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BALANCED Z-FILTERS 

John W. Carlson 

Introduction 

A topological space Y is an extension of X if X is 

densely embedded in Y. We may assume that X = Y and then 

the nearness structure ~ generated by the extension Y is 

the collection of all A c 7'(X) with nClyA t- ep. The exten

sion is a strict extension provided {clyA: A c X} forms a 

base for the closed subsets of X. Bentley and Herrlich [2] 

have shown that if Y is a T strict extension of X then Yl 

is homeomor~hic to (X*,~*), the completion of the nearness 

space (X,t:). 

For each y E Y, Oy = {Q n Y: y E Q E Ty} is an open 

filter on X. The collection {O
y 

: y E Y} is called the filter 

trace of Y on X. For 0 open in X, let 0* = {y: 0 E 0y}. 

Then {O*: 0 E t} is a base for the topology on Y, provided 

Y is a strict extension of X, Banaschewski [1]. 

The Stone-~ech compactification SX of a completely 

regular space X is a strict extension of X. For p E SX, let 

m denote the z-ultrafilter on X that converges to p. 0p , p 

the trace filter of p; V p the collection of co-zero sets in 

Op; A p the collection of subse"ts of A c X for which 

p E ClSxA; and m~ = {Z E mp : clSXZ is a nbhd of p in SX}. 

In this paper the relationship between the collections 

Om , A ', 0 , V , and m are discussed and it is shown that p p p p p 

given anyone of these collections the others can be deter

mined in a natural way. These relationships are then used 
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to provide a number of characterizations of the nearness 

structure on X induced by aX. 

It is noted in [1] that the trace filters 0 
p 

generated 

by aX are the maximal completely regular open filters. It 

V
is shown here that Op = {O E t :x there exists V E with 
p 

V c O} and that the V 
p 

are the minimal prime co-zero 

filters on X. Moreover, it is shown that V {V: X-V E=
P 

Z(X) and X-V ¢ m p } and that m p =
 V{Z E Z(X): X-Z ¢
 }.
p 

Thus there exists a natural relationship between the minimal 

prime co-zero filters and the z-ultrafilters; a relationship 

that parallels the relationship between minimal prime open 

filters and closed ultrafilters [6]. 

A filter is simply the intersection of all the ultra-

filters that contain it. A closed filter that is the inter

section of the closed ultrafilters that contain it is called 

a balanced closed filter [6]. In this paper the concept of 

a balanced z-filter is introduced: a z-filter is called a 

balanced z-filter if it is the intersection of all the 

z-ultrafilters that contain it. It is then shown that there 

exists a natural one-to-one correspondence between the non-

empty closed subsets of aX and the balanced z-filters on 

X. The paper is concluded by noting a few of the ways the 

topological properties of aX can be characterized in terms 

of balanced z-filters. 

1. Preliminaries 

For a completely regular space, let Z(X) denote the 

collection of zero sets in X. V is called a co-zero set 



19 TOPOLOGY PROCEEDINGS Volume 10 1985 

if x-v E Z(X). The collection of all co-zero sets on X will 

be denoted by co-Z(X). 

The construction SX will follow that found in Gillman 

and Jerrison [7]. Let SX be an index set that contains X 

and such that there exists a one-to-one correspondence 

between the points p of SX and the z-ultrafilters m p on X. 

For Z E Z(X), the set Z = {p E SX: Z E m }. Then the p 

collection {Z: Z E Z(X)} is taken as a base for the closed 

sets in SX. 

For zero sets Z and W in X it follows that: 

(1) p E clSXZ if and only if Z E mp ' 

( 2) clSX(Z n w) = clSXZ n clsxW. 

Let (Y,t) be a topological space and X = Y. t(X) will 

denote the subspace topology on X. For each y E Y, set 

Oy = {O n X: yEO E t}. Then {Oy : y E Y} is called the 

filter trace of Y on X. 

Let t(strict) be the topology on Y generated by the 

base {O*: 0 E t(X)} where 0* {y E Y: 0 EO}. Let y 

t(simple) be the topology on Y generated by the base 

{O U {y}: 0 E 0y' Y E Y}. Then t(strict) and t(simple) are 

such that Y with either of these topologies is an extension 

of (X,t(X», called a strict extension, or simple extension 

of X, respectively. Note that 

t(strict) < t < t(simple). 

Moreover, a topology s on Y with the same filter trace as 

t, forms an extension of (X,t(X» if and only if it satis

fies the above inequality. (See B~naschewski [1].) 



20 Carlson 

Let X be a completely regular topological space. An 

open filter 0 is called a completely regular open filter if 

for each 0 E 0 there exists Q E 0 and a continuous function 

f: X ~ [0,1] with f(Q) = a and f(X-O) 1. 

It is known [1], that the trace filters of SX are the 

maximal completely regular open filters on X. Moreover, 

one can construct X by starting with the family of maximal 

completely regular open filters and construct SX using the 

strict extension topology. 

Nearness spaces are obtained by axiomizing the concept 

of a collection of sets being "near"; in the same sense as 

a topological space is obtained by axiomizing the concept 

of a point being "near" a set. Herrlich, in [9], notes that 

each nearness structure can be obtained in a natural way by 

axiomizing the concept of collections of sets that are "far"; 

or the concept of a collection of sets that contain arbi

trarily "small" sets, called merotopic structures; or by 

generalizing the concept of uniform covers. In this paper 

we will deal primarily with nearness structures and their 

corresponding uniform covers. 

We will assume that the reader is basically familiar 

with the concept of a nearness space as defined by Herrlich 

in [8] and [9]. For a more recent treatment and survey, 

see Herrlich [10]. 

Definition 1.1. Let X be a set and ~ a collection of 

covers of X, called uniform covers. Then (X,~) is a near

nesS space provided: 
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(Nl) A E ~ and A refines B implies B E w. 

(N2) {X} E ~ and ¢ ~ ~. 

(N3) If A E ~ and B E ~ then Ii 1\ R {A n B: A E. A 

and B E B} E ~. 

(N4) AE ~ implies {int(A): A E A} E~. (int(A) 

{x: X - {x} ,A} E ~). 

For a given nearness space (X,w) the collection of sets that 

are "near" is given by S = {A c ?(X) : {x - A: A E A} ~ w}. ThE 

micromeric collections are given by A E y if and only if 

{B c X: A n B +¢ for each A E A} E E, or equivalently, if 

for each U E ~, there exists U E U and A E A with A c u. 

The closure operator generated by a nearness space is given 

by cls(A) = {x: {{x},A} E s}. If we are primarily using 

these "near" collections we will denote thenearness space 

by (X,s). The underlying topology of a nearness space is 

always symmetric; that is, x E {y} implies y E {x}. 

Definition 1.2. Let (X,s) be a nearness space. The 

nearness space is called: 

(1) topological provided A E ~ implies nA t ¢. 

(2) complete provided each s-cluster is fixed; that is 

nA t ¢ for each maximal element A in ~. 

(3) concrete provided each near collection is contained 

in some s-cluster. 

(4) contigual provided A ¢ S implies there exists a 

finite B c: A such that B ~ s. 

(5) totally bounded provided A t S implies there exists 

a finite B c: A such that nB = ¢. 
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An extension Y of a space X is a space in which X is 

densely embedded. For notational convenience, we assume 

that X c Y. If Y is an extension of X then ~ = {A c ?(X): 

ncIyA T ~} is called the nearness structure induced on X 

by Y. 

A brief description of the completion of a nearness 

space appears in [2] which we repeat here for the convenience 

of the reader. Let (X,~) be a nearness space and Y the set 

of all ~-clusters. Set X* X U Y. For A c X, define 

cl(A) = cl~A U {y E Y: A E y}. A nearness structure ~* 

is defined on X* as follows: B E ~* provided {A c X: there 

exists B E B with B c cl(A)} E~. (X*,~*) is a complete 

nearness space with cl~*X = X*. Also; for A c X, cl~*(A) 

cl (A). 

The following two important theorems are due to Bentley 

and Herrlich [2]. 

Theorem A. For any T1 nearness space (X'S) the follow

ing conditions are equivalent: 

(1) ~ is a nearness structure induced on X by a strict 

extension. 

(2) The completion X* of X is topological. 

(3) E;, is concrete. 

Theorem B. Strict extensions are equivalent if and 

only if they induce the same nearness structure. 

2. Minimal Prime Co-Zero Filters 

If J is an ultrafilter on X then J = {F c X: X - F ~ J}. 

Recall that a filter is an ultrafilter if and only if it is 
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a prime filter; a result that does not carry for open ultra-

filters, closed ultrafilters nor z-ultrafilters. 

Let J be a closed filter and ~ = {O E t: X - 0 t J}. 

Then: 

(1) J is a closed ultrafilter if and only if ~ is a 

minimal prime open filter. 

(2) ~ is an open ultrafilter if and only if J is a 

minimal prime closed filter. 

The first statement was useful in discussing Pervin 

nearness structures [6]. The trace filters of the comple

tion of an ultrafilter generated nearness space are the 

corresponding minimal prime open filters [4]. The second 

statement above follows in a natural way. 

The same construction can be employed with z-ultra

filters; and this construction yields a minimal prime 

co-zero filter. The trace filters of X are, Banaschewski 

[1], the maximal completely regular open filters on X, and 

as we shall see in section 3, these are the open filters 

generated by the minimal prime co-zero filters. 

Let X be a completely regular space. We will let 

co-Z(X) denote the collection of co-zero sets on X. 

Theorem 2.1. Let m be a z-ultrafilter on a completely
p 

regular space X. Set V = {V E co-Z(X): X - V ~ m}. Then 
p p 

V 
p 

is a minimal prime co-zero filter on X. 

Proof· Easily <p t V 
p 

and if V E V 
p

and V c \v E co-Z(X) 

ft1then X - W c X - V ¢ and thus X - vJ ~ ft1 . Hence W E V pP P 

Let VI E Vp and V2 E V p 
Then X - V1 ~ !1p and X - V2 ~ (!}p 

and thus X - (VI n V ) = (X - VI) u (X - V ) ¢ (!} .2 2 p 
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Therefore, VI n V E V and V is a co-zero filter.2 p p 

To see that V is prime let VI U V E V . Then p 2 p 

X - (VI U V2 ) ~ m . If VI ~ V and V ~ V it follows that p p 2 p 

X - VI E m and X - V E m and thus X - (VI U V ) = p 2 p 2

(X - VI) n (X V ) Em, a contradiction. Thus, V is a2 p, p 

prime co-zero filter. 

Suppose W is a prime co-zero filter with Wc V. p Then, 

ZIV = {Z E Z (X) : X - ¢ W} is a prime z-filter. Moreover, 

m c IV and since m is a z-ultrafilter m =: ;1/. Thus,p p p 

W= V p and V is a minimal prime co-zero filter on X. 
P 

Essentially the same argument yields the following 

theorem. 

Theorem 2.2. Let X be a completely regular topological 

space and let V be a minimal prime co-zero filter. Set 

(rJ = {Z E Z (X): X - Z ~ V}. 

Then~ (rJ is a z-ultpafiltep. 

3. Characterizations of the Nearness Structure Induced By f3X 

Let X be a completely regular space and aX the Stone

Cech compactification of X. The collections (rJp' m~, A ' 0p'p 

and V 
p 

are induced in a natural way. Specifically, if 

p E aX, then: 

m p {Z: p E claxZ} 

Om {Z : is a nbhd of p in SX}cISXZp
 

A {A c X: p E clSXA}
p 

0 p {O E t: p ~ clsx(X - O)} 

V 
p {V E co-z (X) : p ~ cISX(X - V)} 
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As noted in section 1, one can construct aX by start

ing either with the family of z-ultrafilters or the family 

of maximal completely regular open filters. In this section 

we show that given anyone of the above collections we can 

determine the other four in a natural way. Thus, it follows 

that if we have anyone of these collections we can recover 

ax. The relationships between thl~se collections are stated 

in the following theorem. Statement 3-A can be found in 

Gillman and Jerison [7] and is included here for complete

ness. (Note: Our ~o corresponds to z[Op] found in [7].)
P 

Theorem 3.1. Let (X,t) be a completely ~egular space 

and p E ax. 

(1) Let ~ be a z-ultrafilter. Then: 
p 

(A) 0 {O E t: There exists z fl ~ with z :::> X - O}
P P 

(B) A {A c X: If Z :::> A then Z E /1 }
p P' 

(C) ,n° {z E ~ : There exists z' fl ~ Wi: th z lJ z' X}
p P P 

(D) V p 
{V E co-z (X) : X - V fl ~ p } 

(2) Let o be a maximal completely regular open filter. 
p 

The>n: 

(A) ~ {z <: z (X) : 0 n z t- I~ for each 0 E Op}
P 

(B) A {A c X: A n o ~ ¢ for each 0 E Op } 
p 

(C) ~o {z E Z (X) : There exists 0 E u)1: t h Z :::> o}Opp 

(D) V {V E co-z (X) : V E 0p}
P 

(3) Let ~o be given. Then: 
p 

(-A) In { Z' E Z (X): z n Z' i· ¢ for e a c h Z E ~o} 
p P 

(B) A {A c X: A n Z ~ ¢ for each Z E ~o} 
p p 

~o(C) {O E t: There exists Z E with 0 :::J Z}Op P 
~o(D) V {V E co-Z (X) : There exists Z E with V :::> Z} 

P P 
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(4) Let A be a ~x-cluster. Then: p 

(A) m {z E z (X) : Z E Ap }P 
(B) 0 p {O E t: X - 0 t- Ap} 

O(C) mp 
{z E z (X) : X - Int(Z) £ Ap } 

(0) V 
p {v E co-z (X) : X - V £ A }

P 
(5) Let V p be a minimal prime co-zero filter. Then: 

(A) 0 
p 

{O E t: There exists V E V with 0 ::> V}
P 

(B) A 
p 

{A c X: A n V ~ <P for each V E Vp } 

(C) mO 

p 
{z E Z (X) : There exists V E Vp with Z ::> V} 

(0) m 
p {Z E Z (X) : X - Z t- V }p 

The relationships between these various collections 

allow us to find a variety of characterizations for the 

nearness structure induced by the Stone-Cech compactifica

tion. 

Let X be a completely regular space. Then the near

ness structure on X induced by SX is ~SX = {A c P(X): 

nClSxA:I ¢}. 

Herrlich, in [9], has characterized ~SX. His charac

terization is included in Theorem 3.2, statement 1-0, for 

completeness. The reader is referred to [9] for his con

struction of the contigual reflector, sc' and the uniform 

reflector, ~u. 

In Theorem 3.2, we provide several characterizations 

of the nearness structure induced by SX; some stated in 

terms of the near collections, others in terms of the cover 

structure or the micromeric collections. 

Theorem 3.2. Let X be a completely regular topological 

space. Let ssx denote the nearness structure induced on X 
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by eX and let ~eX and YSX denote the coppesponding collec

tion of unifopm covep$ and micpomepic collections~ pespec

tively. Then: 

(1) ~ex· 

(A)	 {Ac: ~(X): Thepe exists a z-ultpafiltep ~ such~SX p 

that ifZ EZ(X) andZ ~Afopsome AE Athen ZEliJ p } 

(B) {Ac: ~(X): Thepe exists p E ex with Ac: A }~ex	 p 

(C) {A c: ~(X) : Thepe exists p E ex with o n A t~SX	 <P 

fop each	 0 E and A E A}0p 

(D) (Herrlich [9] ) 
SeX = ~tcu ~tuc 

(2) lleX· 

(A) 
lleX {U c: ~(X) : Thepe exists a sequence of finite 

open coveps 0i such that ••• <* 0k+l <* 

Ok < * ••• <* 01 <* U} 

(B) lJ eX {U c ~(X): Fop each z-ultpafiltep IiJ p thepe 

exists U	 E U and a zepo set Z £ IiJ p with 

Z :::> X - U} 

(C) lJ {tl c ~ (X): Fop e a c h z - u l t p a fi l t e p IiJ the p e 
ex p 

exists U E U and a zero set Z t IiJ with p 

x - Z c U} 

(D)	 llSX {U c ~(X): For each minimal prime co-zero 

filter V there e;r:ists U E U and V E V with 
p p 

V c U} 

(3) Y ex· 

(A) Y {S c ~(X): There exists a maximal completely
ex 

regular open filter 0 that corefines S}
p 

(B) Y	 {S c: ~(X): There exists a minimal prime 
ex 

co-zero filter V p that corefines S} 
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4. Balanced Z-Filters 

Definition 4.1. Let J be a zero filter on X. J is 

called a balanced zero filter provided J is the intersection 

of all the z-ultrafilters that contain it. That is; 

J = n{/!1p : J c /!1p}. 

Let the sec operator be with respect to zero sets; 

that is, sec(]) = {Z E Z(X): Z n z' ~ ¢ for each Z' E J}. 

Then a zero filter J is balanced if and only if J = sec 2 (J). 

A filter on a set is simply the intersection of all the 

ultrafilters that contain it. This need not be the case 

in general for open filters, closed filters, or zero filters. 

(For example, a closed filter is not necessarily the inter

section of all the closed ultrafilters that contain it; if 

it is, it is called a balanced closed filter.) 

Balanced near collections and balanced closed filters 

were discussed in [6]. In that paper it was shown that, 

for a normal space X, there exists a one-to-one correspondence 

between the nonempty closed sets in BX and the balanced 

closed filters on X. As a special case it was shown that 

there exists a one-to-one correspondence between the nonempty 

closed subsets of SN and the filters on N. These results 

are extended in this paper using the concept of a balanced 

zero filter. 

Theorem 4.1. Let G be a nonempty closed set in SX. 

Set J = {Z E Z(X): G c clsxZ}. Then: 

(1) G n{clSXZ: Z E J}. 

(2) J is a balanced z-filter. 
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Proof, (1) follows since {c1 Z: Z E Z(X)} is a base 
ax 

for the closed sets in aX. (A parallel argument is that 

ex is a strict extension of X and the zero sets in X form 

a base for the closed sets in X.) 

(2) Easily $ ~ J and if Z € J with Z c Z' then Z' € J. 

If Zl E J and Z2 E J then since ClaXZ l n cl SX Z2 = 

clSx(Zl n Z2)' we have that G C Clex(Zl n Z2) and 

Zl n Z2 E J. Thus, J is a z-filter. 

To see that J is balanced, i.t suffices to let Z € /l}p 

for each m containing J and show' that Z € J. Letp 

Z E n{ftJp : J c:: /!1p}' Then p E claxZ for each /lJp containing J. 

Let q E G. Then q E clsxZ for each Z E J. Hence 

J c mq • Thus, if Z € n{/!1p: J c:: ~~} we have that G c:: ClaxZ. 

Therefore, Z € J, and J is a balanced z-filter. 

The following theorem now follows immediately. 

Theorem 4.2. Let X be a completely regular topological 

space. Then there e~ists a one-to-one correspondence 

between the nonempty closed sets in ex and the balanced 

z-fiZters on X. The aorre8pondneae i8 given by: 

Corollary 4.3. Let 0 be an open set in aX and 0 ~ ex. 
Then there e~iBts a balanced z-filter J such that 

Let N denote the natural numbers with the discrete 

topology. Since every subset of N is a zero set, and hence 

each filter on N is a z-filter, the following result 
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obtained in Carlson [6] follows as a natural consequence 

of Theorem 4.2. 

Copollapy 4.4. There exists a natural one-to-one 

corpespondence between the nonempty closed subsets of aN 
and the filteps on N. 

Copollapy 4.5. Let X be a completely regular space. 

Then there e~ists a one-to-one correspondence between the 

zero sets in ax and the balanced z-filterB on X with a 

countable base. 

Proof. It is known, (6E) in [7], that each nonempty 

zero set in aX is the countable intersection of sets of 

the form claxZ, where Z E Z(X). The result now follows 

from Theorem 4.2. 

Theorem 4.6. Let G be a nontrivial open-closed subset 

of ax. Then there exists balanced z-filters J and ~ such 

that each z-ultpafilter contains one and only one of these 

filters. 

Lemma 4.7. Let X be a completely regular space with 

F l and F 2 
nonempty closed subsets of ax. For i = 1,2; 

let O. = aX
1 

- F. 
1 

and J.
1 

= {Z E Z (X) : F. c 
1 

ClsxZ}. The 

following statements are equivalent. 

(1) F l c F 2 

(2) O2 c 01 

(3) J 2 c J l • 

Proof. By Theorem 5.2, F i 

1,2. Suppose F l C F 2 • Let 
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and thus Fl C clSXZ and Z E J . Suppose J C J . Letl 2 l 

P E Fl , then J l C /iJp and thus }2 c /iJp and p E F 2 • 

Definition 4.2. A point p in a topological space X 

is called a P-point if for each countable collection {Oil 

of open sets containing p there exists an open set 0 with 

P E 0 c no .i 

Given a z-ultrafilter /iJ on a completely regular spacep 

we now characterize when p is a P-point in eX in terms of 

balanced z-filters. 

Theorem 4.8. Let X be a completely regular topological 

space and /iJ a z-ultrafilter on X. p is a P-point in SX 
p 

if and onZy if for each countable collection {J.} of balanced 
~ 

z-filters with J. ¢ /iJ there exists a balanced z-filter J 
~ P 

such that J ¢ /iJ and for each i~l J c J i. p 

Proof· Let p be a P-point in SX, and {J.: i E N} a 
J. 

countable collection of balanced z-filters with J ¢ /iJ •i p 

Set Fi = nClSXJi • Then Fi is a closed set with p ~ Fi • 

Then 0i = 8X - Fi is an open set containing p for each 

i E N. Since p is a P-point in SX, there exists an open 

set ° in BX with p E 0 C no i . Let F = BX - 0 and J the 

corresponding balanced z-filter on X. Then for each i E N, 

F ~ F. and, by Lemma 4.7, J c J .• Easily, J ¢ /iJ • The 
]. 1 p 

proof in the other direction follows in a similar manner. 

Let {J.} be a countable collection of filters on N. 
~ 

Then nJ. 
]. 

is a filter on N and we have the following 

corollary. 
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Co~oLZapy 4.9. Let N denote the natu~aZ numbe~s with 

the	 disorete topology. Let m be an ult~afiLte~ on N. Then 

m is	 a P-point in eN if and only if for each countable 

family of fiLters {J i } on N~ with each J ¢ m~ theni 

n] i ¢ /I). 
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