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PERFECT RIMCOMPACT IMAGES OF
ALMOST RIMCOMPACT SPACES

Beverly Diamond

1. Introduction and Known Results

A O-space is a completely regular Hausdorff space
possessing a compactification with zero-dimensional remainder.
Recall that a Hausdorff space is rimaompact if it possesses
a base of open sets with compact boundaries. A rimcompact
space X has a compactification FX in which each point of FX
has a base of open sets whose boundaries d1ie in X (see,
for example [Sk]). Thus a rimcompact space is a O-space;
the converse is not true ([Sk]). 1In the process of internally
characterizing the class of O-spaces ([Di3]), a theory was
developed for an intermediate class of spaces. A space X
is almost rimeompaect if and only if X possesses a compacti-
fication KX in wnich each point of KX\X has a base of open
sets in KX whose boundaries lie in X (see [Dil], [Di2] for
the internal characterization and description of properties
of almost rimcompact spaces).

An open set U of X is ﬁ-open in X if bdXU is compact.
The sets A,B of X are n-separated in X if there is a n-open
set U of X such that Ac Uc ci,Uc X\B. One of the
defining conditions of almost rimcompactness is the follow-
ing: for each x € X, there is a compact connected set Kx
of X such that if F is closed in X and F N K, = ¢, then

{x} and F are m-separated,
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In fact, if X is almost rimcompact, and for x € X we

define Gx = n{cy XU: U is m-open in X, x € U}, then Gx has

)
the properties of Kx listed above ([Dil]). 1In addition,

Gx is precisely the set of points of X from which x cannot
be m-separated. (Notice that G, = {x} for each x € X if

and only if X is rimcompact.) The compactness of Gx’
combined with this last property, makes the following a
natural question: for an almost rimcompact space X, is
there a perfect map from X onto a rimcompact space Y? 1In
particular, can we collapse Gx to a point, for each x € X,
and obtain a rimcompact quotient space?

We mention two related facts. First, if Z is any zero-
dimensional, non-strongly zero-dimensional space, then there
are spaces X, Y such that X is almost rimcompact, nonrim-
compact, Y is rimcompact, BX\X = Z = BY\Y, and X can be
mapped onto Y by a perfect monotone map ([Dil]). (Recall
that a map f: X - Y is monotone if f*(y) is connected for
each y € Y.) Secondly, although the perfect preimage of a
rimcompact space need not be a O-space, if the perfect pre-
image is a O-space then that preimage is almost rimcompact
(4.1 and 4.3 of [Di2]).

In this paper we show that an almost rimcompact space
need not be the perfect preimage of a rimcompact space
(3.1) and investigate the existence of perfect maps onto
rimcompact spaces. In particular, the collection
¢ = {Gx: X € X} (where Gx is as defined above) need not
be a partition of X. If § is a partition of X, then X/¢

is rimcompact (2.8). However, even if 9 is not a partition
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of X, X may be the perfect preimage of a rimcompact space
(3.2). If an almost rimcompact space X is the perfect pre-
image of a rimcompact space then 1) X is the perfect mono-
tone preimage of a rimcompact space (2.3) and 2) there is

a maximal rimcompact perfect image of X, where the perfect
map Wwill of necessity be monotone (2.5).

In the remainder of this section, we present some
terminology and known results. All spaces, unless con-
structed, are assumed to be completely regular and Hausdorff.
A function f: X + Y is closed if whenever F is a closed
subset of X, f[F] is closed in Y. The symbol wa is used
to denote the ath cardinal.

In the following, Rim(X) will denote the set of points
of X possessing a neighborhood base of m-open sets, L(X)
will denote the locally compact part of X, and R(X) will
denote the residue of X, that is, the non-locally compact
part of X.

The following is 1.2 of [HI].

1.1 Proposition. Suppose that f£: X + Y is perfect.

Then f«[K] is compact for each compact subset K of Y.

It follows immediately from 1.1 that if X is the per-
fect preimage of a rimcompact space Y via the map £, then
{f*(y): y € Y} is an upper semicontinuous decomposition of
X into compact sets, each having a neighborhood base of

m-open sets.
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2. The Main Results

We begin this section by presenting some consequences
of an almost rimcompact space X being the perfect preimage
of a rimcompact space X (2.1-2.5) and continue with some
results on specific types of decompositions in an attempt
to build rimcompact images (2.6-2.8).

The first result states that when collapsing subsets
of X in an attempt to obtain a rimcompact quotient space,
we need not collapse any sets in the interior of the rim-
compact part of X. It is well known that L(X) is open in
X; an almost rimcompact space X can be constructed so that

Rim(X) is not open in X.

2.1 Theorem, Suppoee that f: X + Y is perfect, where
Y 18 rimcompact, and that U 18 any open subset of
inthim(X). Then there is a rimcompact space Z, and
perfect maps g: X + Z, h: Z + Y such that h o g = £,

g lglull = U, and g|U 18 a homeomorphism.

Proof. Suppose that f: X + Y is perfect. Let J
denote the decomposition of X consisting of {{x}: x € U} U
{£°[£(p)]\U: p € X\U}, and g the quotient map from X onto
Z = X/J. Notice that g*(z) is compact for each z € Z, and
that g*[g[U]] = U, It is straightforward to verify that
D is an upper semicontinuous decomposition of X, hence that
g is perfect. If we define h: Z » Y as follows: h(z) =
£lg (2z)]; then h is well-defined, f = h o g and h is perfect.

We wish to show that if Y is rimcompact, then Z is
rimcompact. Suppose z € Z and that z € V open in Z. If

z = {x} for x € U, then x has a base of n-open sets of X
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which are contained in U, hence z has a base of n-open

sets in Z. Suppose z = f+[f(p)]\U for p € X\U. Then

h [h(z)] = {z} u {{x'}: x' € U, £(x') = £(p)}. Let

K = h«[h(z)]\V. The set K is compact and contained in the
open set g[U]. Since each element of K has a base of
m-open sets of 2 contained in g[U], using compactness we
can choose wl to be a m-open set of 2 such that K < Wl < glUul.
Then h* [h(z)] cVuUWw. Since h is closed, there is a
m~open set A of Y such that h'[h(z)] c h*[A] cVuw. It
follows from 1.1 that h*[A] is m-open in Z. Then

is m-open in Z, and z € h*[A]\clzw < V. There-

h [A]\cJLZwl

fore Z is rimcompact.

As previously mentioned, the perfect preimage of a
rimcompact space need not be rimcompact, thus in the pre-
ceding proof some verification that 2 is rimcompact is
required.

As a special case of 2.1 we have the following: if
f: X » Y is perfect, where Y is rimcompact, then there is
a rimcompact space Z and a perfect map g: X » Z such that
glL(X) is a homeomorphism,

The details of the following construction appear in
[Po]. Let f: X » Y be perfect. For each vy ¢ Y, f+(y) is
compact, thus each connected component of f*(y) is a compact
quasi—component,off+(y). Let 7 denote the decomposition
of X whose elements are the connected components of the
sets £ (y), y € Y. If g: X » X/0 is the quotient map,
then g is perfect and monotone. If h: X/) » Y is defined

as follows: h{z) = f[q+(z)], then h is perfect and
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h“(y) is zero-dimensional for each y € Y. (Although the
hypotheses in [Po] include compactness of X, the perfect-
ness of f is the only aspect of compactness used.)

This construction, together with the next result,

allows us to build monotone images from arbitrary images,

2.2 Lemma. Suppose f: X » Y is perfect, Y is rim-
compact, and £ (y) is O-dimensional for each y € Y. Then
X i1s rimeompact.

Proof. Suppose that x € W, where W is open in X.
Let S = £ [£f(x)]\W. Then S is a compact subset of £¥[f(x)],
which is compact and O0-dimensional. Since X ¢ S, there is
a set U clopen in f«[f(x)] such that X € U while S N U = 4.
Note that U ¢ W. Since U and £f7[f(x)]\U are disjoint
compact subsets of X, we can choose Wl and W2 to be dis~
joint open subsets of X such that U ¢ Wl c W and £L£(x)]\U
< W2. 27
is a m-open subset A of Y such that £°[f(x)] c £°(a] c

Then f«[f(x)] E-Wl uw and f is closed, so there

£°[ceyA] € W; U W,. It follows from 1.1 that £7[A] is
m-open in X. It is easy to verify that since Wl n W2 = ¢
£°(a] n W, is n-open in X. Since x € £f7[A] n Wy c W, x

has a base of n-open sets.

2.3 Corollary. Let f: X - Y be perfect, where Y is
rimeompact. Then there is a rimcompact space Z and perfect
maps g: X + Z, h: 2 » Y sueh that h o g = £ and g 18

mornotone.

Thus if X has a decomposition J consisting of compact

sets so that X/J is rimcompact, then X has a decomposition
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0’ consisting of compact connected sets so that X/J’ is
rimcompact.

In addition, the next results indicate that given any
rimcompact perfect image, there is a maximal rimcompact

perfect image.

2.4 Theorem. Suppose that for g € A, fa: X » X 1is
a

perfect, where Xa 18 rimecompact. Let D = {nueAfa[fa(X)]:

X € X}. Then the quotient map g: X + X/0 is perfect and
X/0 is rimeompact,

Proof. 1If g is the quotient map from X onto X/J, then
g is continuous and g+(p) is compact for each p € X/J.

We define, for each B € A, a map gB: X/0 ~ Xg in the

obvious way. For p € X/D, g+(p) 0L[f (x)] for some

QEA

X € X. Define gB(p) = fB(x). The map gB is well-defined,

for if g (p) = nueAf;[fa(y)] for y € X, then f (x) = £ (y).

It is clear that gB is continuous, since gB ° g = fB' It

is easy to verify that gB is closed and perfect. Also, for
each p € X/0, p = naeAg;[g (p)]. For suppose q € X/J and

q ¥ p- Then g (p) = n [fa(x)] for x € X, and g* (q) =

a€A o

n [f (y}] for v € Y, where x } y and f (x) ¥ f y) for

aeA a
some § € A. Then g, (q) ¥ gB(p) and q § gB[gB(p)I-

We show that g is perfect and that X/J is rimcompact.
To show g is perfect, it suffices to show that /7 is an
upper semicontinuous decomposition of X. Suppose that
D « V, where V is open in X and D = n £°1f (x)] for

= a€ATo o

some x € X. Since {f;[fa(x)]: o € A} is a collection of

compact sets, there is a finite set F A such that

=
£ £ .
YEF Y[ (x}] ¢ V. For each y € F, Y[f (x)11\V is compact



40 Diamond

Choose wY open in X such that [f;[fY(x)]]\V c W and

: +
CZXWY n czst = ¢ if y ¥ 8. Then fY[fY(X)] cV oy WY, s0
there is a 7-open set UY of XY such that f;[fY(X)] <

« «
£°00 ] < £ [cqu VoUW,
yI0y 1 e flert e Y
Then D

cn £ [f (x)] en £ [U cn (Vnw)cUV.
= "yEF vy =

YEF Yy YEF Y
Since £’ [uU is saturated with respect to J, n N {
Y[ Y] P ' YEFfY[UY] is
saturated with respect to J. It follows that /J is upper
iconti . = ©
semicontinuous Also, g[ny€FfY[U 1] nY€FgY[UY] < ql[Vv]
Since 9, is perfect, and UY is m-open in XY' it follows
from 1.1 that nYEFg;[UY] is m-open in X/D. To complete
the proof that X/J is rimcompact, it is sufficient to note
that for p € W open in X/J, p) =Dc g*[w]. The above
construction, with V = g+[w] yields the desired m-open

neighborhood of p in X/D.

2.5 Corollary. Suppose that a space X i8 the perfect
preimage of a rimcompact 8space, Then there is a rimecompact
space Z and a perfect monotone map g: X + Z 8such that

a) g [glL(X)]1] = L(X), and g[L(X) i8 a homeomorphism.

b) If Y is any rimcompact space, and £: X + Y 18 per-
fect, then there 18 a perfect map h: Z -+ Y such that
h o g = f.

Proof. This follows from 2.3 and 2.4.

The preceding results indicate that in attempting to
determine when X can be mapped onto a rimcompact space Y by
a perfect map, we can restrict ourselves to looking at
decompositions of X consisting of compact connected sets.

The next results show the utility of this restriction.
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2.6 Theorem, Let D be a decomposition of X into
closed connected sets, each having a base of n-open sets.,
The following are equivalent,

a) X/D i8 T2'

b) The quotient map g: X + X/0 is closed.

If either a) or b) holds, then x/0 is rimeompact.

Proof. a = b. We show that /) is upper semicontinuous
and hence that g is closed. In the process, we shall also
prove that X/J is rimcompact. Suppose D c V, where V is
open in X. There is a 7-open set U such that D < U c
CQXU S V. According to [Ku], if f: X » Y is a monotone
quotient map, where X,Y are Hausdorff, and U is n-open in
57 then
deg(X\csz) < g(bdx(x\csz) < g(bde), hence deg(X\csz)

X, then def[U] c flbd,U}. Thus if ¥ = X/0 is T

is compact. Let W = Y\czyg(x\cle). Then W is open in Y,
and deW < deg(X\csz) hence deW is compact. Since

¢, g(D) € W. Then g' (W) is a saturated open

DN bde
neighborhood of D contained in V, while W is an open
neighborhood of g(D) having compact boundary. To complete
the proof that Y is rimcompact, it is sufficient to note
that if g(D) € W' open in Y, then D ¢ g*(W') which is open
in X, and the process of choosing W can be completed with
vV = g*(w').

b = a. Suppose D; # D, and g: X + X/D is closed.
Choose V to be open in X such that D; ¢ V ¢ c2,V c X\D,.
The set g(bc,V) is closed in X/D, so g Ig(bd, V)] is closed
in X. For D € D, if D n bd,V = ¢, then D n g"[g(bdXV)] = ¢

and since D is connected, either D ¢ W, = V\g*[g(bdxv)] or
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DcW,= (X\chv)\g+[g(bdxv)]. Then the two disjoint open
sets Wl and W2 are complete preimages of sets in X/D. That
is, there are disjoint sets Vl and V2 in X/D such that

< « ) :
g (Vl) = Wl and g (Vz) = w2. Then Vl and V2 are open, since

g is a guotient map, hence D, and D2 have disjoint open

1
nieghborhoods in X/D.

Notice that the prccf that b = a required only that
D € J has a base of open sets. A base of n-open sets is
required to complete the proof that X//J is rimcompact.

We point out that the hypotheses do not imply that

X/0 is T For example, let X = I x {0,1,1/2,1/3,+..} and

2"
let 0 consist of {{x}: x € I x {0}} U {{I x 1/n}: n € N},
Also, if "connected" is deleted from the hypotheses, X/7

need not be rimcompact, even if X/J is T, and the quotient

2
map is perfect: for any space X, there is an extremely
disconnected (hence 0~dimensional) space E(X) which can
be mapped onto X by a perfect irreducible map.

We now return to a discussion of the sets which moti-

vated the original question. Recall that G, = n{cg U

BXU:

is m-open in X, x € U}.

2.7 Lemma. Suppose X is almost rimcompact. The fol-
lowing are equivalent.

a) For each x € X, Gx has a base of m-open sets.

b) For x, y € X, Gx n Gy + ¢ = Gx = Gy.

c) If U is mw-open in X, and Gx nuU $ ¢, then Gx c CQXU.

Proof. a = b, Suppose Gx = Gy’ for x, y € X. With-
out loss of generality, there is p € Gx\Gy' Since p ¢ Gy’
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there are n-open sets Ul and U2 of X such that Gy cU

Since p € Gx' x ¢ Ul’ SO

2 €

C;LXU2 c Ul and p § CQXU

Gx c X\U2. Then GX n G

1
az

C = a. Suppose x € X and Gx nF = ¢, where F is closed
in X. There is a n~open set U of X such that x € U and
CEXU NF =¢. Then GX E.LQXU' If K = GX n bdXU f ¢, then
for vy € K, x € Gy. For suppose x § Gy' Then there is a
m-open set V of X such that y € V and x ¢ CQXV. It follows
that Gx c X\V, contradicting the fact that y € G,. Hence
Gy c g u for y € K.

In particular, Gy nF =¢, so there is a rm-open set

U of X such that €U and C4. U N F = ¢. Then K c yl{Uu_:
y Y=y oy ¢ = Uy

y € K} hence there is a finite set {yl,yz,'--,yn} such that
K

n
c U,_,U .
= "i=l Yi
It follows that G, ¢ U U U2=1Uy , which is 7n-open in X,
i
. n _
while F n CL[U U (Ui=lUYi)] = ¢.

b= c, Suppose UNG_ # ¢. Ifye€eUn Gz, then

fl
(2}

2 .
Gy ccC xU1' while Gy 2

Thus if ¢ = {GX: X € X} is a partition of X, then § is
a decomposition of X into compact, connected sets having a
base of m-open sets. Even though in general such a decompo=-
sition need not yield a rimcompact guotient space, this

particular decomposition does.

2.8 Theorem., Suppose X 18 almost rimcompact, and that
¢ = {Gx: x € X} is a partition of X. Then X/§ is rimcompact.
Proof. According to 2.6 and 2.7, it suffices to show

that ¢ is an upper semicontinuous decomposition. Suppose
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Gx c V, where x € X and V is open in X. Let Vs = {Gy:

Gy c V}. Clearly Vs is saturated with respect to §. We
show Vs is open in X. Suppose z ¢ Vs. Then Gz c V, since
z G, for some so that G V and G_ = G_. Since

€% Y y € z =y

Gz c V, there is a n-open set U of X such that Gz cUc
CiU c V. We claim that U ¢ V- If p € U then Gp nu&#¢.
According to 2.7, Gp c szU c Vs’ hence p € Vs' It follows

that Vg is open, as z was an arbitrary element of Vs‘

3. Examples

In 3.1 we construct an almost rimcompact space X
which is not the perfect preimage of any rimcompact space,
and for which 9 = {Gx: x € X} is not a partition of X.

In 3.2 we modify 3.1 slightly to obtain an almost rimcompact
space x2 which is the perfect preimage of a rimcompact
space but for which § is not a partition of x2.

Let R denote a maximal almost disjoint collection of
subsets of the natural numbers N, The space N y R will
have the following topology: each point of N is isolated
and A € R has as an open base {{A} U (A\\F): F is a finite
subset of N}.

According to 2.1 of [Te], we can choose a family R so
that B(N U R)N(N U R) is homeomorphic to the unit interval
I. It follows from 3.1 of [Dil] that if W= [B(N U R) x
(wy + DINT(N U R) x {w;}] then W is almost rimcompact
but not rimcompact, For each w € I x {wl}, w cannot be
n~separated from any element w; of I x {wl}, hence

G, = Ix {wl}.
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3.1 Example. For each n € N, let (N u R)n be a copy
of the space N y R above. Form the disjoint union of
{RI(N u R)n]: n € N} and let Y be the guotient space
obtained by collapsing 1 of B[(N u @)n] and 0 of
BL(N U Q)n+l] to a single point, for each n € N. For
simplicity of notation, we shall think of Y as a copy of
the real line R with a copy of N U R attached to each
interval [n,n+1l]. The space Y is locally compact; let
KY = Y U {p} denote the one-point compactification of Y.
Note that 2 = [u (N U ?)n] u {p} is zero-dimensional.

Define X = [KY x (wl + 1)1\ [Z x {wl}]. Then
BX = KY x (ml + 1) and BX\X = Z x {ml}, hence X is a
O-space. It is easy to show directly that each element
of BX\X has a base of open sets of BX whose boundaries are
contained in X, hence X is almost rimcompact. Using the
ideas contained in the proof of 3.1 of [Dil], one can see
that if x € (n,n+l) x {ml}, then GX = [n,n+1l] x {ml},

while for x = n x {wl}, G. = [n-1,n+1l] x {ml}. Thus

be
G = {GX: x € X} is not a partition of X. Since any rim-
compact quotient space of X would have to collapse R x {ml},

no such space could be a perfect image of X.

3.2 Example. Construct X as in 3.1, and let
X2 =X U {(p,ml)}. Then R(X2) is compact. If X3 is the
quotient space of X2 obtained by collapsing R(X2) to a
point, then X, is rimcompact. Notice that X5 is the
maximal perfect rimcompact image of X2. The collection
¢ = {G,: x € X,} is not a partition of X,, and R(X,) + G,

for any x € X2.
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We leave the reader with the following open question:
Suppose that a (almost rimcompact) space X has a decomposi-
tion J into (connected) compact sets, each having a base of
mT-open sets. Does this imply that X has a decomposition

D' with the same properties so that X/J’ is rimcompact?
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