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A CHARACTERIZATION OF Ta 

SPACES OF COUNTABLE TYPE 

A. Garcia-Maynez 

1. Introduction 

The class of p-spaces was introduced by A. V. 

Arhangel'skii in 1963 [1]. Metrizable and locally compact 

Hausdorff spaces are examples of p-spaces. Although in 

the original definition every p-space was supposed to be 

completely regular and T (in fact, that definition depends
l 

on the existence of the Stone-Cech compactification of the 

space), D. Burke [2] gave a characterization of p-spaces 

which allows to generalize the concept to T3-spaces. 

Under this new definition, Moore spaces are p-spaces (see 

[2; Thm. 2.1]). H. Hodel introduced the concept of pluming 

degree plX of a T3-space X [5]. According to his defini

tion, a T3-space is a p-space if and only if pIX ~ ~o. A 

remarkable property of p-spaces is countable typeness [1], 

i.e., every compact subset of a p-space is contained in a 

compact subset which has a countable local basis for its 

neighborhood system. Chaber, Coban and Nagami [3] intro

duced the class of monotonic p-spaces which lies between 

the class of p-spac~s and the class of T3-spaces of countable 

type. A common feature of these generalizations is their 

intrinsic character, i.e., the definitions concrete to the 

space in question. 

In this paper we give an extrinsic characterization 

of p-spaces using the Wallman instead of the Stone-Cech 
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compactification. In a natural way we give an equivalent 

formulation of the inequality pIX < A, where A is any 

infinite cardinal number. If we replace countable typeness 

by ~A-typeness (a space X has ~A-type if every compact sub

set lies in a compact set which has a local basis for its 

neighborhood system consisting of at most A elements), it 

is natural to ask if pIX ~ A implies ~A-typeness. This 

seems to be a difficult problem and a possible solution 

may depend on a characterization of T3-spaces of ~A-type 

using their Wallman compactification. We content ourselves 

with a characterization of T3-spaces of countable type which 

makes trivial the statement that a p-space has countable 

type. 

2. Definitions and Preliminary Results 

If X is a Tl-space, we denote by J the family of all x 
closed subsets of X. The collection wX of all ultrafilters 

in J may be topologized as follows: for each A c X, A*x 
denotes {~ E WXIF c A for some F E ~}. The collection 

Bk = {u*IU c X open} is closed under finite unions and 

finite intersections and it is obvious that ~* = ~ and 

X* = wX. Hence there is a topology T of wX having B* as a 

basis and the space (WX,T) turns out to be compact and T •
l 

If we identify each x E X with its fixed ultrafilter 

~ x = {F E J XIx E F}, we get an embedding of X into wX and 

hence wX is a Tl-compactification of X, called the Wallman 

compactification of X associated to J • In case .X is a x 
T3-space, wX is a nearly T 2-extension of X, that is, if a,b 

are different points of wX and at least one of them belongs 
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to X, then a and b have disjoint neighborhoods. We need 

the following properties of wX (the reader may easily 

provide the proofs): 

2.1. Let F l ,··· ,F E Jx~ whepe X is a Tl-space. Then n 
n

ClwX(F l n ••• n P ) ni=l ClwXF i •n 

2.2. Let X be a T3-space. If A and B ape disjoint 

closed subsets of wX and A C X~ then A and B have disjoint 

neighboPhoods. 

Let A be a subset of a space X. A family § of subsets 

of X containing A is a local net of A in X if for every open 

u ~ A, there exists an element G E § contained in U. A local 

net of A in X consisting of open sets is called a local basis 

of A in X. 

A space X is of point countable type if each point of X 

lies in a compact set having a countable local basis in X. 

X is of countable type if each compact set in X lies 

in a compact set having a countable local basis in X. 

A family {~ala E J} of open covers of a space X is a 

pluming of X if the following conditions are fulfilled: 

1) If 

compact; 

2) If G E Y ' a E J and naEJG ~ ~, then the familya a a
 
n


of finite intersections ni=l Ga.' n E N, al,···,a E J is an 
1 

local net of naEJG~ in X. 

Hodel proves in [5] that every T3-space has a pluming. 

The least infinite cardinal number A such that X has a 
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pluming {~ala E J} with IJI 2 A is called the pluming degree 

of X. A T3-space X is a p-space if plX = ~o. 

3.	 Main Results 

For each space X, /J.(X) denotes its diagonal {(x,x) Ix EX}. 

3.1. Let X be a T 3-space and let A be an infinite 

cardinal number. Then plX ~ A iff there exists a set 

A c X x wX such that /J.(X) cAe X x X and such that A is the 

intersection of at most A open subsets of X x wX. 

Proof (Necessity). Let {yili < A} be a pluming of X. 

For each open G in X, let G' = wX - Clwx(X ,- G). Define 

Ui = U{G x G 1 IG E Yi} and A = n{Uili < A}. We have only to 

prove that A c X x X. Assume, on the contrary, that there 

exists a point (x,z) E A n (X x (wX - X». For each i < A' 

obtain a set G. E y. such that (x,z) E G. x G!. By the 
1 1	 1 1 

definition of pluming, L = n{Gili < A} is compact and 

{G~ n ••• n G~ Ik E N, il,···,i < A}
1 1 1 k k 

is a local net of L in X. By 2.2, there exists an open set 

T in wX such that 

LeT c ClwXT c wX - {z}. 

Hence there exist i ,···,i < A such that1 k
 

G~ n ••• n ~ c T.

1 \J i

1 k 

But by 2.1, 

k 
nj=l ClwXGi . n~=l ClwxGi. = Clwx n~=l Gi. C ClwXT 

J J J 

Therefore, for some j, z t ClwXGi .• Since X is dense in wX, 
J 

we have G! Hence, z t G! , a contradiction.
1.	 1.
 

J J
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(Suffieiency). By hypothesis, there exist open sets 

{Viii < A} in X x wX such that A = n{vili < A} lies between 

~(X) and X x X. For each i < A, let 

-
~. = {GIG	 open in X, G x ClwxG c Ui}1 

Clearly each is an open cover of X. 'ra prove~i 

{~. Ii < A} is a pluming of X, take G. E 4. (i < A)1 1 --1 

and assume there is a point x E n{Gili < ;\} . We must 

prove L =	 n{G~li < ;\} is compact and 

{G-:- n --- n G. Ik E N, il,---,ik < A}
1 lk 

is a local net of L in x. Observe 

1 

n{ClwXGili < A} C X: 

if Z E n{ClwXGili < A} and z i X, then (x,z) i A and hence 

(x,z) i Vi for some i < A. But (x,z) E G~ x ClwXG i C Vi' 

a contradiction. Therefore, L = n{ClwXGili < ;\} is a com

pact subset of x. Let T C X be open and assume LeT. 

Let T' be any open set in wX such that T X n T'. Accord

ing to [4;	 2.27], there exist il,---,i < A such thatk 

n~=l ClwXG i . c T'. Therefore, 
J 
k 

nj=l Gi . c	 T' n X = T 
J 

and the proof is complete. 

3.2. Lemma. Let Q be a compact subset of a T -space
3

X and let v ,V ,--- be open sets in X x wx such that
l 2 

~(Q) c A = n~ I V. c X x X. Then there exists a compact
1= 1 

set K c X such that K has a countable local basis in X and 

Q eKe X. 

Proof. For each i = 1,2,---, let Yi be the family of 

open non-empty subsets of X x wX which may be written in the 
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form (V n X) x V, with V open in wX, and such that 

ClwX[(V n X) x V] C Vi. 2.2 implies that each Yi is a cover 

of ~(X). Let Ul C Yl be a finite subfamily such that Ul 

covers ~(Q) irreducibly. Proceeding by induction, assume 

we have finite families U1,···,U such that U C §i' Un i i 

covers ~(Q) irreducibly (i = l, ••• ,n) and such that 

{ClXxWXLIL E U refines U for i < n. We find then ai +l } i 

finite subfamily U + l of Yn+l such that U + l covers ~(Q)n n 

irreducibly and {CIXxwXLIL E U + l } refines Un. Let q E Qn

be arbitrary. Let (T n X) x T be the intersection of mem

bers of Un containing (q,q) and let Wq be an open set in 

wX such that 

(q,q) E (W n X) x W C Cl X[(W n X) x W ] C q q x xw q q 

V + n [(T n X) x T].n l 

By definition, (W n X) x W C Since ~(Q) is compact,q q §n+l· 

a finite subcollection of the family {(W n X) x W IUn+ l q q 

q E Q} covers ~(Q) irreducibly and fulfills the requiredUn+l 

properties. 

Define now K = n~=lSn' where 

By construction, ClwxS + l c Sn for each n = 1,2, •••• Hence,n 

K is a compact Go in wX. To complete the proof, it will be 

enough to show that K C X. Assume, on the contrary, that 

there exists a point z E K - X. For each n = 1,2, ••• , pick 

a seq~ence win) ,w~n) , ••• ,w~n) of open sets in wX such that 

(W~n) n X) x w~n) E U., z E w~n) for each i = l,.·.,n and 
111 1 

such that Cl w~n) c w~n) for i = l,·.·,n-l. Since the
wX 1+1 1 

families U ,U2 ,··· are finite, there exists indicesl 



TOPOLOGY PROCEEDINGS Volwne 10 1985 157 

for n = 1,2,···. For brevity, put W n Therefore 

ClwxW +l c W for n = 1,2, •••• Select a point q* E Q n n n 

n~=l(Wn n X)-. Then (q*,z) E n~=l[(Wn n X) x W ] cAe X x X,n 

a contradiction. 

3.3. Theorem. Let X be a T 3-space and let § be the 

family of Go subsets of X x wX which are contained in 

X x X. Then: 

a) X is of point countable type iff every point of 

i1(X) lies in an element of §. 

b) X is of countable type iff every compact subset of 

i1(X)	 lies in an element of §. 
c) X is a p-space iff i1(X) lies in an element of §. 

Proof· Lerruna 3.2 takes care of the sufficiency condi

tions. c) is a direct consequence of 3.1. The proof will 

be complete if we show that whenever K is a. compact subset 

of X having a countable local basis in X, then X x K E ~. 

Let VI ~ V ~ ••• be open sets in wX such 1:hat VI n X,2 

V2 n X,··· is a local basis of K in X. Since X is dense in 

wX and wX is compact, VI ~ V ~ is a local basis of K2 

in wX. Hence, K n~=lVn and K is a Go is wX. Clearly 

X x K is a Go in X x wX and X x K c X x X, that is X x K E ~. 

3.3.1. Corollary. Every p-space is of countable type. 
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