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PERFEC~RIMCOMPACT IMAGES OF 

ALMOST RIMCOMPACT SPACES 

Beverly Diamond 

1.	 Introduction and Known Results 

A O-Bpace is a completely regular Hausdorff space 

possessing a compactification with zero-dimensional remainder. 

Recall that a Hausdorff space is rimaompact if it possesses 

a base of open sets with compact boundaries. A rimcompact 

space X has a compactification FX in which each point of FX 

has a base of open sets whose boundaries iie in X (see, 

for example [Sk]). Thus a rimcompact space is a a-space; 

the converse is not true ([Sk]). In the process of internally 

characterizing the class of a-spaces ([Di3]), a theory was 

developed for an intermediate class of spaces. A space X 

is almost rimaompact if and only if X possesses a carnpacti ­

fication KX in wnich each point of KX\X nas a base of open 

sets in KX whose boundaries lie in X (see [Dil], [Di2] for 

the internal Characterization and description of properties 

of almost rimcompact spaces). 

An open set U of X is rr-open in X if bdXU is compact. 

The sets A,B of X are rr-separated in X if there is a n-open 

set U of X such that A ~ U ~ ClxU S X\B. One of the 

defining conditions of almost rimcompactness is the follow­

ing: for each x € X, there is a compact connected set Xx 

of X such that if F is closed in X and F n K = $, thenx 

{x} and Fare TI-separated. 
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In fact, if X is almost rimcompact, and for x E X we 

define G = n{c,(l,SXu:, U is n-open in X, x E U}, then G has x x 

the properties of K listed above ([Oil]). In addition,x 

G is precisely the set of points of X from which x cannot 

be n-separated. (Notice that G {x} for each x E X if 
x 

and only if X is rimcompact.) The compactness of G ' 
x 

combined with this last property, makes the following a 

natural question: for an almost rimcompact space X, is 

there a perfect map from X onto a rimcompact space Y? In 

particular, can we collapse G to a point, for each x E X,x 

and obtain a rimcompact quotient space? 

We mention two related facts. First, if Z is any zero-

dimensional, non-strongly zero-dimensional space, then there 

are spaces X, Y such that X is almost rimcompact, nonrim­

compact, Y is rirncompact, Sx\x ~ Z ~ SY\Y, and X can be 

mapped onto Y by a perfect monotone map ([Oil]). (Recall 

that a map f: X + Y is monotone if f+(y) is connected for 

each y € Y.) Secondly, although the perfect preimage of a 

rimcompact space need not be a a-space, if the perfect pre-

image is a a-space then that preimage is almost rimcompact 

(4.1 and 4.3 of [Di2]). 

In this paper we show that an almost rimcompact space 

need not be the perfect preimage of a rimcompact space 

(3.1) and investigate the existence of perfect maps onto 

rimcornpact spaces. In particular, the collection 

~ = {G : x E X} (where G is as defined above) need not x x 

be a partition of X. If ~ is a partition of X, then X/§ 

is rimcompact (2.8). However, even if § is not a partition 
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of X, X may be the perfect preimage of a rimcompact space 

(3.2). If an almost rimcompact space X is the perfect pre-

image of a rimcompact space then 1) X is the perfect mono­

tone preimage of a rimcompact space (2.3) and 2) there is 

a maximal rimcompact perfect image of X, where the perfect 

map will of necessity be monotone (2.5). 

In the remainder of this section, we present some 

terminology and known results. All spaces, unless con­

structed, are assumed to be completely regular and Hausdorff. 

A function f: X + Y is closed if whenever F is a closed 

subset of X, f[F] is closed in Y. The symbol w is used 
a 

to denote the ath cardinal. 

In the following, Rim(X) will denote the set of points 

of X possessing a neighborhood base of n-open sets, L(X) 

will denote the locally compact part of X, and R(X) will 

denote the residue of X, that is, the non-locally compact 

part of X. 

The following is 1.2 of [HI]. 

1.1 Ppoposition. Suppose that f: X + Y is pepfect. 

Then f+[K] is compact fop each compact subset K of Y. 

It follows inunediately froIn 1.1 that if X is the per-

feet preimage of a rimcompact space Y via the map f, then 

{f+(y): y E Y} is an upper semicontinuous decomposition of 

X into compact sets, each having a neighborhood base of 

n-open sets. 
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2.	 The Main Results 

We begin this section by presenting some consequences 

of an almost rimcompact space X being the perfect preirnage 

of a rimcompact space X (2.1-2.5) and continue with some 

results on specific types of decompositions in an attempt 

to build rimcompact images (2.6-2.8). 

The first result states that when collapsing subsets 

of X in an attempt to obtain a rimcompact quotient space, 

we need not collapse any sets in the interior of the rim-

compact part of X. It is well known that L(X) is open in 

X; an almost rimcompact space X can be constructed so that 

Rim(X) is not open in X. 

2.1 Theorem. Suppose that f: X ~ Y is perfect, where 

Y is rimaompaat, and that U is any open subset of 

intxRim(X). Then there is a rimcompact space Z, and 

perfect maps g: X ~ Z, h: Z ~ Y such that hog = f, 

g+[g[U]] = U, and glu is a homeomorphism. 

Proof. Suppose that f: X ~ Y is perfect. Let 0 

denote the decomposition of X consisting of {{x}: x E U} U 

{f+[f(p)]\U: p € X\U}, and 9 the quotient map from X onto 

Z = x/O. Notice that g+(z) is compact for each z E Z, and 

that g+[g[U]] = U. It is straightforward to verify that 

o is an upper semicontinuous decomposition of X, hence that 

9 is perfect. If we define h: Z ~ Y as follows: h(z) 

£[g
0+-

(z)]; then h is well-defined, f = hog and h is perfect. 

We wish to show that if Y is rimcompact, then Z is 

rimcompact. Suppose z E Z and that z € V open in Z. If 

z = {x} for x E U, then x has a base of n-open sets of X 
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which are contained in U, hence~ z has a base of n-open 

sets in Z. Suppose z = f~[f(p)]\U for P E X\D. Then 

h +- [h ( z)] = {z} U {{ x' }: x lEU, f (x ') = f (p) } • Le t 

K = h~[h(z)]\V. The set K is compact and contained in the 

open set g[U]. Since each element of K has a base of 

TT-open sets of Z contained in gr[U] , using compactness we 

can choose W to be a n-open set of Z such that K ~ WI c 9 [U].
l 

Then h+-[h(z)] c V U WI· Since h is closed, there is a 

+- +­
n-open set A of Y such that h [h(z)] ~ h [A] c V U Wl. It 

follows from 1.1 that h+-[A] is n-open in Z. Then 

h+-[A]\C1 W is TT-open in Z, and z E h+-[A]\C1 ZW ~ V. There­z l 

fore Z is rimcornpact. 

As previously mentioned, the perfect preimage of a 

rimcornpact space need not be rimcornpact, thus in the pre­

ceding proof some verification that Z is rimcompact is 

required. 

As a special case of 2.1 we have the following: if 

f: X + Y is perfect, where Y is rimcompact, then there is 

a rimcompact space Z and a perfect map g: X + Z such that 

gIL(X) is a homeomorphism. 

The details of the following construction appear in 

[Po]. Let f: X + Y be perfect. For each y E Y, f+-(y) is 

compact, thus each connected component of f+-(y) is a compact 

quasi-component of t~- (y). Let i) denote the decomposition 

of X whose elements are the connected components of the 

sets f+-(y) , Y € Y. If g: X + X/O is the quotient map, 

then 9 is perfect and monotone. If h: X/O + Y is defined 

as follows: h(z) = f[q+-(z)], then h is perfect and 
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h~(y) is zero-dimensional for each y E Y. (Although the 

hypotheses in [Po] include compactness of X, the perfect­

ness of f is the only aspect of compactness used.) 

This construction, together with the next result, 

allows us to build monotone images from arbitrary images. 

2.2 Lemma. Suppose f: X ~ Y is perfect, Y is rim­

compact, and f~(y) is O-dimensionaZ for each y E Y. Then 

X is rimcompact. 

Proof. Suppose that x E W, where W is open in X. 

Let S = f+[f(x)]\W. Then S is a compact subset of f+[f(x)], 

which is compact and O-dimensional. Since x f S, there is 

a set U clopen in f+[f(x)] such that x E U while S n U = ¢. 

Note that U c W. Since U and f+[f(x)]\U are disjoint 

compact subsets of X, we can choose WI and W to be dis­2 

joint open subsets of X such that U c Wand f+ [f (x)] \ U WI c 

Then f+ [f (x)] U W and f is closed, so there:= w2 • ~ WI 2 ,
 

is a n-open. subset A of y such that f+ [f (x) 1 s f+[A]
 s 

n-open in X. It is easy to verify that since WI n W <p,2 

f+[Al is n-open in x. Since x E f+[Al W, xn WI n WI S 

has a base of n-open sets. 

2.3 CoroZZary. Let f: X ~ Y be perfect, where Y is 

rimcompact. Then there is a rimcompact space Z and perfect 

maps g: X ~ z, h: Z ~ Y such that hog = f and 9 is 

monotone. 

Thus if X has a decomposition 0 consisting of compact 

sets so that x/D is rimcompact, then X has a decomposition 
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V' consisting of compact connected sets so that X/V' is 

rimcompact. 

In addition, the next results indicate that given any 

rimcompact perfect image, there is a maximal rimcompact 

perfect image. 

2.4 Theorem. Suppose that fop ex. E A~ f : X ~ X is 
ex. ex. 

pepfect~ where X is rimcompact. Let V {n Af~[f (x)]:
ex. ex.E ex. ex. 

x E X}. Then the quotient map g: X + X/V is perfe~t and 

X/V is rimcompact. 

Proof· If 9 is the quotient map from X onto X/V, then 

9 is continuous and g+-(p) is compact for each p E X/V. 

We define, for each 6 E A, a map g6: X/V ~ X in the
S 

obvious way. For p E X/D, g+-(p) n Af+- [f (x)] for some
aE ex. ex. 

x E X. Define g6(P) = f (x). The map g6 is well-defined,
6 

for if g+-(p) = nex.EAf:[fex.(y)] for y E X, then f (x) = f (y).
6 6 

It is clear that gs is continuous, since g6 0 9 = f - It
S 

is easy to verify that g6 is closed and perfect. Also, for 

each p EX/V, P = nex.EAg:[ga(P)]. For suppose q E X/V and 

q t p. Then g+-(p) = n Af+-[f (x)] for x E X, and g+-(q) = 
aE a ex 

nex.EAf:[fex.(y)] for y E Y, where x +y and fS(x) t fS(y) for 

some BE A. Then gS(q) t gS(p) and q ¢ g;[gS(p)]· 

We show that 9 is perfect and that X/V is rimcompact. 

To show 9 is perfect, it suffices to show that V is an 

upper semicontinuous decomposition of X. Suppose that 

D ~ V, where V is open in X and D = n EAf+-[f (x)] for a ex. ex. 

some x E X. Since {f+-If (x)]: ex. E A} is a collection of 
ex. ex. 

compact sets, there is a finite set F c A such that 

nEFf
+-

[f (x)] c V. For each y E F, [f+-[f (x)]]\V is compact. 
y Y Y y y 
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Choose W open in X such that [f~[f (x)]]\V c Wand 
y y y - Y 

C£XWy n c£XWB = ~ if y t B. Then f~[fy(X)] : V U Wy ' so 

there is a n-open set U of X such that f~[f (x)] S 
y y y Y 

£+[U ] C f+[ctU ] C V U W • 
Y Y Y Y Y 

Then Den EFf+[f (x)] c n EFf+[U ] c n EF{V n W ) c V. 
- Y Y Y Y Y Y Y Y 

Since f+[U ] is saturated with respect to 0, n c f+-[U ] is 
y Y y~F Y Y 

saturated with respect to D. It follows that 0 is upper 
+- +­

semicontinuous. Also, g[nY€Ffy[U ]] = nY€Fgy[u ] ~ q[V].y y

Since gy is perfect, and U is n-open in x ' it followsy y
 

from 1.1 that n EFg+[U ] is TI-open in X/D. To complete
y y y 

the proof that X/O is rimcompact, it is sufficient to note 

that for pEW open in X/O, g+(p) D c g+-[Wl. The above 

construction, with V 9
+-

[W] yields the desired TI-open 

neighborhood of p in X/D. 

2.5 Corollary. Suppose that a space X is the pepfeat 

preimage of a rimcompaat Bpaae. Then there i8 a rimaompact 

spaae Z and a perfeat monotone map g: X ~ Z suah that 

a) g+-[g[L{X)]] L{X), and gIL(X) is a homeomorphism. 

b) If Y is any rimaompaat space, and f: X ~ Y iB per-

feat, then there is a perfeat map h: Z ~ Y 8uah that 

hog = f. 

Proof. This follows from 2.3 and 2.4. 

The preceding results indicate that in attempting to 

determine when X can be mapped onto a rimcompact space Y by 

a perfect map, we can restrict ourselves to looking at 

decompositions of X consisting of compact connected sets. 

The next results show the utility of this restriction. 
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2.6 Theopem. Let Dbe a decomposition of X into 

closed connected sets, each having a base of n-open sets. 

The following ape equivalent. 

a) x/D is T2 • 

b) The quotient map g: X + x/D is closed. 

If eithep a) op b) holds, then x/D is pimcompaat. 

Ppoof. a. b. We show that D is upper semicontinuous 

and hence that 9 is closed. In the process, we shall also 

prove that X/O is rimcompact. Suppose D ~ V, where V is 

open in X. There is a n-open set U such that D cUe 

CiXU C V. According to [Ku], if f: X + Y is a monotone 

quotient map, where X,Y are Hausdorff, and U is n-open in 

x, then bdyf[Ul ~ f[bdxU]. Thus if Y = x/D is T2 , then 

bdyg(X\CixU) ~ g(bdx(X\CixU) ~ g(bdxU), hence bdyg(X\c£xU) 

is compact. Let W = Y\ctyg(X\c£XU). Then W is open in Y, 

and bdyW C bdyg(X\CixU) hence bdyW is compact. Since 

D n bdxU = ~, g(D) E W. Then g~(W) is a saturated open 

neighborhood of D contained in V, while W is an open 

neighborhood of g(O) having compact boundary. To complete 

the proof that Y is rimcompact, it is sufficient to note 

that if g(D) € W' open in Y, then D ~ g~(W') which is open 

in X, and the process of choosing W can be completed with 

V = g~(W'). 

b • a. Suppose D1 +D2 and g: X + X/O is closed. 

Choose V to be open in X such that 01 eVe C£XV ~ X\D 2 • 
. .

The set g(b~xV) 1S closed 1n X/D, so 9 
~ 

[g(bdxV)] is closed 

in x. For 0 E D, if D n bdxV = ~, then D n 9+[g(bdxV)] = ~ 

and since D is connected, either D S W V\9+[9(bdxV)] orl 
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DeW = (X\c£xV)\g~[g(bdxV)]. Then ·the two disjoint open- 2 

sets WI and W are complete pre images of sets in X/D. That2 

is, there are disjoint sets VI and V in X/D such that2 

g*-(V ) = WI and g+-(V ) = Then VI and V are open, sincel 2 w2 • 2 

g is a quotient map, hence D and D have disjoint openl 2 

nieghborhoods in X/D. 

Notice that the procf that b • a required only that 

D E 0 has a base of open sets. A base of n-open sets is 

required to complete the proof that X/O is rimcompact. 

We point out that the hypotheses do not imply that 

X/V is T • For example, let X = I x {O,1,1/2,1/3, ••• } and
2 

let V consist of {{x} : x E I x {OJ} U {{I x l/n} : n E N} • 

1-\1 so , if "connected" is deleted from the hypotheses, X/V 

need not be rimcompact, even if X/ V is T2 and the quotient 

map is perfect: for any space X, there is an extremely 

disconnected (hence O-dimensional) space E(X) which can 

be mapped onto X by a perfect irreducible map. 

We now return to a discussion of the sets which rnoti ­

vated the original question. Recall that G 
x 

is n-open in X, x E U}. 

2.7 Lemma. Suppose X is almost rimcompact. The fol­

lowing	 are equivalent. 

a) For each x E X~ G has a base of n-open sets. 
x
 

b) For x~ y E X~ G n G t ep .. G = G
 
x x yY 

c) If U is n-open in X~ and G n U t ep~ then G ~ C£XU•x x 

Proof· a .. b. Suppose G for x, y E X. With-
x = Gy' 

out loss of generality, there is p E G \ G . Since p Gx	 ~ y'Y 
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there are n-open sets U and U2 of X such that G C U Cl y 2 

C£XU2 ~ Ul and p ~ C£XUl. Since p E G ' x ¢ Ul , sox 

G ~ X\U 2 • Then G n G ¢. x x y 

c ~ a. Suppose x E X and G n F = ¢, where F is closed 
x 

in X. There is a n-open set U of X such that x E U and 

for y E K, x E G For suppose x ~ G • Then there is a y y 

n-open set V of X such that y E V and x ~ C£xV. It follows 

that G C X\V, contradicting the fact that y E G . Hence x - x 

G C C£xU for y E K.Y -
In particular, G n F = ¢, so there is a n-open set 

y 

U of X such that y E U and CtxUy n F = ¢. Then K ~ U{U : y y y 

y E K} hence there is a finite set {Yl'Y2'---'Yn} such that 

K C U.
n 

lU 
1= Yi
 

It follows that G C U U Un U which is n-open in X,
 
x i=l Yi' 

while F n ct[U u (U~=lUy.)] ~. 
1 

b • c. Suppose U n G ~ ¢. If Y E U n G ' then z z 

G G .
Y z 

Thus if ~ = {G : x E X} is a partition of X, then ~ is x 

a decomposition of X into compact, connected sets having a 

base of TI-open sets. Even though in general such a decompo­

sition need not yield a rimcompact quotient space, this 

particular decomposition does. 

2.8 Theorem. Suppose X is aZmost rimcompact~ and that 

~ {G : x E X} is a partition of x. Then X/~ is rimcompact.x 

Proof. According to 2.6 and 2.7, it suffices to show 

that ~ is an upper semicontinuous decomposition. Suppose 
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G S	 V, where x E X and V is open in X. Let V {G :x s y 

G S V}. Clearly V is saturated with respect to ~. Wey s 

show Vs is open in X. Suppose Z E Vs. Then G z £ V, since 

Z E G for some y so that G c V and G G. Since 
y y - z Y 

G S V, there is a n-open set U of X such that G S U ~ z z 

C~XU S V. We claim that U s V . If P € U then G n u 1 $.s p 

According to 2.7, G £ c~xu £ Vs' hence p E V . It followsp s 
that V is open, as z was an arbitrary element of V • s	 s 

3.	 Examples 

In 3.1 we construct an almost rimcompact space X 

which is not the perfect preimage of any rimcompact space, 

and for which ~ = {G : x E X} is not a partition of X. x 

In 3.2 we modify 3.1 slightly to obtain an almost rimcompact 

space X2 which is the perfect preimag-e of a rimcompact 

space but for which ~ is not a partition of X2 . 

Let ~ denote a maximal almost disjoint collection of 

subsets of the natural numbers N. The space Nun will 

have the following topology: each point of N is isolated 

and A E R has as an open base {{A} U (A\F): F is a finite 

subset of N}. 

According to 2.1 of [Tel, we can choose a family ~ so 

that S(N U ~)\ (N u ~) is homeomorphic to the unit interval 

I. It follows from 3.1 of [Oil] that if W = [S (N U ~) x 

(wI + 1)] \ [ (N U 7?) x {wI} ] then W is almost rimcompact 

but not rimcompact. For each w € I x {wl }, w cannot be 

n-separated from any element wI of I x {w }, hencel 
G = I x {wI}.w 
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3.1 ExampZe. For each n E N, let (N U ~)n be a copy 

of the space N U ~ above. Form the disjoint union of 

{S[(N U ~) ]: n E N} and let Y be the quotient space
n 

obtained by collapsing 1 of S[(N U ~)n] and 0 of 

S[(N U ~)n+l] to a single point, for each n E N. For 

simplicity of notation, we shall think of Y as a copy of 

the real line R with a copy of N U ~ attached to each 

interval [n,n+l]. The space Y is locally compact; let 

KY = Y U {p} denote the one-point compactification of Y. 

Note that Z [UnEN(N U ~)n] U {p} is zero-dimensional. 

Define X [KY x (WI + 1)] \ [z x {WI}] · Then 

SX = KY x (WI + 1) and SX\X = z x {WI}' hence X is a 

O-space. It is easy to show directly that each element 

of SX\X has a base of open sets of SX whose boundaries are 

contained in X, hence X is almost rimcompact. Using the 

ideas contained in the proof of 3.1 of [Dil], one can see 

that if x E (n,n+l) x {WI}' then G = [n,n+l] x {WI}'x 

while for x = n x {WI}' G = [n-l,n+l] x {WI}. rrhus x 

§ = {G : x E xl is not a partition of X. Since any rim­
x 

compact quotient space of X would have to collapse R x {WI}' 

no such space could be a perfect image of X. 

3.2 ExampZe. Construct X as in 3.1, and let 

X = X U { (p, wI) } • Then R(X ) is compact. If X is the
2 2 3 

quotient space of X2 obtained by collapsing R(X ) to a2

point, then X is rimcompact. Notice that X is the3 3 

maximal perfect rimcompact image of X2 . The collection 

§ = {G : x E X } is not a partition of X2 ' and R(X 2 ) t G x 2 x 

for any x E X2 . 
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We leave the reader with the following open question: 

Suppose that a (almost rimcompact) space X has a decomposi­

tion	 0 into (connected) compact sets, each having a base of 

n-open sets. Does this imply that X has a decomposition 

0' with the same properties so that X/f)' is rimcompact? 
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