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A CHARACTERIZATION OF T,
SPACES OF COUNTABLE TYPE

A. GarciaMaynez

1. Introduction

The class of p-spaces was introduced by A. V.
Arhangel'skii in 1963 [l]. Metrizable and locally compact
Hausdorff spaces are examples of p-spaces. Although in
the original definition every p-space was supposed to be

completely regular and T, (in fact, that definition depends

1
on the existence of the Stone-Cech compactification of the
space), D. Burke [2] gave a characterization of p-spaces

which allows to generalize the concept to T.,-spaces.

3
Under this new definition, Moore spaces are p-spaces {see
[2; Thm, 2.1]). R. Hodel introduced the concept of pluming

degree plX of a T,-space X [5]. According to his defini-

3

tion, a T,-space is a p-space if and only if plX < No. A

3
remarkable property of p-spaces is countable typeness f[1],
i.e., every compact subset of a p-space is contained in a
compact subset which has a countable local basis for its
neighborhood system. Chaber, Coban and Nagami [3] intro-
duced the class of monotonic p-spaces which lies between

the class of p-spaces and the class of T,-spaces of countable

3
type. A common feature of these generalizations is their
intrinsic character, i.e., the definitions concrete to the
space in guestion.

In this paper we give an extrinsic characterization

of p-spaces using the Wallman instead of the Stone-Cech
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compactification. In a natural way we give an equivalent
formulation of the inequality plX < X, where ) is any
infinite cardinal number. If we replace countable typeness
by <i-typeness (a space X has <A-type if every compact sub-
set lies in a compact set which has a local basis for its
neighborhood system consisting of at most ) elements), it
is natural to ask if plX < ) implies <A-typeness. This
seems to be a difficult problem and a possible solution

may depend on a characterization of T3—spaces of <)x-type
using their Wallman compactification. We content ourselvgs
with a characterization of T3—spaces of countable type which

makes trivial the statement that a p-space has countable

type.

2. Definitions and Preliminary Results

If X is a T;-space, we denote by ]X the family of all
closed subsets of X. The collection wX of all ultrafilters
in ]x may be topologized as follows: for each A < X, A*
denotes {¢ € wX|F < A for some F € ¢}. The collection
Bx = {U*lU < X open} is closed under finite unions and
finite intersections and it is obvious that ¢* = ¢ and
X* = wX. Hence there is a topology t of wX having 8* as a
basis and the space (wX,1) turns out to be compact and Tl'
If we identify each x € X with its fixed ultrafilter
£y = {F € }X|x € F}, we get an embedding of X into wX and
hence wX is a Tl—compactification of X, called the Wallman
compactification of X assoctated to }X' In case X is a
T3-space, wX is a nearly Tz—extension of X, that is, if a,b

are different points of wX and at least one of them belongs
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to X, then a and b have disjoint neighborhoods. We need
the following properties of wX (the reader may easily

provide the proofs):

2.1. Let Fi,oee,F € }X’ where X is a T,-space. Then
_ AN
Cl, (Fy N nE) =0t clLF..

2.2. Let X be a T3—space. If A and B are disjoint
closed subsets of wX and A < X, then A and B have disjoint

neighborhoods.

Let A be a subset of a space X. A family ¢ of subsets
of X containing A is a local net of A in X if for every open
U 2 A, there exists an element G € ¢ contained in U. A local
net of A in X consisting of open sets is called a loecal basis
of A in X.

A space X is of point countable type if each point of X
lies in a compact set having a countable local basis in X.

X is of countable type if each compact set in X lies
in a compact set having a countable local basis in X.

A family {§a[a € J} of open covers of a space X is a
pluming of X if the following conditions are fulfilled:

1) If G_ € ga' a € J and N is

o Ga # &, then n

aeJ a€JGa

compact;

2) If Ga € ga' o € J and naEJGa # ¢, then the family

.. . . n - e .
of finite intersections ni=l Gai, n € N. al, ,an € J is a
local net of na€JGa in X.

Hodel proves in [5] that every T,-space has a pluming.

3
The least infinite cardinal number A such that X has a
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pluming {§a|a € J} with |J| < A is called the pluming degree

of X. A T3—space X is a p-space if plX = 80.

3. Main Results

For each space X, A(X) denotes its diagonal {(x,x)|x €X}.

3.1. Let X be a T,-space and let ) be an infintite

3

cardinal number. Then plX < ) 1ff there exists a set
A c X x wX such that A(X) ¢ A ¢ X x X and such that A 1s the
intersection of at most X open subsets of X x wX,

Proof (Necessity). Let {gili < A} be a pluming of X.
For each open G in X, let G' = wX - Clwx(x - G). Define

u; = u{G x G'|G € §i} and A = n{Ui|i < A}. We have only to

prove that A « X x X. Assume, on the contrary, that there
exists a point (x,2) € A n (X x (wX - X)). For each i < ),
obtain a set G; € §i such that (x,z) € G; x Gj. By the
definition of pluming, L = n{G;|i < A} is compact and

{G] N «een G1k|k e N, ip,eee iy < A}

1
is a local net of L in X. By 2.2, there exists an open set

T in wX such that

LeTc CleT c wX - {z}.

Hence there exist i «+,i, < A such that

17 k
GI N s+ NG, <T.
1 Iy

But by 2.1,

k _ .k - _ k -
N3=1 c1wXGij = 3o ClwxGij = Cloy N3y Gij c Cl T

Therefore, for some j, z ¢ ClwxGi . Since X is dense in wX,

J

we have G! <« Cl __G. . Hence, z ¢ G! , a contradiction.
lj wX lj lj
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(Suffieiency). By hypothesis, there exist open sets
{Ui]i < A} in X x wX such that A = n{Ui]i < A} lies between
A(X) and X x X. For each i < ), let

91 = {G|G open in X, G x ClwxG - Ui}
Clearly each gi is an open cover of X. To prove
{9i|i < A} is a pluming of X, take G, € 9i(i <M
and assume there is a point x ¢ n{GiIi < A}. We must
prove L = n{GI|i < A} is compact and

{Gil N eeen Giklk € Ny igjreeerip <2}

is a local net of L in X. Observe

n{CleGi|1 < A} < X:
if z € n{CleGi]i < A} and z £ X, then (x,z) ¢ A and hence
(x,z) & Ui for some 1 < A. But (x,z) ¢ Gi x CleGi c Ui’

a contradiction. Therefore, L = n{Clw Gi]i < A} is a com-~

X
pact subset of X. Let T < X be open and assume L < T.

Let T' be any open set in wX such that T = X n T'. Accord-
ing to [4; 2.27], there exist il,---,ik < ) such that

k

o) 1
nj=l CleGi < T'. Therefore,

]
H

ﬂ=l

U XU
1

Gi'cT'nX
J
and the proof is complete.

3.2. Lemma. Let Q be a compact subset of a T3—space

X and let v,,V,,*++ be open sets in X x wX such that

1772’
A(Q) « A = nz=l vi c X X X. Then there exists a compact
set K ¢ X such that K has a countable local basis in X and
Q c K c X.
Proof. For each i = 1,2,+++, let gi be the family of

open non-empty subsets of X x wX which may be written in the
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form (V n X) x V, with V open in wX, and such that

Clwx[(V n Xx) x Vl ¢ V.. 2.2 implies that each 91 is a cover
of A(X). Let ] c ¢ be a finite subfamily such that Ul
covers A(Q) irreducibly. Proceeding by induction, assume

we have finite families Ul,o--,Un such that Ui - 91' Ui
covers A(Q) irreducibly (i = 1,...,n) and such that

{c1 L|L € Ui+l} refines Ui for i < n. We find then a

X xwX
finite subfamily Un+l of 9n+l such that Un+l covers A(Q)

irreducibly and {Cl L|L € yh+l} refines Un. Let g € Q

XxwX
be arbitrary. Let (T n X) x T be the intersection of mem-
bers of Un containing (g,q) and let Wq be an open set in

wX such that

, W X W Cl
(g,q) € ( q n X) x q <

soux [ Fg 0 %) x Wl e

Vosl N [{(T n X) x T].
By definition, (Wq n x) x Wq c §n+1' Since A(Q) is compact,
a finite subcollection Un+l of the family {(Wq n X) x qu
g € Q} covers A(Q) irreducibly and Un+l fulfills the required

properties.

o

Define now K = nn=lsn, where
S, = ulV|(V n X) xVelyl}.
By construction, CleSn+l < Sn for each n =1,2,..., Hence,

K is a compact G, in wX. To complete the proof, it will be

$
enough to show that K < X. Assume, on the contrary, that

there exists a point z € K - X. For each n = 1,2,++., pick

(n) _(n)

1 'wn

X W‘n)
i

a sequence W én)’..

(n)

i

such that Clwxwizi c W;n) for i = 1,¢++,n-1. Since the

W of open sets in wX such that

(W n X) € Ui’ zZ € Win) for each 1 = 1,+++,n and

families Ul,Uz,--- are finite, there exists indices
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(x ) (x.)

n+1l n
Al,xz,--- such that 1 < Al < A2 < eees and CleWn+l c wn
(A,)
for n = 1,2,+++, For brevity, put wn = wn . Therefore
= .o 1 *
CleWn+l c wn for n 1,2, . Select a point g* € Q n

[es) - * Lol
nnzl(wn n X} . Then (g*,z) € nnzl[(wn n X) x Wn] cAcX x X,

a contradiction.

3.3. Theorem. Let X be a T,-space and let § be the
family of G6 subsets of X x wX which are contained in
X x X. Then:

a) X is of point countable type iff every point of
A(X) lies in an element of §.

b) X is of countable type 1ff every compact subset of
A(X) lies in an element of g.

c) X is a p-space i1ff A(X) lies in an element of §.

Proof. Lemma 3.2 takes care of the sufficiency condi-
tions. <¢) 1s a direct consequence of 3.1. The proof will
be complete if we show that whenever K is a compact subset
of X having a countable local basis in X, then X x K ¢ g.
Let Vl > V2 D> <+ be open sets in wX such that Vl n X,
V2 N X,+++ is a local basis of K in X. Since X is dense in
wX and wX 1is compact, Vl o V2 > e+ is a local basis of K

in wX. Hence, K = ”:=1Vn and K is a G6 is wX. Clearly

X x K is a G in X x wX and X x K c X x X, that is X x K € .

3.3.1. Corollary. FEvery p-space is of countable type.
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