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ON ULTRA POWERS OF BOOLEAN ALGEBRASl 

Alan Dow 

o.	 Introduction
 

If A is an algebra with finitely many finitary opera

tions and relations and if p is an ultrafilter on W then 

the reduced ultrapower AW/p is also an algebra with the 

same operations. Keisler has shClwn that CH implies AW/p 

is isomorphic to AW/q for any free ultrafilters p,q on W 

when IAI ~ c. In this note it is shown that if CH is 

false then there are two free ultrafilters p,q on W such 

that if (A,<) has arbitrarily long finite chains then 

AW/p is not isomorphic to AW/q. This answers a quesfion 

in [ACCH] about real-closed nl-fields. Furthermore we 

show that, if A is an atomless boolean algebra of cardi

nality at most £, then each ultra.filter of AW/p has a 

disjoint refinement, partially answering a question in [BV]. 

We also show that if B is the countable free boolean algebra 

then it is consistent that there is an ult~afilter p on W 

so that P(w)/fin will embed into BW/p but BW/p will not 

embed	 into P(w)/fin. 

1.	 Preliminaries 

In this section the notation we use is introduced and 

we review some facts about ultraproducts which we will 

require. Our standard reference is the Comfort and Negre

pontis text [CN]. Small Greek letters will denote ordinals 

lResearch supported by the NSERC of Canada. 
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and a cardinal is an initial ordinal. If S isa set and 

a is an ordinal, then Sa is the set of functions from a to 

S, lSi is the cardinality of Sand [S]<a is the set of 

subsets of S of cardinality less than a. We sometimes use 

2a to denote cardinal exponentiation and this shall be 

clear from the context. If an ultrafilter p on a cardinal 

a has the property that IAI a for each A E P then p is 

called a uni!opm ultrafilter; U(a) is the set of all uniform 

ultrafilters on a, Sa is the set of all ultrafilters on a 

and a* is all free ultrafilters. 

Let a be an infinite cardinal and let p E a*, for a 

set S the ultrapower sa/p is the set of equivalence classes 

on Sa where for s,t E Sa, s =p t if {a E a: s(a) = t(a)} E p. 

We will usually assume that when we choose s E Sa/p we have 

in fact chosen s E Sa. If L( , ) is a binary relation on 

S then L(p, , ) is a relation on Sa/p or Sa defined by 

L(p,s,t) if {a E a: L(s(a),t(a»} E p. More generally, if 

p is any filter on a, define L(p,s,t) if {a E a: L(s(a), 

t(a»} E p. If for yEa, S is a set then the ultraproducty 

IT S Ip is defined similarly, as are any relations andy<a y 

functions. Also let L(p,s,t,v) abbreviate L(p,s,t) and 

L(p,t,v). Throughout this paper L will be an order (the 

usual order on an ordinal) and E will be equality. 

A function V from [a]<w to P(a) is called multiplica

tive if V(H) = {V({a}): ~ E H} for each H E [a]<w. A 

filter p on a is called a+-good if for each function W from 

[a]<w to p there is a multiplicative function V from [a]<w 

to p such that V(H) ~ W(H) for each H E [a] <w . A filter 
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is w-inaomplete if it has countable many members whose 

intersection is empty. 

A structure (S,L) is o.-satuJrated if whenever fewer 

than 0. sentences of the form 3x ][,(s,x), 3x --, L(s,x), 

3x L(x,s) or 3x ~ L(x,s) are given and any finitely many 

can be satisfied with a single xES, then there is an 

xES which satisfies them all simultaneously. For 

exampl~ the set of rationals with the usual order is 

w-saturated but not wl-saturated. For subsets C,D of S, 

let L(C,D) abbreviate that L(c,d) for each c E C and d E D, 

in case of L(C,{d}) or L({c},D) ~Ne will omit the parentheses. 

For regular cardinals K,A we say that (C,D) forms a 

(K,A)-gap in (S,L) if L(C,D), C is an increasing chain of 

order type K, D is a decreasing chain with order type ~ 

under the reverse ordering and there is no xES with 

L(C,x,D) . 

Keisler introduced the notion of an o.+-good ultrafilter 

basically because of the following theorem. Keisler showed 

that assuming GCH there are w-incomplete o.+-good ultrafilters 

in U(o.) and Kunen later removed the GCH assumption (see 

[ Ke], [ K], [ CN] ) • 

1.1 Theorem (Keisler). 

if (S,L) is w-saturated and p E U(o.) is w-incomplete and 

o.+-good. 

Another result of Keisler's which we require is the 

following. 
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1.2 Theorem (Keisler). If p E U(a) is a+-good and 

{S : y < a} are all finite sets suoh that {{y: IS I > n}:
y y 

new} c p then IITy<aSy/pj = 20.. (Note that p is 

w-incomplete.) 

We include a proof of 1.2 because it is probably not 

as well known as 1.1 and to give the flavor of the use of 

good filters. 

Proof. Let W be the map from [a]<w to p defined by 

W(H) = {y: ISyl > k}where k = IHHI. Suppose that 

V: [a]<w ~ p is a multiplicative function refining W. For 

each y < a, let H = {o E a: y E V({o})}. Now define y 
H 

n IH I and note that we may assume that S ~ T = n yy y y y y 

since V(H ) = {V({o}): 0 E H } c W(H). Let X = IT < n /p.y y y yay 

Define a function e from Xa to IT < T /p as follows: for yay 

y E X
a let e(y) E IT < T /p where e(y) (y) E T and is such 

yay y 

that e (y) (y) (0) yeo) (y) for each 0 E H. Now if Y ~ z y 
a are both in x , then for some 0 E a ,E(p,y(o) ,z(o)). It 

follows that {y E a: e (y) (y) ~ e (z) (y)} ::> {y E a: 0 E H 
Y 

and y ( 0 ) ~ z ( o)} = V ( { 0 }) n {y: y ( 0) (y) ~ z (0) (y)} E P and 

so e(y) ~ e(z). Therefore IITy<asy/pl > IITy<aTy/pl > 

lxal = 20.. The reverse inequality is trivial. 

1.3 Definition. For a cardinal a, let y E 0.0. where 

reo) = y for 0 E a. For p E 0(0.), define K(i,p) min{K: 

(aa,L(p)) has an (wi,K)-gap of the form ({y: y < wi}' 

{fo: 0 < K})} for each regular wi ~ a. Similarly, let 

b(p) min{K: (aa,L(p)) has (K,~)-gap}. If a = w, let 

K(,0',p) = K(p). 
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1.4 Proposition. Let p E U{a) be w-inaomplete a + -good. 

If (S,L) has increasing chains of any finite length then, 

for each regular wi ~ a, K{i,p) is the unique regular 

cardinal such that (Sa,L{p)) has an {W.,K)-gap. Hence 
1 

K (i,p) > a. 

Proof. Let us first show that (Sa,L{p)) has an increas

ing chain of order type a. Fix {A : nEw} c p so that 
n 

nAn =~ and let V be a multiplicative map of [a]<w into p 

with V(H) c AIHI for H E [aj<w. For each 0 E a, let 

H {y E a: 0 E V{{y})} and let Co = {c{o,y): y E H } C S o o

be a chain. Define, for y E E S~ so that if E Ha, 9"( Y 0 

then gy{o) = c{o,y). Now if S < y < a, then {o E a: L{gS{O)' 

gy{o))} ~ V{{S,y}) E p. It is now clear that if Wi ~ a is 

regular and {gy: y < Wi} c Sa is a chain then we may assume 

that V, {gy: y < Wi}' {H : 0 E a} and {Co: 0 E a} are,aso 

above. Furthermore if h E Sa is such that L{p,g ,h) for 
y 

y < Wi then there is an hi E ITo<aCo so that L{p,g,hl,h) 

for y < Wi. Indeed, define hi (o) = max{gy{o): y E H and 
o 

L{9y(0),h{0))}. Therefore, for any regular cardinal K, 

if {h: y < K} c Sa is such that {{g: y < w.} ,{h: y < K}) 
y • y 1 Y 

form a gap, then we may assume {h
y

: y < K} C ITo<aCo. 

Similarly in the structure (aa,L(p)), if {f : y < K} c aa 
y 

is such that ({r: y < w.},{f : y < K}) form a gap, we may
1 y 

a~sume f E ITo<aHo. The result now follows from the fact y 

that (ITo<aCo/p,L(p)) is isomorphic to (ITo<aHo/p,L{p)). 

If B is a boolean algebra, then the Stone space of B, 

S(B), is the space of ultrafilters of B in which a set is 

closed and open (=clopen) precisely when it is of the form 
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b* = {p ~ S(B)~ b € p}" Conversely if x is a compact 

space with a basefo~ the topology consisting of clop~n 

~ets (=O-dimensional) then CO(X) is the boolean algebra 

of olopensubsets' Qf X. ~t is clear that B is isomorphic 

to CO(S(B» and that X is homeomorphic to S(CO(X». Also 

B embeds into CP(X) if and only if X maps continuously onto 

S(B). The set Sa is topolo9'i~ed as S(P(a» and both U(a) 

and a~ have the subspace topology. Reca~l that the unique 

countable atomless boolean algebra is equal to CO(2w) 

where 2w is the Cantor set (i.e. 2w has the product topology) • 

There is an alternate construction of an ultrapower of 
? 

a boolean algebra B. The topological space a x SiB) (where 

a has the discrete topology) has a Stone-Cach compactifica~ 

tion Sea x S(B»). In fact, S(a x S(B» is just the Stone 

space of BQ 
• The map f: a x S(B) .... a defined by f[{y} x 

5(B)] :;= {y} extends to an open map f from B(a )( S (:6» to 

Sa. If we let xP ~ f+(p) for p € U(a) then CO(KP) =Ba/p. 

If p is w-ineomple~e a+-good then xP is an F +-space in 
a 

which any non-e~pty intersection of at most a many clopen 

sets has infinite interior (see [eN]). This is clearly not 

a useful way of con$tructing the ultrapower but the space 

KP is an interesting topological space and an analogous 

construction can be made from spaces of the form a x Y 

where Y is, for example, connected. 

2.	 The Main -Con8tructionl 

Let (S,L) be an w-saturated structure with 151 = a and 

let p,q € U(~) be w-incomplete a+-good. If 20. z a+ then it 

is easily seen by 1.1 that scx/p =scx/q because they each 
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have cardinality 2a . However if 2a > a+ it may not be the 

case that these ultrapowers are isomorphic. The easiest 

way to distinguish them would be if K(i,p) ~ K(i,q) for 

some wi ~ a~ In this section we show that there is always 

p € U(a) so that K(i,p) = cf(2Q 
) (the cofinality of 2Q 

) 

for each wi < Q. Furthermore in the case of Q = w we show 

that K(p) can be anything reasonable. In fact we prove 

the following two theorems. 

2.1 Theorem. There is an w-inaomplete a+-good ultra

filter p on Q so that K(i,p) = cf:(2
Q 

) for each regular 

w. < Q. 
~ 

2.2 Theorem. For each reguZar K with WI < K < 2w there 

i8 apE U(w) 80 that K(p) = K. 

The reason that we are able to prove more for a = w is 

that every free ultrafilter on w is w+-good which is not 

the aase for Q > w. If (R,<,+,x) is the field of real 

numbers then (Rw/p,L(p),+(p),x(p» with the obvious mean

ings is an example of a real-closed nl-field or an H-field 

(see [ACCH}), for each p in U(w). From 2.2, we obtain the 

following answer to a question in [ACCH]. 

2.3	 Corollary. If 2w > wl then there are non-isomorphic 

2wH-field8 of cardinality . These fields may all have the 

form RW/p for p E U(w). 

This was shown to be consistent by Roitman [R] and the 

first sentence was shown to be consistent in [ACCH). 



276 Dow 

Recall that if p is a filter on a, not necessarily 

maximal, and f,g E Sa then L(p,f,g) denotes the condition 

{6 < a: L(f(6),g(6»} E p. If P is the cofinite filter on 

w then we use f <* 9 rather than L(p,f,g). Recall that 

b :: mini IF I : F c w w and there is no 9 E ww such that 

::::=f <* 9 for all f E F} and d rnin{ IF I : F c ww and for each 

w 
9 € w there is an f E F with 9 <* fl. It is easily seen 

that, for any p E -U(w), ~ ~ b(p) ~ d and since it is con

sistent that b :: d = K for any regular K with w ~ K < 2w,
l 

b(p) cannot take the place of K(p) in 2.2. On the other 

hand it is a result of Rothberger that ~ min{K: P(w)/fin 

has an (w,K)-gap} and it is easily shown that b ; min{K: 

(ww,<*) has an (w,K)-gap} hence it is somewhat surprising 

that K(p) need not equal ~ or b(p). However for P-points 

in U(w) K(p) ~ b (I do not know if K(p) = b(p». A point 

P € S (B) , for a boolean algebra B, is a P -point if p is 
a 

an a-complete filter, a P-point is a P -point (i.e. if
wI 

A € [p]w then there is abE p with b < a for each a E A) • 

2.4 Proposition. If p E U(w) is a P-point then 

b < K (p) < d. 

Proof. If g E wW and L(p,~,g) for each nEw, then 

there is an f E WW such that E(p,g,f) while f+(n) is finite 

for each nEw. Now let {go.: a < K(p)} C WW be chosen so 

that Ig:(n) I < W for each nEw and ({~: n E w},{ga: 

a < K(p)}) forms a gap in (ww,L(p». For each a < K(p) and 

nEw define fa(n) = rnin{k: ga(j) > n for j ~ k}. We show 

that {fa: a < K(p)} is unbounded in (ww,<*). Indeed 

suppose that f E WW is strictly increasing and f <* f for 
a 
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a < K(p). Define g(k) : max{n: £(n) ~ k} for k € w. Let 

a < K(p) and choose mEw so that f(n) > f (n) for n > m. 
a 

Now let j > f{m) and let g{j) ~ n, hence f (n) < f{n) < j
a 

which means that ga(j) > n. Therefore 9 <* g~ for all 

a < K(p), which is a contradiction; and so K(p) ~ £. Now 

let H c WW be increasing functions with IHI = d so that for 

each f E W
W there is an h E H with f <* h. For each f € H, 

I{a < K(p): f <* f}1 < K(p) since otherwise we could define a 

g as above and have 9 <* ga for a < K(p). Therefore, since, 

for each a < K{p), there is an	 h E Hwith fa <* h, K(p) ~ IHI. 

Before we can give the proofs of 2.1 and 2.2 we need 

some preliminary results. 

2.5 Definition. Let F c aa and let p be a filter on a. 

F	 is of Zarge osaiZZation mod p if for any n < w, 

n 
{f1 ' • • • , f } c: F I ( Y1 I • • • , Yn) € a and A E P the setn 

A n n{f~(y ): 1 < i < n} is not empty. 
~ n - 

The above definition and the following result are in 

[EK] • 

2u2.6 Theorem. There is a set F c aa of cardinaZity 

8uch that F is of Large osciLZation mod p where p = {A c a: 

la\AI < a}. 

Kunen constructed a+-good ultrafilters on a using the 

following idea. 

2.7 Lemma. Suppose that p is a fiLtep on a, F c aa is 

of Za~ge osaiLZation mod p~ W i8 a function from [a]<w into 
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p and A is a subset of a. There is a filter pi ~ p, and 

F I c F and a multiplicative function V from [a]<w into pi 

80 that V refines W, IF\FII ~ w, either A or a\A isin"pl 

and FI is of large oscillation m~d pl. 

Proof. We first find v. Let {H : y < a} be a listingy 

of [a] <wand let f~ E F be arbitrary. For each H E [a]<w I 

let WI (H) =: n{W(J) : J c H}, and define V(H) U{f;(y) n 

WI (H ): H c H }. For each 0 E Hand y with H C y y Hyl 

V({6}) n f;(y) = W' (H ) and for y with H\H ~ ~ there is a y	 y 

o E H with V({o}) n f;(y) ~. It follows that V is multi 

plicative. Let p~ be the filter generated by p U {V({o}): 

Q < a}i p~ is a filter since for D E PI. Y < a D n V(H ) ::> y 
-+-

D n WI (H ) n f~(y) ~~. It is routine to check that F\{f~} y 

is of large oscillation mod p~. If F\{f~} is of large 

oscillation mod the filter generated by p~ U {A} then let 

these be FI and pi respectively. Otherwise there are 

f 1 I • I f nEF \ { f ~} I (y 1 ' • • • I Yn ) E an and D E P~ with DnA n 

n{f~(y.): i : l,···,n} ~~. In this case we let 
~ 1. 

F' = F\{f~,fl,···,fn} and let pi be the filter generated 

by PiX U {f: (y . ): i = 1 I • • ,n} • 
p 1. 1. 

• 

The construction of an w-incomplete a+-good ultrafilter 

is then just an induction of length using 2.7 and being2a 

sure to introduce enough multiplicative functions and to 

make sure it is maximal. In order to prove 2.1 we simply 

add a few steps to the induction ~ccording to 2.8. 

2.8	 Lemma. If p and F ape as in 2.7, wi .:. a and 

a
H {h E a : L(p,y,h) for all y < wi} then there is a 
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fiZte~ pt and a fu~ction f E F so that L(p,~,f,h) for 

y < W' J h E Hand F\{f} is of Za~ge oBciZZation mod pt. 
~ 

Ppoof. Let f € F be arbitrary and let pt be the 

filter generated by p u {u{f+(o) n h+«O,wi): y < 0 < wi}: 

y < w. and h E H}. We show that F\{f} is of large oscilla
1 . 

tion mod pl. Indeed suppose that f1,···,f € F\{f},n 
(Y1,···,Yn ) tan, A € p, Y < wi alnd h E H (note that H is 

closed under finite meets). Let y < 0 < wi' then 

A n h+ ((o,wi) ::: AI € P since L(p,t,h). Therefore 

A' n £+(6) n n{f;(Yj): j ~ l,ooojn} ~~. It is clear t~t, 

for y < wi' L(p,t,f) and, for h E H, {j < u: f(j) < h(j)} ~ 

u{f+ (0) n h +- ( (0 t W • ) ): 0 < w.} € p'. 
~ .1.. 

Praoo! of Theo'1'sm 2.1. Starting with a family F given 

in 2.6 perform an induction of length 2u to construct a 

chain of filters {PeS: <5 < 2a } using; for instance, 2.8 when 

cf(o) = wi and 2.7 otherwise. ~~o see that, for wi ~ a with 

w. regular, K(i,p) > cf(2 Q
) observe that if H c aa t 

~ 
IHI < cf(2a ) and L(p;y~h) for ~ < wi and h E H then ther~ 

2uis some 0 < with cf(c) = wi such that L(Po,l,h) for 

y < w. and h E H. Therefore by 2.8 t there is an f E aa with 
~ 

2QL(P6+1,y,f,h) for y < wi' h € H. Also, if D c is aofinal 

with c£(6) = wi for 6 E D,then there are £5' 6 E 0, so 

that if !'(p,y,h) then L(P8,y",h) for some 0 E: 0 and so 

L(p,y,fo,h) • 

Ppoof of Theorem 2.2. In this case a = wand so We do 

not have to worry about making the filter a+~goOd. Let K 

Wbe any regular cardinal with w1 ~ K ~ 2w and let F ~ W be 
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of large oscillation mod the cofinite filter with IFI = K. 

For each f E F, let gf be the map from U(w) onto the ordinal 

space w + I defined by g;(n) = [f+(n)]* and g~(w) = U(w)\ 

u{g;(n): nEw}. Now let G be the map from U(w) onto 

(w + l)F which is just the product of the gf's, f E F. 

Finally, using a Zornls Lemma argument, we find a closed 

set K c U(w) so that G maps K onto (w + I)F but no proper 

closed subset of K maps onto (w + l)F. Let p~ ~ {A c w: 

K c A*} and note that F is of large oscillation .mod p~ 

since K n n{f:(n i )*: i ~ l,···,n} t ~ for all {fl,···,f } c F n

and n E w. The following. Fact is the key to the wholei 

proof. Let F = {f : a < K} and let X = (w + I)F.
a 

Faat 1. If A c w then there is a countable set J 

supp(A) C K such that if x E G(A* n K) and y E X with 

y (fa) =: x(f ) for a E supp (A) then y € G (A* n K), and 
a 

supp(A) is minimaZ with respect to this property. 

HProof of Fact 1. Let S = u{w : H € [F] <w} and for 

5 E S let [5] be the clopen subset of X given by [s] = 

{x E X: sex}. Recall that each non-empty open subset of 

X contains an element of SI = {[s]: s E S} and that any 

set of pairwise disjoint members of SI is countable. Now, 

for A_c w, choose T E [S]~w so that TI = {[t]: t E T} is a 

maximal collection of pairwise disjoint clopen subsets of 

G(A* n K). Clearly, UTI is dense in X\G(K\A*). Therefore 

X and since (G+(UTI) n K) U K\A* 

is closed, it follows that G(A* n K) = UTI. Let sUPPT(A) = 

{a: fa € U{t: t E T}}. Now since x E G(A* n K) if and only 

if x E UTI the proof of Fact I is complete if we can find a 
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minimal supp(A). Indeed supp(A). = {a: 3s E Sand n < w 

such that [5] ¢ G(A* n K) and [s U (fa,n)] c G(A* n K)}. 

By definition [ttsupp(A)] c G(A* n K) for each t E T, so 

it suffices to show that supp(A) c SUp~(A). Suppose 

a E sUpp(A) and s, n exhibit this fact. Then let y E [s]\ 

G(A* n K) and let x(f ) = y(f ) for S ~ a and x(f ) n.S S a 

Since [s U (fa,n)] c G(A* n K), x E G(A* n K). Since 

sUPPT(A) has the first property stated in Fact 1 it follows 

that supp(A) c sUPPT(A) and we are done. 

We define a chain of filters {Pa: a < K} so that if 

supp(A) c a then A or w\A is in Pa+l' if A E Pa then 

supp(A) c a and {fo: 0 ~ a} is of large oscillation 

mod Pa. Suppose a < K and we have defined {Py: y < a}. If 

a is a limit then let p = U{p : y < a}. Now suppose that a y 

a = y + 1 and let H = {h E ww: L(p ,n,h) for n < w}. Just 
y y -

as in 2.8, let pi be the filter generated by p U {U{f+(n) n 
y y y 

h+((n,w)): n > m}: m E w, h E H}. Extend pi to a filter 
y y 

Pa maximal with respect to the property that A E Pa implies 

supp(A) c a. 

Let us check that {f : 0 > a} is of large oscillation o 
mod p • First of all, by the minimality of supp(A) for 

a 

Ac w, it is clear that supp(A) c a for A E pl. Now if 
Y 

A E then supp(A) c a and also G(K n A*) ~ fJ becausePa' 

Choose x E G(K n A*) and let {o.: i = l, • • • ,n} c 

K\y and n E w i i,··· ,n. Let y E X be defined so that 

P~ ::> p~. 1 

i 

y (f ~ ) = n. for i = l,···, nand y (f ) = x (f ) for y < a. 
vi 1 y Y 

By Fact 1, y E G(K n A*) and clearly y E G(n{f~. (n i )*: 
1 
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Therefore A* n n{f: {n.}*: i = l,···,n}i l, • • • , n} n K}. u . ~ 
1 

'f II since n{ f; .{hi} 'It: i = l,···, n} :J G+ {y} • 
J. 

Finally we must show that if p = u{p : a < K} then a 

K{p} = K. Indeed, let H c wW with IHI < K and suppose that 

L{p,!!,h} for each nEw and h E H. Let y < K be large 

enough so that for each nEw, h E H, supp{h+{n,w}} ~ y. 

Therefore H C H and by our construction L{P,~,fy+l,h) for y 

each nEw and h E H. Therefore K{p} = K. 

As mentioned above Roitman proved that 2.2 holds con

sistently. In fact her techniques can be used to prove 

much more; it is consistent that BW/p can be c-saturated 

providing that B = CO{2
w

} . 

2.9	 Theorem [R]. If M is a modeL obtained by adding 

w Wl 
w Cohen reaLs to a modeZ of 2 = wl ' 2 = w2' then there

2 

is apE U{~) such that [CO{2w}]w/p is w2-saturated. 

This is also a theorem of MA {Martin's Axiom} and even 

P{£}. P{£} holds if for each free filter 'P on w with 

Ipl < c there is an infinite A c w so that IA\O! < w for 

D E: p. 

2.10 Theorem. (P{£)} There is a point p E U{w} 80 that 

[CO{2W)]W/p is c-saturated. Furthermore p can be chosen to 

be a pc-point. 

Proof. P{£} implies that 2
K = £ for each K < c and 

so we choose a listing {(F ,G ): y < c} of all pairs of 
y y 

subsets of.size less than c of [CO{2 w}]w so that each pair
 

appears ~ times. Construct a chain of filters on w, 
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{p :	 y < £}, so that Ip I < w·lyl as follows. We set y y -

P~ = ~, PI = cofinite. At limits we take unions and at 

successor steps we ensure that if F U G is a chain under y	 y 
W

L(p)	 and L(p,Fy,G ) then there is an h E B with y 

L(p +1,F ,h,G ) where B = {b : mEw} = CO(2w)\{~}. Indeed,y y y m 

for A € Py' f E F and 9 E G ' let Af,g = {(k,m): k E A,y y 

f(k) < b < g(k)}. If L(p,F ,G ), then q = {A : A E p,m Y Y Y f ,g 

f E F ' 9 E G } is a filter base of cardinality less than y y 

c. By P(£), we choose C c w x w such that IC\Af I < w for ,g 

each A E q. Now since C is infinite and p containsf ,9 y Y 

the cofinite filter, D = {k: C n {k} x w ~ ~} is infinite. 

WDefine h E B so that, for kED, h(k) b implies m E C. m 

Now if we let Py+l be the filter generated by Py U {D} then 

{k E D: f(k) t h(k) or h(k) t g(k)} c {k: C\Af,g n {k} x 

w ~ ~} and so is finite. Also D\A is finite for each 

A E Py hence p UPy is a Pc-point. Now BW/p has no 

(K,A)-gaps for K,A < c and by a result in[D] this ensures 

that it is c-saturated. 

3.	 Applications to Boolean Algebras and 1'opology 

If B is an atomless boolean algebra and p E U(w), it 

follows from 1.1 that BW/p is ,an wl-saturated boolean alge

bra. It is well known that P(w)/fin is wl-saturated and 

so it is natural to be interested in determining which 

properties BW/P and P(w)/fin share and which they need not. 

In particular Balcar and Vojtas showed that each ultra

filter of P(w)/fin has a disjoint refinement and asked for 

which other algebras is this true. Also van Douwen showed 

that this and some other properties of P(w)/fin are shared 
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by those wI-saturated boolean algebras of cardinality £ 

whose Stone spaces map onto U(w) by an open map. 

A point x in a space X is called a K-point for a 

cardinal K if there are K disjoint open subsets of X such 

that x is in the closure of each. If X = S(B) where B is 

an a+-saturated boolean algebra and K 2a , then this is 

equivalent to the corresponding ultrafilter of B having a 

disjoint refinement (that is, there is a function f from p 

S(B) to B\{O} such that f(b) < band f(b) A f(c) = 0 for 

b,c E p). A subset {b(i,j): (i,j) E 1 x J} of B is called 

an I x J-independent matpix if b(i,j) A b(i,j') = 0 and 

A{b(i,f(i»: i E I'} ~ 0 for any i E I' E [I]<w, f E JI' 

and j f j' E J. B has an I x J-independent matrix if and 

only if S(B) maps onto (D(J) + l)Iwhere D(J) + 1)1 has the 

product topology and D(J) + 1 is the one point compactifica

tion of the discrete space J. Kunen introduced independent 

matrices in [K2], he showed that P(w)/fin has a x _2w 2w 

2windependent matrix and used this to construct -OK points. 

As mentioned above Balcar and Vojtas [BV] showed that every 

point of U(w) is a 2W-point. 

3.1 Theorem [vOl. Let B be an wI-saturated boolean 

aZgebra with IBI = 2w such that S(B) maps onto U(w) by an 

open map. (For example see the end of seation 1) • 

(0) S(B) has P-points if and onZy if U (w) has P-points. 

(1) B has a 2 w x 2w-independent matrix. 

(2) Every point of S(B) is a 2w-point. 
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(3) If P(w)/fin has an (w,~)-gap then so does B. 

(In partioula~ B has	 an (w,~)-gap and it is consistent 

that b < ~). 

Now let Q be an infinite cardinal and let B be any 

2Qatomless boolean algebra with IBI ~ • Also let p be an 

. + . 
w-~ncomplete a -good	 ultrafllter on a. 

3.2 Theorem. (0) S(Ba/p) has a dense set of P +-points. 
Q 

(1) Ba/p has a 20, x 2a -independent matrix. 

(2) Each point of S(Ba/p) is a 2a -point. 

(3) Ba/p has an (wi,K)-gap ~~f and on ly if K K(i,p) 

for each regular wi < a. 

3.2 (0) Proof. Let f E (B\{O})a and for each y < a 

choose E 8(B) so that f(y) E Yy. We show thatYy 

x ::: {g E Ba/p: g(y) E for y E a} is a P +-point ofYy a 
S(Ba/p). Indeed, let {go: 0 < a} c x and {A : n E w} c pn 

so that nA [J. Define W: p by W(H) n[a] <Lu + ::: A
n 1H1 

{y < a: go(y) E y y for 0 E H}. Now let V: [a]<w + p be a 

multiplicative function refining W. As usual, for each 

yEa, H ::: {o E a:	 y E V({o})} is finite. Also, since 
y 

V(H ) c W(H ) and B	 is atomless we may choose g(y) E yy so 
y y 

that g(y) < g6(y) for 6 E H . It follows that 9 E x and y 

that L(p,g,go) for each 0 < a. 

3.2 (1) Proof. Since B is atomless we may choose 

{b(n,m): n,m E w} c B to be an w x w-independent matrix 

(i.e.	 S(B) maps onto (w + l)w). For each f,g E wa/p define 

b(f(y) ,g(y)). We verify that 
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{afg : f,g € wa/p} is an independent matrix. Indeed, if
 

U
f,g,h E W with L(p,g,h) then {y € u: afg(y) A afh(y) = O} 

{y E u: b(f(y) ,g(y» A b(f(y) ,h(y» = O} = {y E u: g(y) ~ 

h(y)} E p. Similarly if F is a finite subset of wU/p and 

G is a function from F into wU/p then {y E u: A{af,G(f) (y): 

f € F} 'F O} => {y E u: A{b(f(y) ,G(f) (y»): f € F 'F O} => 

{y € a: I{f(y): f E F}I = IFI} € p. 

Before we prove 3.2(2) we prove a result which is 

proven about P(w)/fin in [BV] although it is not stated 

explicitly. 

3.3 Lemma. If A < U and {a : n < A} c Ba/p with n 
an A a~ = 0 for n < ~ < A then the set C = {b E BU/p: 

{n: b A a ~ O} is infinite has a disjoint refinement. n 
Proof. Let {Am: m € w} c P with nA = ~ and for m 

H E [A]<W define W(H) {y E u: an(y) ~ 0 and an(y) A a~(y) 

o for n ~ ~ and n,~ E H} Let V be a multiplican A IHI " 
tive map from [A]<W to p which refines W. Let C = {co: 

o E 2u } and define 18 = {n E A: L(p,O'C 8 A an)}. Also let 

H = {n E A: y E V({n})} and define 50 = {a (y): n € H n I~ y Y nyu 

and an(y) A co(y) ~ O} (and s~ {~} if this is empty) for 

each y < a and 6< 2u . Now if H e [Io]<w, {yea: 

IS~I > IHI} ~ V(H) n {y E a: co(y) A an(y) ~ 0 for 

2a y € H} E p. Therefore, by 1.2, Irry<as~/pi for each 

U° € 2u • It follows, therefore, that for ° € 2 , we may 

chcose d ° E II y<uSYOlP so tha t E( p,n, d °A an ) f or n < 
A 
\ and 

~E(p,do,dS) for S < ° < 2u . Now let S < ° < 2u , we show 

that E(p,O,d A d ). Indeed, let nO E IS and nl E 10 beo S
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arbitrary and let y € v({n O}) n v({n 1 }) n {y E a: dS(y) ~ 

do (y)} € p. Now, by choice of y, if do(y) = an(y) and 

dS{y) = a~(y) then {n,~} c H and so y E V({n,~}) c W({n,~})y 

which implies an(y) A a~(y) : O. Therefore, for 0 < 2a and 

y < a, let e (y) = do(y) A co(y) and we have our disjoint6 

refinement. 

Similarly one can prove that if {a : n < A} c Ba/p
n 

is an increasing chain (with A a limit) then C = {b E Ba/p: 

{n: b A an - a~ ~ 0 for ~ < n} is cofinal in A} has a dis

joint refinement. 

3.2 (2) PT'oof· Let x € S (B(\/p) and suppose that 

{a : n < A} c: BCl/p is chosen with A minimal such that 
n 

{a : n < A} is an increasing chain, x ~ {a *: n < A} (i.e.
n n
 

x for n < A) and for a E x there is an n < A with
an f 

a A a ~ 0 (i.e. x E cl u a *). Let a, = 1 and for each n n A 

y < A with cf(y) = w let C {b e Ba/p: b < a and 
y - y 

{n ~ y: b A an - a, ~ 0 for ~ < n} is cofinal in y}. By 

Lemma 3.3 (with A = w), the set Cy has a disjoint refinement 

C' so that for c € C' c < a - a for n < y. Therefore y y' y II 

u{C~: y < A with cf{y) w} is a disjoint refinement of 

U{C : y < A, cf(y) w}. To complete the proof it sufficesy 

to show that for a E x there is a y ~ A with cf(y) wand 

Indeed choose YO < ~ so that a A a ~ 0,
Yo 

if we have chosen Yn< A choose Yn+l < A so that a - a A 
Yn 

a ~ O. Now if y = sUP{Yn: new} we have that 
Yn+l 

a 1\ a € Cy.y 
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3.2 (3) Proof. This is just 1.4. 

2w3.4 Corollary. > w implies there are p,q E U(w) l 

so that [CO(2w)]w/p t [CO(2w)]w/q and S([CO(2w)]w/p ) does 

not map onto U(w) by an open map. 

Proof. This follows from 2.2, 3.1(3) and 3.2(3). 

Let B = CO(2 w) and let M be the model of set theory 

described in 2.9. Kunen has shown that in this model 

P(w)/fin has no chains of order type w However if we let
2

. 

p € U(w) be chosen so that BW/p is w -saturated as in 2.92

we have the following result. 

3.5 Proposition. It is consistent that there is a 

p E U(w) such that P(w)/fin embeds into BW/p but BW/p does 

not embed into P(w)/fin. Equivalently S(Bw/p) maps onto 

U(w) but U(w) does not map onto S(Bw/p). 

In [BFM], the authors introduce a condition which they 

call (*) where (*) is the statement "each closed subset of 

U(w) is homeomorphic to a nowhere dense pc-set of U(w)." 

They show that eH implies (*) and that MA + ~ = w) implies 

(*) is false. We verify their conjecture that (*) implies 

eH. A subset of K of a space X is a Pa-set if the filter 

of neighborhoods of K is a-complete (K is a P-set if it 

is a P -set).wl 

3.6 Lemma. If K c U(w) is a closed Pa-set and for 

some KJA with w < K < a and w < AJ CO(K) has a (KJA)-gap 

then CO(U(w» has a (K,A')-gap for some w < AI < A. 
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Ppoof. Let {a
y

: y < K} U {be: a < A} c:: CO(K) so that 

Yl < Y2 < K and 13 < e2 < A implies a < a < be < be ·1 Yl Y2 2 1 
Choose {a' : y < K} c: CO(U(w» so that a' n K :: a for Y < K.

Y Y Y 
For each Y < K, we can find U € CO(U(w» so that K c U

Y Y 
and U n a' a' :: ~ for 0 < y. Also since K < a, there isy y - 0 

a U in CO(U(w)) with K c U so that U c Uy for y < K. There

fore we may suppose that a' c a' for 0 < y < K. Now, choose
0 y 

for as long as possible, b' e CO(U (w) ) so that be n K = bea 
and a' C be c b6 for 0 < t3 and y < K. Therefore, for some y 

A' < A, we cannot choose b~, and we have a gap in CO .(U (w) ) • 

3.7 Proposition. If aw embeds into U(w) as a Pa-set 

then	 b > a. 

Pl'oof· Suppose tha~ {P : n € w} is a discrete subset n 

of U(w) such that K = clsw{Pn : n € w} is a P -set (it is a 

well known that K is homeomorphic to aw) • Choose pairwise 

disjoint subsets {A : n e w} of (,ll so that A e P , and fix n n n 

an indexing A {a (n ,m) : m e w} for each n € w. Let n 

F c: ww with IFI < a; we show that. F is bounded. For each 

f € F, let B :: {a (n,m) : n € wand m > f (n)}. Clearlyf 

Kc::: B*f for f E F and so we may choose B·c w so that Kc: B* 

and IB\Bfl < w for f € F. Let 9 € wW be defined by 

g(n) :: minim: a(n,m) € B} and observe that f <* 9 for f € F. 

3.8 Theopem. (*) i8 equivaZent to CH. 

Pl'oof. Clearly if (*) is true then aw must embed in 

U(w) as aPc-set • Therefore by 3.7 it suffices to show that 

b = w1 
Now let p € U(w) be chosen so that K(p) = wl ·· 

Let {an: n e w} c CO(U(w» be pa~rwise disjoint and let 
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KP = n{C1U(w) u {an: n € A}: A€ pl. It is well known that
 

clU(w) U {an: n € w} - sew ~ U(w)). Therefore CO(KP ) ~
 

[CO(U(w))]w/p and by 1~4 has an (w,wl)-gap. By 3.6, if
 

KP embeds into U(w) as a Pc-set with c > wl then b wl .
 

3.9 Remark. It is not difficult to show that if A is 

a boolean algebra which has an (wl,wl)-gap th~n so does 

AW/p for each p E U(w) and is therefore not w -saturated.
2

This means that we cannot easily obtain compact subsets K 

of U(w) so that COCK) is w2-saturated (such as subsets of 

the boundary of a cozero set). However S(Bw/p) = KP as in 

3.5 is in some sense a "well-placed" subset of S(w x 2w). 

For instance KP is a 2w-set in (w x 2w)* = sew x 2w)\(w x 2w) 

(see [BV]). Furthermore we can easily construct p to be 

2w-OK (see [K2]) in which case every cccsubspace of 

(w x 2w)* meets KP in a nowhere dense set. Furthermore if 

we use 2.10 to find p a P -point then KP is a P -set in.c c 

(w x 2w)*. I do not know if it is possible to find a 

P -set K in U(w) such that COCK) is w -saturated. Although2w2 

Shelah has found a model in which U(W) is not homeomorphic 

to (w x 2w)* (see [vM]) it would be interesting if they 

were not in one of the above models. 

After acceptance of this paper, John Merrill brought 

it to the author's attention that 2.2 and a more general 

version of 2.3 appear inShelah's Model Theory book. 

However as the proofs presented here seem simpler we have 

chosen to include them. 
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