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A BAIRE SPACE WITH FIRST 

CATEGORYG~TOPOLOGY 

Ralph Fox and·Ronnie Levy 

In this note, we construct a Baire space X, which, 

when given the Go-topology, is first category in itself. 

The space X will be a subspace of a product of two 

spaces, one of which is first countable and the other of 

which is a P-space. Therefore, the Go-topology will give 

the topological union of sUbspaces of X. 

An ordinal is the set of its predecessors and a cardi­

nal is an initial ordinal. We will denote by M the minimum 

cardinal of a dense, Baire subset of the space R of real 

numbers. Clearly," has uncountable cofinality. If A is 

a subset of Rwhich is second category in R, then A has 

cardinality at least"; for if card (A) <", then the union 

of all rational translates of A would be a dense Baire 

subset of R having cardinality less than M. Also if D 

is a dense Baire subset of R and I is any non-empty open 

interval, then card(! n M} > M. 

If A and B are sets, AB denotes the set of functions 

from A to B. For each ordinal a ~ ro, let Y
N 

~ uQ (3 
VI> tJ<a w1 

ordered by extension: f ~ 9 if f ~ g. With this partial 

order, Yo. is a tree. For p € Y , let S(p) be the set of a 

immediate successors of p, and for K S S(p), let 

a
NK(p) = {p} U {x E Y : k < x for some k E K} • 'I'opologize

a 
y by using for a base {N~(p) : p € and S(p)\K is counta-Yo.a. 

bIe} . If a < (3, then Y is a sUbspace of yS·a 
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We will need the folloiwng'lemma, the proof of which 

is given in [L]. 

Lemma 1. Let a be a limit ordinal, a < M. 

(i) Y is a regular P-spaae without isolated points.a 

'(ii) If a has aountable aofinality, then Y is first a 

aategory in itself. 

(iii) If a has unaountable aofinality, then Y is Baire. 
a 

In partiaular, the Baire P-spaae YM is the union of the 

M subspaaes, Y + ' a < M, eaah of whiah is first aategory
a Wo 

in itself. 

If X is a space, oX denotes X with the Go-topology, 

that is, the topology generated by the Go-sets of X. 

Before giving the main example, we give an easier example. 

Example 1. Let X = R x Y with the usual product
Wo 

topology strengthened so that if u ~ 0, the point (u,v) 

is ~solated. Then X has a dense set of isolated points, 

so it is Baire, but oX contains {o} x Y as an open
Wo 

sUbspace, and {o} x Y ,being homeomorphic to Y ,is
W Wo o 

first category in itself by Lemma 1. Thus, oX is not Baire. 

The idea of the main example is to make certain that 

the pathology of Example 1 occurs often enough that the 

Go-topology not only fails to be Baire, but is actually 

first category in itself. We will use the following fact: 

Lemma 2 (Oxtoby [0]). Suppose M is a separable metria 

spaae, Y is a reguLar Baire spaae, and A is a subset of 
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M x Y such that for each y in Y~ the set {x E M: (x,y) E A} 

is second category in M. Then A is second category in 

M x Y. 

Example 2. Let M be a dense Baire subset of R such 

that M has cardinal M. Let {xa: a < M} be a well-ordering 

of M. Let X = Ua<M({x } x Y + ), and give X the subspacea a wo 
topology from M x YM, so a subset of X is first category 

in X if and only if it is first category in M x YM. 

Suppose I x S is a basic open set of M x YM, where I is an 

open interval of M, and let A = (I x S) n X. If yES, 

a say	 NK(y) c s, then {y: (xy'y) V A} c [0 ,a] ; therefore,-

{x: (x,y) ~ A} has cardinality less than M and so, by the 

definition of M is first category in I. Hence, 

{x: (x,y) E A} is second category in I, so, by Lemma 2, 

A is second category in I x S. Since A is an arbitrary 

basic open set, X is Baire. On the other hand, ox is the 

topological union of the first category spaces Ya +w ' 
o 

a <	 M, so oX is first category in itself. 

References 

[L]	 R. Levy, Showering spaces, Pac. J. Math. 57 (1975),
 

223-232.
 

[0]	 J. C. Oxtoby, Cartesian products of Baire spaces,
 

Fund. Math. 49 (1961), 157-166.
 


	a5.pdf



