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PAROVIČENKO’S CHARACTERIZATION

OF βN \N

by

R. Engelking

Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings

Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA

E-mail: topolog@auburn.edu
ISSN: 0146-4124

COPYRIGHT c© by Topology Proceedings. All rights reserved.



47 TOPOLOGY PROCEEDINGS Volume 10 1985 

A TOPOLOGICAL PROOF OF PAROVICENKO'S 

CHARACTERIZATION OF /3N - N 

R. Engelking1 

The following properties of the remainder P (3N - N 

are well-known: 

(1) P is a zero-dimensional compact space without 

isolated points. 

(2) Every two disjoint open Fa-sets in P have disjoint 

closures (i.e., P is an F-space). 

(3) Every non-empty Go-set in P has a non-empty interior. 

As shown by the four propositions below, these are in 

fact properties of a larger class of remainders. 

Proposition 1. For each strongly zero-dimensional 

space X the remainder SX - X is zero-dimensional. 

Proposition 2. For each a-compact space X the remainder 

SX - X has no isolated points. 

Proposition 3. ([GH]). For each locally compact 

a-compact space X the remainder SX - X is an F-space. 

Proposition 4. ([FG]). For each locally compact 

realcompact space X every non-empty Go-set in SX - X has a 

non-empty interior. 

v 
We shall call a space P a Parovicenko space, if P 

has properties (1)-(3). Since every infinite compact 

IThis paper has been written while the author was visit
ing Miami University (Oxford, Ohio). 
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F-space contains a copy of SN ([GJ], l4N.5), every 

Parovicenko space has weight ~ c. 

In his 1963 paper [P] Parovicenko established the 

following two theorems: 

First Paroviaenko Theorem. Every compact space of 

weight ~ ~l is a continuous image of SN - N. 

Second Parovicenko Theorem. The Continuum Hypothesis 

impZies that every Parovieenko space of weight c is homeo

morphic to SN - N. 

The original proofs were in Boolean algebraic language, 

and no topological proofs were available until 1980, when 

B~aszczyk and Szymanski presented in [BS] a proof of the 

First Parovicenko Theorem using the inverse systems tech

nique. Developing their ideas, we shall present here a 

topological proof of the Second Parovicenko Theorem. Our 

terminology and notations follow [E]. 

We start with two characterizations of Parovicenko 

spaces: 

Lemma. For every compact space P the following condi

tions are equivalent. 

(i) P is a Parovicenko space. 

(ii) For every continuous mapping f of P onto a compact 

metrizable space X and every pair F ,F of closed subsetsl 2 

of X such that F U F X there exists an open-and-closed
l 2 

set U c P such that f(U) F and f(P - U) F 2 .
l 

(iii) For every continuous mapping f of P onto a compact 

metrizabZe space X and every continuous mapping g of a 
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compact metrizabZe space Y onto X there exists a continuous 

mapping h of Ponto Y such that gh = f. 

Let us precede the proof of our Lemma by brief comments 

on conditions (ii) and (iii). Condition (iii) first appeared 

in [N], where it was proved under CH that aN - N satisfies 

(iii) and that (iii) topologically characterizes aN - N 

in the class of all compact spaces of weight N (as a matter
I 

of fact, there was one more requirement in the characteriza

tion of aN - N given in [N], viz. that every non-empty com

pact metric space M is a continuous image of aN - N, but 

this follows directly from (iii) by letting X = {OJ and 

Y = M). Condition (ii) was introduced in [BS], where it 

was proved that (i) and (ii) are equivalent for every compact 

space P and that (iii) implies (ii) (in that paper (iii) is 

misstated: the requirement that h(P) = Y is missing and 

without this requirement one cannot show in the proof of 

the implication (iii) • (ii) that f(U) = F 1 and 

f(P - U) = F ).
2 

Proof of the Lemma. It remains to prove that (ii) 

implies (iii). Since every cOlmpact metrizable space Y is 

NO 
a continuous image of the Cantor set D (see [E], Problem 

4.5.9(b», it suffices to prove (iii) under the additional 

NO 
assumption that Y D rr:=lD i , where D i = D = {O,l} for 

i = 1,2,···. For every finite sequence i ,i2 ,···,i ofl k 

zeros and ones the set F.. .
1. 1. ···1.k

I 2 N 
00. I ... 0

rri=k+IDi 1.S open-and-c osea 1.n D Applying (ii) we can 

define inductively open-and-closed subsets U.. . of P
ll1. 2 ···1.k 

such that 
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Uili2 ••• ik_10 n Uili2 ••• ik_ll ~, 

U... OUU... 1
1 2 ···1 _ 1 2 ···1 _1 1 11k l k l
 

U U ~ and U U U = P.
o n l o l 

For each x E P there is exactly one infinite sequence 

iI' i 2 , • •• such that x E U.. . for k 1,2, • • ., and
1 1 1 2 ···1k 

the corresponding intersection nook_1F.. . consists of 
- 1112 ···1k 

a single point, so that by letting 

Since the sets F. ,F .. , ••• 
1 1 1 1

1 2 
~o 

are closed in the compact space D and form a decreasing 

oo oo 
sequence, we have g (nk IF.. .) = n 19 (F.. .) ,= 1 1 1 2 ···1k k= 1112 ···1k 

oo 
so that f(x) E (1k If(U.. .) = nook Ig(F.. .) = = 1 11 2 ···1k = 1 1 1 2 ···1k
 

oo
 
g(n IF.. .) = g(h(x)), and thus gh = f. One easily

k = 1 11 2 ···1k 

checks that 

h-I(F.. .) = U.. 
1 11 2 ···1k 1 1 1 2 ···ik ' 

~o
the family of all the sets F.. . being a base for D 

1 2 ···11 1 k 
~O

this implies that h is continuous and maps Ponto D . 

Proof of the Second Parovicenko Theorem. It suffices 

to prove that any Parovicenko spaces P, X of weight ~l are 
~l

homeomorphic. Since X is embeddable in I , one can 

assume that X = l~m{Xa' TI~, a < wI}' where X are compacta 

metrizable spaces, projections TI : X ~ X are mappings onto,
a a 

and for each limit number A < wI we have l~m X ' TI~' a < A}a 

= X (see [El, Proposition 2.5.6). Let {Va' a E A}, whereA 
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A is the set of all non-limit countable ordinal numbers, be 

a base for the space P consisting of open-and-closed sets 

with VI = p. 

Applying transfinite induction we shall define for 

each a < wI a countable ordinal number ~(a) ~ a and a con

tinuous mapping f of P such that 
a onto X¢(a) 

¢(a)(1) ~ (S) < ¢(a) and 7T¢(S)fa 
f for S < a and

S 

(2 ) fa(V ) n fa(P - Va) = ¢ if a E A. a 

Let ¢ (1) = 1 and f be an arbitrary continuous mapping of Pl 

onto Xl; conditions (1) and (2) are satisfied for a = 1. 

Assume that ¢(a) and f are defined for a < y and satisfy
a 

conditions (1) and (2) • 

If Y is a limit number, we define ~(y) = sup{~(a): 

a < y} and f = lim{f , a < y}. Condition (1) is satisfied 
y +- a 

for a = y and, by Corollary 3.1.16 in [El, f maps Ponto 
y 

11m{ X ¢ (a): a < y} = X ~ (y) • 

If Y = 0 + 1, the ordinal number ¢(o) and the mapping 

f are already defined, and the sets fo(V )' fo(P - V ) are 
o y y 

closed and cover the space X¢(o). Since X is a Parovi~enko 

space, there exists by (ii) an open-and-closed set U c X 

such that 

7T¢(O)(U) = fo(V ) and 1r~(0)(X - U) = fo(P - V ).y y 

The limi t of an inverse syst:em of non-empty compact 

spaces being non-empty, there exists a countable ordinal 

number ¢(y), larger than both y and ~(o), such that 

7T¢(y) (U) n 7T¢(y) (X - U) =~. ~ow, since everynon-empty 

open-and-closed subspace of a Parovicenko space is a Parovi

cenko space, there exist by (iii) continuous mappings 
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TT <p (y) (U) TI<p (y) (X - u) 

fl 

IY TT<P (y) TI<P (y) 
<p (<5) <p (<5)I

- V )"£<5 (V )y y• f<5 (P 

f~ of V onto TT<p(y) (U) and f~ of P-V onto TI<p(y) (X - u)y y 

such that 

TT<P (y) f 1 (x) 
<p (<5) y 

TT<P(y)f"(x) 
<p (<5) y 

By letting 

fl (x), if x E V 
yf (x) - { y


Y fll(x) if x E P - V
Y , Y 

we define a continuous mapping f such that 
y 

of Ponto X<p(y) 

(1) and (2) are satisfied for a = y. 

The limit mapping f = lim{f , a < w } maps Ponto 
a l 

lim{x<p(a) , a < wl } = X. To show that f is a homeomorphism, 

it suffices to observe that by (2) f is a one-to-one mapping. 

Let us add that a proof of the First Parovicenko Theorem, 

in principle identical with the one given in [BS], can be 

obtained by obvious simplifications in the above proof. It 

should be also added that, as established in [DM] , the 

assumption that every Parovicenko space of weight c is 

homeomorphic to the remainder SN - N implies the Continuum 

Hypothesis. 

I am most grateful to Professor Roman Pol who suggested 

a simplication of my original proof. 
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