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BALANCED Z-FILTERS

John W. Carlson

Introduction

A topological space Y is an extension of X if X is
densely embedded in Y. We may assume that X = Y and then
the nearness structure § generated by the extension Y is
the collection of all Ac P(X) with ncl,A # ¢. The exten-
sion is a strict extension provided {clYA: A « X} forms a
base for the closed subsets of X. Bentley and Herrlich [2]
have shown that if Y is a Tl strict extension of X then Y
is homeomorphic to (X*,£*), the completion of the nearness
space (X,£).

For each y € Y, Oy ={QNY:y€QE€ET,) is an open
filter on X. The collection {0y: y € Y} is called the filter
trace of Y on X. For O open in X, let O* = {y: O € 0y}.

Then {O*: O € t} is a base for the topology on Y, provided
Y is a strict extension of X, Banaschewski [1].

The Stone-Cech compactification BX of a completely
regular space X is a strict extension of X. For p € gX, let
mp denote the z-ultrafilter on X that converges to p; OP
the trace filter of p; Vp the collection of co-~zero sets in
0 ; Ap the collection of subsets of A © X for which

P

p € cl and m; = {Z € mp: cl_,Z is a nbhd of p in BX}.

pxP7 gX

In this paper the relationship between the collections
mp, Ap, OP' Vp’ and M; are discussed and it is shown that
given any one of these collections the others can be deter-

mined in a natural way. These relationships are then used



18 Carlson

to provide a number of characterizations of the nearness
structure on X induced by gX.

It is noted in [1l] that the trace filters Op generated
by gX are the maximal completely reqular open filters. It
is shown here that Op = {0 € ty: there exists V € Vp with
V c 0} and that the Vp are the minimal prime co-zero
filters on X. Moreover, it is shown that Vp = {V: X-V ¢
Z(X) and X-V ¢ mp} and that mp = {Z € Z(X): X-2 ¢ I/p}.

Thus there exists a natural relationship between the minimal
prime co~zero filters and the z-ultrafilters; a relationship
that parallels the relationship between minimal prime open
filters and closed ultrafilters [6].

A filter is simply the intersection of all the ultra-
filters that contain it. A closed filter that is the inter-
section of the closed ultrafilters that contain it is called
a balanced closed filter [6]. In this paper the concept of
a balanced z-filter is introduced: a z-filter is called a
balanced z-filter if it is the intersection of all the
z-ultrafilters that contain it. It is then shown that there
exists a natural one-to-one correspondence between the non-
empty closed subsets of RX and the balanced z-filters on
X. The paper is concluded by noting a few of the ways the

topological properties of BX can be characterized in terms

of balanced z-filters.

1. Preliminaries

For a completely regular space, let % (X) denote the

collection of zero sets in X. V is called a co-zero set
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if X-v € Z(X). The collection of all co-zero sets on X will
be denoted by co-Z(X).

The construction BX will follow that found in Gillman
and Jerrison [7]. Let RX be an index set that contains X
and such that there exists a one-to-one correspondence
between the points p of BX and the z-ultrafilters mp on X.

For 2 € Z(X), the set 2 = {p € BX: Z € mp}. Then the
collection {Z: Z € Z(X)} is taken as a base for the closed
sets in BX.

For zero sets Z and W in X it follows that:

(1) p € cl_ .2 if and only if 2z € mp,

RX
(2) cle(Z NW)y =cl, 2 n-cl

BX BXW.

Let (Y,t) be a topological space and X = Y. t(X) will
denote the subspace topology on X. For each y € Y, set
0y = {0N X: y €0 € t}. Then {0y: y € Y} is called the
filter trace of Y on X.

Let t(strict) be the topolcgy on Y generated by the
base {O*: O € t(X)} where O* = {y € Y: O € 0y}. Let
t(simple) be the topology on Y generated by the base
{ou {y}: 0 € Oy' y € Y}. Then t(strict) and t(simple) are
such that Y with either of these topologies is an extension
of (X,t(X)), called a strict extension, or simple extension
of X, respectively. Note that

t(strict) < t < t(simple).
Moreover, a topology s on Y with the same filter trace as
t, forms an extension of (X,t(X)) if and only if it satis-

fies the above inequality. (See Banaschewski [1l].)
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Let X be a completely regular topological space. An
open filter (0 is called a completely regular open filter if
for each O € 0 there exists Q € 0 and a continuous function
f: X » [0,1] with £(Q) = 0 and £(X-0) = 1.

It is known [1], that the trace filters of BX are the
maximal completely regular open filters on X. Moreover,
one can construct X by starting with the family of maximal
completely regular open filters and construct BX using the
strict extension topology.

Nearness spaces are obtained by axiomizing the concept
of a collection of sets being "near"; in the same sense as
a topological space is obtained by axiomizing the concept
of a point being "near" a set. Herrlich, in [9], notes that
each nearness structure can be obtained in a natural way by
axiomizing the concept of collections of sets that are "far";
or the concept of a collection of sets that contain arbi-
trarily "small" sets, called merotopic structures; or by
generalizing the concept of uniform covers. 1In this paper
we will deal primarily with nearness structures and their
corresponding uniform covers.

We will assume that the reader is basically familiar
with the concept of a nearness space as defined by Herrlich
in [8] and [9]. For a more recent treatment and survey,

see Herrlich [10].

Definition 1.1, Let X be a set and p a collection of
covers of X, called uniform covers., Then (X,u) is a near-

ness space provided:
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(N1) A€ p and A refines B implies 8 € y.

(N2) {X} € y and ¢ ¢ u.

(N3) If A€ pand B € u then Ao A =1{An B: A e A
and B € 8} € .

(N4) A € p implies {int(A): A € A} € u. (int (A) =
{x: X - {x},A} € u).
For a given nearness space (¥X,u) the collection of sets that
are "near" is given by £ = {Ac P(X): {X - A: A € A € u). The
micromeric collections are given by 4 ¢ vy if and only if
{(BeX: AnB + ¢ for each A € 4} € £ or equivalently, if
for each ¢/ € u, there exists U € {/ and A € A with A c U,
The closure operator generated by a nearness space is given
by clg(A) = {x: {{x},A} € ¢}. If we are primarily using
these "near" collections we will denote thenearness space
by (X,£). The underlying topology of a nearness space 1is

always symmetric; that is, x € {y} implies y € {x}.

Definition 1.2. Let (X,f) be a nearness space. The
nearness space 1is called:

(1) topological provided A € ¢ implies ﬂz_$ ¢

(2) complete provided each g-cluster is fixed; that is
n2—+ ¢ for each maximal element A in ¢.

(3) concrete provided each near collection is contained
in some g-cluster.

(4) contigual provided A ¢ ¢ implies there exists a
finite 8 < 4 such that 8 ¢ ¢.

(5) totally bounded provided Ade ¢ implies there exists

a finite 8 c A such that nf = ¢.
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An extension Y of a space X is a space in which X is
densely embedded. For notational convenience, we assume
that X ¢ Y. If Y is an extension of X then £ = {Ac P(X):
nclYﬂ # ¢} 1is called the nearness structure induced on X
by Y.

A brief description of the completion of a nearness
space appears in [2] which we repeat here for the convenience
of the reader. Let (X,f) be a nearness space and Y the set
of all g-clusters. Set X* = X y Y. For A c X, define
cl(A) = ClEA U {y € Y: A € y}. A nearness structure ¢*
is defined on X* as follows: #8 ¢ g£* provided {A c X: there
exists B € B with B c cl(A)} € €. (X*,£*) is a complete
nearness space with ClE*X = X*, Also; for A c X, clé*(A) =
cl(a).

The following two important theorems are due to Bentley

and Herrlich [2].

Theorem A. For any T, nearness space (X,8) the follow-
ing conditions are equivalent:

(1) ¢ ie a nearness structure induced on X by a strict
extension.

(2) The completion X* of X 18 topological.

(3) £ is concrete.

Theorem B. Strict extensions are equivalent If and

only ©f they induce the same nearness structure.

2. Minimal Prime Co-Zero Filters

If 7 is an ultrafilter on X then F = {F c X: X - F ¢ F}.

Recall that a filter is an ultrafilter if and only if it is
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a prime filter; a result that does not carry for open ultra-
filters, closed ultrafilters nor z-ultrafilters.

Let 7 be a closed filter and ¢ = {0 € t: X - 0 ¢ F}.
Then:

(1) 7 is a closed ultrafilter if and only if § is a
minimal prime open filter.

(2) § is an open ultrafilter if and only 1if 7 is a
minimal prime closed filter.

The first statement was useful in discussing Pervin
nearness structures [6]. The trace filters of the comple-
tion of an ultrafilter generated nearness space are the
corresponding minimal prime open filters [4]. The second
statement above follows in a natural way.

The same construction can be employed with z-ultra-
filters; and this construction yields a minimal prime
co-zero filter. The trace filters of X are, Banaschewski
[1], the maximal completely regular open filters on X, and
as we shall see in section 3, these are the open filters
generated by the minimal prime co-zero filters.

Let X be a completely regular space. We will let

co-Z (X) denote the collection of co-zero sets on X.

Theorem 2.1. Let mp be a z-ultrafilter on a completely
regular space X. Set Vp = {V € co-2(X): X -V & mp}. Then

Vp is a mintmal prime co-zero filter on X,

Proof. Easily ¢ & Vp and if V € Vp and V « W € co-2Z(X)
thenX-ch—vgﬂ?pandthusx-wgmp. HenceWEVp.

Let v, € V dv, el . Th X -V M and X -V N
e p an b en 1 4 p 5 4 b

1 2

and thus X - (V. NvV,) = (X -V

1 2

l) U (X - V2) 4 mp.
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Therefore, V., N V_ € Vp and Vp is a co-zero filter.

1 2
To see that Vp is prime let V, UV, € Vp. Then
_ U .
X (Vl V2) [4 mp. If vy 4 Vp and Vv, 4 Vp it follows that
X -V € mp and X - V, € mp and thus X - (V, U V,) =

(X - V,) n (X -V, € M, a contradiction. Thus, V_ is a
1 2 p P
prime co-zero filter.
Suppose [/ is a prime co-zero filter with [/ c Vp. Then,
# =12 € 2(X): X -2 ¢ W} is a prime z-filter. Moreover,
mp < # and since mp is a z-ultrafilter Mp = /. Thus,

W = Vp and Vp is a minimal prime co-zero filter on X.

Essentially the same argument yields the following

theorem.

Theorem 2.2. Let X be a completely regular topological
space and let V be a minimal prime co-zero filter. Set
M ={z € z2(X): X -2 &V},

Then, M is a z-ultrafilter,

3. Characterizations of the Nearness Structure Induced By gX

Let X be a completely regular space and BX the Stone-
Cech compactification of X. The collections Mp, M;, Ap, Op’
and Vp are induced in a natural way. Specifically, if

p € BX, then:

mp = {Z2: p € clBXZ}

mg = {z: clgz is a nbhd of p in Bx}
Ap = {AcX: p€ clBXA}

0p = {0 € t: p¢ ClBX(X - 0?}

Vp = {(V € co-2(X): p £ ClBX(X -}
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As noted in section 1, one can construct BX by start-
ing either with the family of z-ultrafilters or the family
of maximal completely regular open filters. In this section
we show that given any one of the above collections we can
determine the other four in a natural way. Thus, it follows
that if we have any one of these collections we can recover
BX. The relationships between these collections are stated
in the following theorem. Statement 3-A can be found in
Gillman and Jerison [7] and is included here for complete-

ness. (Note: Our m; corresponds to z[0F] found in [7].)

Theorem 3.1. Let (X,t) be a completely regular space
and p € BX.

(1) Let mp be a z-ultrafilter. Then:

(A) Op = {0 € t: There exists Z ¢ mp with 2 > X - 0}
(B) Ap = {A c X: If 2Z > A then 2 € mp}

(c) mg = {2 € M There exists 2' ¢ mp with 2 U 2' = X}
(D) Vp = {VE co-2(X): X -V & mp}

(2) Let Op be a maximal completely regular open filter.

Then:
(7) mp = {2 ¢ Z(X): 0N 2 # ¢ for each 0 € 0p}
(B) Ap = {Ac X: AnO0# ¢ for each 0 € 0p}
(c) mg = {2 € 2(X): There exists 0 € 0, with 2 > 0}
(D) Vp = {V € co-2(X): V € OP}
(3) Let mg be given. Then:
(A) mp = {2' € Z2(X): Z N Z' # ¢ for each Z € m;}
(B) Ap ={AcX: ANZ#¢ for each T € m;}
(C) 0, = {0 € t: There exists Z € m; with 0 = 2}

(D) Vp = {V € co-Z(X): There exists Z € mg with V o 2}
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(4) Let Ap be a gx—cluster. Then:

(A) M =1{2 ¢ Z(X): 2 ¢ Ap}

p
(B) OP = {0 € t: X-0¢ Ap}
O = . —
(€) /Mg = {2z € 2(X): X - Int(2) ¢ Ap}
V = - : -
(D) b {V€co-Z(X): X -V g Ap}
(5) Let Vp be a minimal prime co-zero filter. Then:

(A) 0p = {0 € t: There exists V € Vp with 0 o V}

(B) Ap = {AcX: AnV # ¢ for each V € Vp}

() m; = {Z € Z(X): There exists V € V, with 2 > V)
n = . X -

(D) b {2 € 2(X): X 7 g Vp}

The relationships between these various collections
allow us to find a variety of characterizations for the
nearness structure induced by the Stone-Cech compactifica-
tion.

Let X be a completely regular space. Then the near-
ness structure on X induced by BX is ng = {4 c P(X):
nclBXA # o).

Herrlich, in [9], has characterized EBX' His charac-
terization is included in Theorem 3.2, statement 1-D, for
completeness. The reader is referred to [9] for his con-
struction of the contigual reflector, gc, and the uniform
reflector, gu.

In Theorem 3.2, we provide several characterizations
of the nearness structure induced by BX; some stated in

terms of the near collections, others in terms of the cover

structure or the micromeric collections.

Theorem 3.2. Let X be a completely regular topological

gpace. Let ng denote the nearnessg structure induced on X
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by BX and let Vex and Yax denote the corresponding collec-
tion of uniform covers and micromeric collections, respec-

tively. Then:

(1) ggy.
(B) Eex = {Ac P(X): There exists a z-ultrafilter mp such
that ifZ €%2(X) andZ DA for some A€ Athen Z€ mp}
(B) Egx = {A < P(X): There exists p € BX with A c Ap}
(C) Egx = {A<c P(X): There exists p € BX with 0 n A # ¢

for each 0 € 0p and A € A}

(D) (Herrlich ([9]) SBX = &icu - Etuc

(2) Hgx*
(2) Mgx = {U « P(X): There exists a sequence of finite
open covers (0, such that --« <* Oy <*
Ok <* eee * 01 <* (}
(B) “BX = {ll ¢ P(X): For each z-ultrafilter Mp there
exists U € ({ and a zero set Z ¢ Mp with
Z > X - U}
(C) Mgy = {ll « P(X): For each z-ultrafilter Mp there
exists U € ({ and a zero set Z ¢ Mp with
X - 2 < U}
(D) “BX = {{/ ¢ P(X): For each minimal prime co-zero
filter Vp there exists U € {/ and V € Vp with
V c U}
(3) Yex*
(A) Yex = {5 ¢ P(X): There exists a maximal completely

regular open filter OP that corefines S}
(B) Yex = {§ ¢ P(X): There exists a minimal prime

co~zero filter Vp that corefines S}
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4. Balanced Z-Filters

Definition 4.1. Let F be a zero filter on X. 7 is
called a balanced zero filter provided 7 is the intersection
of all the z-ultrafilters that contain it. That is;
] = ﬂ{mp: 7 e mp}.

Let the sec operator be with respect to zero sets;
that is, sec(f) = {2 € Z(X): Z n 2' # ¢ for each 2' ¢ 7}.
Then a zero filter 7 is balanced if and only if J = secz(]).
A filter on a set is simply the intersection of all the
ultrafilters that contain it. This need not be the case
in general for open filters, closed filters, or zero filters.
(For example, a closed filter is not necessarily the inter-
section of all the closed ultrafilters that contain it; if
it is, it is called a balanced closed filter.)

Balanced near collections and balanced closed filters
were discussed in [6]. In that paper it was shown that,
for a normal space X, there exists a one-to-one correspondence
between the nonempty closed sets in BX and the balanced
closed filters on X. As a special case it was shown that
there exists a one-to-one correspondence between the nonempty
closed subsets of RN and the filters on N. These results
are extended in this paper using the concept of a balanced

zero filter.

Theorem 4.1. Let G be a nonempty closed set in gX.
Set J = {2 € 2(X): Gc clgy2}- Then:
(1) 6 = n{clgy2: 2 € J).

(2) 7 is a balanced z-filter.
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Proof., (1) follows since {cl Z € Z(X)} is a base

BxZ:
for the closed sets in gX. (A parallel argument is that
BX is a strict extension of X and the zero sets in X form
a base for the closed sets in X.)

(2) Easily ¢ £ 7 and if Z € 7 with 2 < 2' then 2' € 7,

€ 7 and z., € 7 then since cl n =

1 2 gx?1 N ClgyZ, =
(Zl n ZZ)’ we have that G < clBX(Zl n Zz) and

If 2

clBX
Z, Nz, € F. Thus, 7 is a z~-filter.

To see that 7 is balanced, it suffices to let 2 € Mp
for each mp containing 7 and show that 2z € 7. Let

Z € n{mp: F e Mp}. Then p € ¢cl,_, 2 for each Mp containing 7.

BX

Let g € G. Then q € cl, 2 for each z € 7. Hence

B

Fc Mq. Thus, if 2 € n{mp: k= mp} we have that G <« ¢cl__2.

BX
Therefore, 2 € #, and 7 is a balanced z-filter.

The following theorem now follows immediately.

Theorem 4.2. Let X be a completely regular topological
space. Than there exists a one-to-one correspondence
between the nonempty closed sets in BX and the balanced
2-fitlters on X. The correspondnece is given by:

G+ F={2: Geccl 2},

BX
Corollary 4.3. Let 0 be an open set in BX and 0 # BX.
Then there exists a balanced z-filter F such that

0 ={pe€ pX: 7 ¢& mp}-

Let N denote the natural numbers with the discrete
topology. Since every subset of N is a zero set, and hence

each filter on N is a z-filter, the following result
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obtained in Carlson [6] follows as a natural consequence

of Theorem 4.2,

Corollary 4.4. There exists a natural one-to-one
correspondence between the nonempty closed subsets of BN

and the filters on N.

Corollary 4.5. Let X be a completely regular space.
Then there exists a one-to-one correspondence between the
zero sets in BX and the balanced z-filters on X with a
countable base,

Proof. It is known, (6E) in [7], that each nonempty
zero;set in BX is the countable intersection of sets of
the form ClBXZ’ where Z € 2(X). The result now follows

from Theorem 4.2,

Theorem 4.6. Let G be a nontrivial open-closed subset
of BX. Then there exists balanced z-filters F and ¢ such
that each z-ultrafilter contains one and only one of these

filters.

Lemma 4.7. Let X be a completely regular space with
Fy and F, nonempty closed subsets of gX. For i = 1,2;
let 0i = BX - Fi and }i = {Z € 2(X): Fi c clBXZ}- The
following statements are equivalent.

(1) F| < F,

(2) 0, O

2 1
(3) }2 c ]l'

Proof. By Theorem 5.2, F, = {p € BX: F, < /ﬂp} for

i =1,2, Suppose F, < F,. Let Z € }2. Then F, < cl

2 px?
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and thus F, < ClBXZ and Z € ]l' Suppose 32 c }l’ Let

p € Fy, then }l c mp and thus }2 c mp and p € F,.
Definition 4.2. A point p in a topological space X
is called a P-point if for each countable collection {Oi}
of open sets containing p there exists an open set 0 with
p €0 c nOi.
Given a z-ultrafilter mp on a completely regular space

we now characterize when p is a P-point in gX in terms of

balanced z-filters.

Theorem 4.8. Let X be a completely regular topological
space and mp a z-ultrafilter on X. p 8 a P-point in BX
if and only if for each countable collection {}i} of balanced
z-filters with }i ¢ Mp there exists a balanced z-filter ¥
such that F ¢ mp and for each i, F < ]i'

Proof. Let p be a P-point in BX, and {]i: i € N} a
countable collection of balanced z-filters with }i & mp.

Set Fi = ncl X}i' Then Fi is a closed set with p £ Fi.

B
Then 0i = BX = Fi is an open set containing p for each
i € N, Since p is a P-point in BX, there exists an open
set 0 in BX with p € 0 < no,. Let F = X - 0 and 7 the
corresponding balanced z-filter on X. Then for each i € N,
F 5 F, and, by Lemma 4.7, < }i’ Easily, F ¢ Mp. The
proof in the other direction follows in a similar manner.
Let {}i} be a countable collection of filters on N.

Then n}i is a filter on N and we have the following

corollary.



32 Carlson

Corollary 4.9. Let N denote the natural numbers with
the diserete topology. Let [l be an ultrafilter on N. Then
M is a P-point in BN if and only if for each countable
family of filters {]i} on N, with each ]i ¢ M, then
nJi & N,
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