = 1im {x ,hg} for some )\ so that Xa c XB for o < B and
hg ggséée identity on xa. Thus if o is an ordinal and
Y = {y| for some x € Xa and yB = x for all B such that
o < B} then Y is a homeomorphic copy of Xa which lies in
X. We shall identify this continuum Y with Xa using the
natural projection mapping.

The continuum which we seek will be constructed as an

inverse limit of an inverse system of pseudo-arcs {Xa}u<w ,
1

indexed by wy the first uncountable ordinal. The bonding
maps between the pseudo-arc Xa and its successor Xa+l will
be a map of the type guaranteed by Theorem 1. The crucial
property of the bonding maps hg+l: Xa+l > Xa that will be
necessary for the construction is the property that hg+l

is a retraction that maps X0l+l - Xa onto a single composant

of Xa. This technique is similar to those employed by

Bellamy [B] and Smith [S1,S2].

Theorem 2. There exists a Hausdorff continuum which
18 hereditarily indecomposable and which has exactly two
cecomposants.

Proof. We shall first construct countable sequences

of pseudo-arcs {Xu}:=l and functions {hs} and then define
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the inverse limit X 11m {X hB} (claims 2.1-2.4). Then
®o a<B<w0

we shall extend this construction to obtain an inverse sys-

tem of pseudo-arcs {Xa}a<w , so that the inverse limit of
1

the inverse system will be the required continuum (claims
2.4-2.8).

Let X, be a pseudo-arc which is irreducible from the

1
point P to the point Ql and let X2 be a pseudo-arc contain-

ing X, which is the union of two closed point sets H2 and

1

* _
K2 so that X1 is a component of HZ’ X1 n K2 = {Q} and

Bd(HZ) = Bd(Kz) = H2 2 Let h2 be the retraction
-1
2

guaranteed by theorem 1 so that hl(Kz) = Ql' h1 (p) = P,

n K

2 _ 1, .
and hl(x2 - Xl) = Cmps(xl,Ql). Let {Mi}i=1 be a monotonic
sequence of continua each containing Ql and whose union is
Cmps(Xl,Ql). Let Q, € Int(Kz) and Q, ¢ Cmps(XZ,Ql). Since

2
hy
integer i there is a subcontinuum Mi of X

2,2 _ .1
that hl(Mi) = M;

is confluent and hi(Qz) =0; then for each positive

2 containing Q2 so

, and Mi is clearly a proper subcontinuum

of X Let Ci = Cmps(Xi,Qi) i =1,2. We claim that

2°
c, = uS M2 and hence hZ(C ) =C For suppose not, then
2 i=1"4 1'%2 1° pp '
2

let z € C, - U:=1Mi. Let I be a proper subcontinuum of M
containing Q2 and z. But each Mi intersects I, so

by hereditary indecomposability Mi < I, and hence

o 2 _ _

Ul lMl c I. But h (Ul =1 l) = Cl’ Ic X2 Xl'

hl(X2 - Xl) = Cl, and so h(I) is a proper subcontinuum of

L. i L _ 2

Cq- This is a contradiction, so C, Ul lMl
By induction for each positive integer i > 1 construct
i+l

X5 hi r Ko Hi’ Qs {M }J -1 and C; so that:
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1) xi is a pseudo-arc, Xi c Xi+l’ Xi is irreducible
from P to Qi;
2) xi is the union of two closed sets Hi and Ki so

that Bd(Hi) = Bd(Ki) = H; nK;, X is a component of

i-1
H,,{Q;} = X;_; n K, Int(K;) # #;
3) Ci = Cmps(xi,Qi), Qi € Int(Ki_l) and

Qi ¢CmpS(Xi,Qi_l)7

i+l . .
4) hi : Xi+1 > Xi is a retraction of Xi+l onto Xi so
i+l . . . i+l _
that hy |xi is the ldentlt{ on X,, hj "(K;, ;) = Q.
i+l _ i+l1- _ .
hi (Xi+l xi) = Ci’ hi (P) = P; and
5) {M;};=l is a monotonic set of subcontinua of xi so
_ i i . i+l i+l _ i
that Ci = Uj=1Mj’ Qi € Mj for all j, and hi (Mj ) = Mj
for all j.
Define X = 1ljim {x.,hj} and let 7.: X + X. be the
wo l<J(J<:wo 1 1 1 wo 1
natural projection, ni(x) = X5 where x = SRR TYARAE

Claim 2.1. Xw 18 a pseudo-arec.
0

Proof. Xw is chainable and hereditarily indecomposable.
0

Claim 2.2. If x € Xw and there is an integer j > 2
0 2z

such that nj(x) € Xj_2 then m; (x) € Xj-2 for all i > j.
Proof. We prove the claim by induction, suppose that

k > j and m (x) € xj_2 for j < &2 < k. Since xj_2 < X g

we have ﬂk(x) =x € Xj_2 < X, and by condition 3 since
Q ¢ Cmps (X, ,Q, _,) and Q, _, € X, ; then X, _, N C = 4.

But h11:+1(Xk+1 - X)) =Cyp 50 Xy € Xy - Xy SO X, € Xy,
but h§+l is the identity on X S0 X = X and hence
¥k+1 € Xyo2-
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Let QUu be the point Ql’QZ’"" in the inverse limit

0
w
space X . Let M‘0 = lim {M ,h |M Denote
®g 1<k<w0 3 3
Cmps(X ,Q0 ) by C .
Wo Y “o
. o Wo
Claim 2.3. Cw0 = Uj=le .
wo . Wo
Proof. Suppose C # UJ l - Since Mj is a proper
wo
subcontinuum of X it follows that u cC . Let
wo 3=1"; @y
© (1)0 . .
2 € CUu - Uj=1Mj , then there is a proper subcontinuum I
0 .

of Xw containing z and QUu . There exists an o so that
0 0

a
"a(l) # Xa. But Qa € "a(I) so na(I) c Ca and ﬁa(I) c Mj’

[0 3 . .
T (I) # M for some j. Now T l(I) contains Qa+l so

w1 () 0 M“*l # §. But h“*l( ML) = M% and M® ¢ 1 (D) so
J J J o
Mg+l ¢ ﬂa+l(I) and so by hereditary indecomposability
(D) € M?+l Therefore by induction 7, (I) M§ for all

w
A > o and hence I c Mj0 which is a contradiction. So

© 0)0
(e = U._,M." .
wg j=1"3
. s _ . r+l r+2 s
Define: hr = hr ° hr+2 o e o0 hs-l for r < s < wg
w
0 _ wg
h,= = Tr
R s _
Claim 2.4. If r < s then hr(Xs Xr) = Cr.
Proof By condition 5 we have C = Mr+l and
- By Ve Cry1 T Vi
r+l r+l, _ . r r+l _ Caas
hr (Mi ) = Mi' So h (C r+l) = Cr' Thus by definition
of hi we have hi(cs) = Cr‘ We prove the claim for the case

when r # wy by induction. Suppose then that for all % such
that r < 2 < k we have hi(xl—xr) = Cr' This is clearly

true whenever k = r + 1. Let x € X, ., - X . If x ¢ X
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k+1 . k
then x € X Xk so h (x) € Ck’ but since hr(ck) =C_,

k+1 r
k+1

then h (x) € C . If x € Xk then x ¢ Xk - Xr and hk is
the identity on Xk so h (x) = ht(x); and so by the induc-
tion hypothesis h (x) € C . Consider now the case where

r=uw Let x € Xw0 - X_. Then for ;ome § >r, x; ¢ X_.
w

Wy s
So x¢ € X¢ - X . Thus h " (x) = h_ o

o
0 _ 40
(x) = h)(x,) € C,

by the previous case.

We shall now define Xa' Qa' {M } =1’ C and hg (for all
B < a) for all ordinals a < wy - Also we shall define Ha
and Ka for all non-limit ordinals a < wy - Suppose § < Wy
is a limit ordinal and XA’ etc. have been defined for

A < § and X, is a pseudo-arc for all X < §. Then let

A
X, = lim {X ,h 1,
§ A<Y<6 A
s
Since LY is the projection of X6 onto the A coordinate we
X

. § _ § _
define hy = m,~. Let QG = {QA}A<G'

Mg = 1lim {M h }, and
A<y<$

C, = Cmps(XG,QG).

§
The sets H6 and Ké need not be defined for limit ordinals.

Since § < wy then some countable set is cofinal in § so xd
is a pseudo-arc. Furthermore by claim 2.3 C‘5 = U:=1Mg.

Suppose u is not a limit ordinal but y = § + n for
some limit ordinal 6§ and some positive integer n, and that
xx, etc. have been defined for all X < 6 and that we have:

1) XA is a pseudo-arc,
2) QA € Mﬁ and Mi is a subcontinuum of XA for all posi-
o A

tive integers i, and CA = Ui=l it
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3) if B < A

Then we obtain X

replacing Xl

INGS Volume 9

A
B

A
hB(xX

: h

M8,

A
a) M) i

b) - X))

B
nCA=¢:

_ A
= hB(CA)'

Xg

Cg

, etc. by using

c)

d)

§+n
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CB'

and

the construction above by

with XG' Ql with Qé' and Mi with Mi for all i.

Thus conditions 1, 2, and 3 are satisfied for all ) < wy

Define X
w3

Let W

ﬂa(x) € XY}. Th
Note, we identif
proper subcontin

Since for each vy

X is irreducib
w
1
C = X - W.
w3 w1
Claim 2.5.
Proof.
that y, ¢ XB (or

lim {X

BASY
X<Y<wl

A

{Mi,h{}, and

X
Y<wyTy

us W = Le

y P with {P}A<w1'

uum of X and P €
w1
< w, X 1is irreduc
1%y
le from P to Q .
w1

W.

Let y € le

If a > B then Y, ¢

else y € X, c W).

B

{x| there exists y < w; such that if o > y then

= Cmps (X Q ).
1 Wy Wy

If y < w; then XY is

tC
w
a

/P).
1

ible from P to QY then

X , so W c Cmps (X
Y w

We wish to prove that

XB.

If o« > B there exists an ordinal § > o such

Suppose Y, € xB then

cy [
Yy ¢ Ca by condition 3c above. But ha(X6 Xa) c Ca so

Y ¢ X, = X so

§ .
Ys € Xa' But ha is

the identity on Xa SO

8 _ _ s _
ha(yé) =y, € XB so Yo =Y, and Yg € XB which is a contra

diction.

following claim:

Furthermore a similar argument establishes the
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Claim 2.6. If o > B then there exists § > o such

that y; € X and so yo € Xs - X,

Claim 2.7. y_€ C_.
a o
Proof. By claim 2.5 there is a § > a such that

8
Y € Xg ~ Xa' But ha(xd - Xa) c Ca so y, € Ca'

Claim 2.8. y € C
“1

Proof. By claim 2.7 and condition 2 above for each a
there exists an integer n, so that Yq € Mz . So there is
o

an uncountable subcollection J of wy and an integer n so

that n,6=n for all a € J. Now J is cofinal in wy and

hg(Mg) = Mﬁ for all 8 < @ so y € 1ljm {Mﬁ,h}} and hence
A<Y<wl
w

y € Mnl, which is a proper subcontinuum of Xw that contains
1

Q . Soye€ecC .
@ w1
Thus from claim 2.7 we have established that Xw has
1
exactly two composants W and Cm .
1
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