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THE BANASCHEWSKI-FOMIN—SHANIN
EXTENSION uX

Mohan L. Tikoo!

1. Preliminaries

All spaces considered in this paper are assumed to be
Hausdorff. If A is a subset of a space X, then chA
(resp. intXA, bdxA) will denote the closure (resp. interior
boundary) of A in X. For a space X, XS will denote the
semi-regularization of X (see [l6], page 212), 71(X) will
denote the topology on X and |X| denotes the cardinal
number of X. Also, RO(X) (resp. R(X)) denotes the complete
Boolean algebra of regular open (resp. regular closed) sub-
sets of X, and CO(X) will denote the algebra of clopen
(= closed and open) subsets of X. An open filter on X is
a filter in the lattice 1(X), and an open ultrafilter on X
is a maximal (with respect to set inclusion) open filter.
If 7 is a filter on X then adX(J) =.n{cl,F: F € 7} denotes
the adherence of 7 in X. A filter F on X is called free
if adX(]) = @; otherwise, 7 is called fixed. 1If A is any
nonempty family of subsets of X with the finite intersection
property, then ( A) will denote the filter on X generated by
A. For an open filter 7 on X, we shall denote by }s the
open filter on X generated by the filterbase {intXchA:

A € 7}. In what follows, for a space X, F(X) = {{/: ( is a

lThe author is extremely grateful to Professor Jack
Porter for enormous help and advice.

The author also thanks the referee for several useful
suggestions.
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free open ultrafilter on X}, FS(X) = {0;: e Fx)}. Also,
N, Q, and R will denote the space of positive integers,

the rationals and the reals (with usual topology) respec-
tively.

A map f: X » Y is a (not necessarily continuous) func-
tion from X to Y. A map f: X » Y is called compact if for
each y € Y, fé(y) (= {x € X: £(x) = y}) is a compact sub-
set of X; f is called perfect if it is both a compact and
a closed map, and f is called <rreducible if f is onto,
closed, and, for each proper closed subset A of X, f(A) # Y.
A map f: X > Y is called 6-continuous at a point X € X (see
[6]) if for each open neighborhood G of f(x) in Y, there is
an open neighborhood U of x in X such that f(chU) c clYG.
If £ is 6-continuous at each x € X then f is called
@-continuous. A map f: X > Y is called a 6-homeomorphism
provided that f is one-to-one, onto and both f and £ are
6-continuous, and in this case the spaces X and Y are

called 6-homeomorphic.

1.1 with each Hausdorff space X there is associated
the space EX (called the Iliadis absolute of X [7]) con-
sisting of all the convergent open ultrafilters on X with
the topology T1(EX) generated by the open base {OXU:

U € 1(X)}, where

o,U = (U € EX: U € U}.
The space EX is unique (up to homeomorphism) with respect
to possessing these properties: EX is extremally discon-

nected and zero-dimensional (see [24] for definitions),

and there exists a perfect, irreducible and 6-continuous
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surjection ky: EX ~ X (given by kX(U) = adX(U), il € EX).

The Hausdorff absolute (see [10], [19]) is the space PX
whose underlying set is the set of EX with the topology

T (PX) generated by the open base {OXU n k;(v): U, V€ 1(X)}.
The space PX is unique (up to homeomorphism) with respect
to possessing these properties: PX is extremally discon-
nected (but not necessarily zero-dimensional) and there
exists a perfect, irreducible, continuous surjection

T,: PX » X, given by nX(U) = adX(U), ll € PX. For a space

X
X, EX = (PX)S, T(EX) © 1(PX) and RO(EX) = RO(PX) = CO(EX) =
CO(PX) = {OXU: U € 1(X)}. For further details about EX
and PX, the reader may refer to [7], [10], (12], ([19],

[20], [21] and [26].

1.2 An extension of a space X is a Hausdorff space Y
such that X is a dense subspace of Y. If Y and Z are
extensions of a space X, then Y is said to be projectively

larger than Z, written hereafter Y >, 2, if there is a

X
continuous mapping ¢: Y -~ Z such that ¢|X = 4y, the
identity map on X. Two extensions Y and Z of a space X
are called equivalent if Y >x Z and Z >y Y. We shall
identify two equivalent extensions of X. If Y is an
extension of X, then YS is an extension of XS. Let Y be
an extension of a space X. If { is an open (ultra) filter
on X, then

i ={v € t(Y): UNXE U
is an open (ultra) filter on Y which converges in Y if and

only if { converges in Y; if {/ is an open (ultra) filter

on Y, then
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We = {Wn X: WeE W}
is an open (ultra) filter on X which converges in Y if and
only if W converges in Y. If more than one extension is
involved, the meanings of (/* and W, will be clear from the
context.

Each extension Y of a space X induces the extensions

# #

Y" and Y+ of X. The extensions Y" and Y+ were introduced
by Banaschewski [2] in 1964 (see also [16]). Let Y be an
extension of X. For a point y € Y, let

(a) 01; = "Vy)* ={UnX:Uce /Vy}

where NY is the open neighborhood filter of y in Y. For
an open subset U of X, let

(b) oy(U) = {y € Y: U € 0Y}.

The family {oY(U): U € 1(X)} (respectively, {U u {y}:

y € Y\X, U € 0¥} U 1(X)) forms an open base for a coarser
(resp. finer) Hausdorff topology T# (resp. T+) on Y. The

#

space (Y,T#) (resp. (Y,T+), denoted by Y  (resp. Y+) is an

extension of X. An extension Y of a space X is called a

#

strict (resp. simple) extension of X if Y = Y (resp.

Y = Y+). It can be shown very easily that Y is a simple
extension of X if and only if X is open in Y and Y\X is a
discrete subspace of Y. It is proved in [16] that for any
extension Y of X,

(c) 1nthlYW = 1nthlY(W n xX) = oY(intXch(w n x))

for each W € T1(Y).

1.3 Definition [9]. Let Y be an extension of a space

X. Then,
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(a) X is said to be paracombinatorially embedded in Y

l,G2 of disjoint open subsets of X,

€1y(G)) N ¢l (G,) < X.

if, for each pair G

(b) X is said to be hypercombinatorially embedded in
Y if for each pair Fl,F2 of closed subsets of X such that
Fl n F2 is nowhere dense in X, clYFl n clYF2 = Fl n F2.

It follows from the definition that if Y is an exten-
sion of X, then X is paracombinatorially embedded in Y if
and only if X is paracombinatorially embedded in Y# (resp.

Y+). The following result will be used subsequently.

1.4 Proposition [18]. Let T be an extension of a
space X, S a space and £: S »+» T a perfect, irreducible and
continuous surjection. If X is hypercombinatorially embedded

in T, then f*(x) is hypercombinatorially embedded in S.

1.5 Recall that a space X is called H-closed (see [1]
provided that X is closed in every Hausdorff space Y in
which X is embedded. X is called minimal Hausdorff if
1(X) does not contain any coarser Hausdorff topology on X.
A subset A ¢ X is called a H-set in X (see [23]) if when-
ever ( is any cover of A by open sets in X, then there is
a finite subfamily {Ci: i=1,2,++¢,n} c C such that
A c U{chCi: i=1,2,--+,n}; this is equivalent to saying
that for every open filter 7 on X if A n F # # for each
F € 7, then A n (adX(})) # @. The Katetov extension (see
[9]) of a space X is the simple H-closed extension kX of X
whose underlying set is the set X U F(X) with the topology
T(kX) generated by the open base (X) U {U U {{}:

UeleFEX), U€ t(X)}. The Fomin extension (see [6]) of
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a space X is the strict H-closed extension ¢X of X whose
underlying set is the set of kX and whose topology t(oX) is
generated by the open base {oOX(U): U € 1(X)}, where for
each U € t1(X), o (U) =U v {U: U e leF(X}. The

space kX is the projective maximum in the set of all the

H-closed extensions of X, oX = (KX)#, KX = (oX)+ and
(KX)S = (oX)s; moreover, the identity map Z: ¢gX - kX is
perfect, irreducible and 6-continuous (see [1], [6]1, [8],

[9]1, [15], [16], [17] and [20] for further details).

2. The Banaschewski—Fomin—Shanin (BFS)—Extension X

The minimal Hausdorff extension (oX)S (generally
denoted by pX and called the BFS-extension in the existing
literature) has been extensively studied by many authors
for a semiregular space X (see for example [5], [13], [14],
[15], [l6] and [17]). It has been an open problem for a
long time whether an extension of the type uX can be ob-
tained for a general Hausdorff space X. Ovsepjan [11]
gave a definition in this direction. 1In what follows,
we shall explicitly describe an extension of the type uX
for a general Hausdorff space X and study some of its pro-

perties.

2.1 Let X be a Hausdorff space and let X=XU F x).
s

For each G € T(X), let 03(G) =Gy {Us: Us € X\X, G € US}.

Then,
og(G) n oi(H) = oi(G n H) if G,H € 1(X).

Hence, the family {oi(G): G € 1(X)} forms an open base for

a topology T# on X. A routine verification shows that that

(i,T#), briefly denoted by il' is a strict H-closed
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extension of X. The map j: oX -+ il defined by:

J(x) = x if x € X

il US if ¢ € F(x) (note U # Us in general)
is a bijection.

We now define a topology T+ on X by declaring that X
is open in X, and, for Us € X\X, a T -basic neighbourhood
of Us is U v {Us} where U is open in X and U ¢ Us. Then

(§,1+) is a simple H-closed extension of X. A direct

application of the definition leads to the following result.

2.2 Proposition. For each open subset U of a space X,
(a) clil(U) = cly (ag (U)) = (el U) v og (lntXcle) c
. 1 1 1
cloxg (U), and
. _ <
(b) oz (intycly (U))\X = 9 xd (U)\X.

X
2.3 Theorem. Let X be a space. Then:
(a) the mapping §°: il > oX is a §-homeomorphism, and
(b) il\x = oX\X.
Proof. The proof of (a) follows by 2.2(a) and [16;
1.2]. To prove (b), we note that from 2.2(b) it follows
that the mapping j+|il\x: Xl\x +> gX\X is continuous.

Further, if Us € oy (U), then there is a regular open set

V € RO(X) such that V € {/_ and V c U. So, U/ € o (V).

oX
By 2.2(b), ocX(V)\X = oil(lntxclx(v))\x = ail(v)\x c oil(U)\X.
Hence the map (j+ > ) oX\X + X.\X is continuous, and
Xl\X 1

(b) follows.

2.4 Proposition. The following statements are equiva-

lent for a space X.
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(a) X is semiregular.

(b) il is semiregular.

(e) X, = (oX)g.

Proof. Since the proof of (c) = (b) » (a) is obvious,
we show that (a) = (b) = (c). Now, (b) = (c) follows from
2.3(a) and [16]. To prove (a) = (b), since
inty cly (o3 (G)) = inty clz G = oz (int,cl_,G) for all

Xl Xl Xl Xl Xl Xl XX
G € 1(X), it suffices to show that the family

{oz (int,cl_(H): H open in X} is an open base for X,. Let
Xl XX 1

U be a nonempty open subset of ﬁl. If 0; € ﬁ\x, then there

is a nonempty open subset G of X such that 0; € oy (G) < U.
1
Since G € 0;, G 3_1ntXchH for some H € (/. Now 1ntxchH e(g.

So, Og € oil(lntXClXH) E.OQ(G) c U. Now, let x € U n X,

and let G be open in X such that x € ox (G) € U. Then
1
X € G. Since X is semiregular, there is an open set H ¢ X

such that x € 1ntxchH c G. Hence, X € ogl(lntxchH) =

oz (G) < 6, and (b) follows.
Xl —

2.5 Remark. 1In view of 2.4 we shall, henceforth,

denote i by uX, and call it the BFS-extension of X. For

1
each Hausdorff space X, uX = oX (or, equivalently,

KX = u+X) if and only if ¢ = Us for each ¢ € F(X). oOne can
show very easily that a space X is extremally disconnected
if and only if pX is extremally disconnected, if and only
if p+x is extremally disconnected. It would be interesting
to characterize those Hausdorff spaces X for which uX = oX.

In the next two propositions, we provide a partial answer

to this problem.
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2.6 Proposition. If every closed and nowhere dense
subset of a space X is contained in a H-set, then oX = pX.

Proof. Let ( € F(X). If U € (/ and U is not regular
open, then by hypothesis, there exists a H-set H < X such
that g # ch(intXcle\U) < H. Since (/ is free, then, for
each p € H there exist open subsets Tp and wp of X such
that p € Tp, wp € U, wp c U and Tp nNwW_ = g. Since H is

P

a H-set in X, the open covering {Tp: p € H} of H contains

a finite subfamily {Tp :i=1,2,+++,n} such that
i
H

n

U{ch(Tpi): i=1,2,+++,n} =cl

X(T), where

T U{Tp :i=1,2,+++,n}. Let Wp be the corresponding

i i
members of (/ with W nT =g, and W c U for all
P; P Py —

i=1,2,+++,n, and let W = n{Wp :i=1,2,+¢¢,n}. Then
i

We U WcUand (intycl W) n H = . Now int,cl W <

intXch(U) =U U (intXchU\U) < U U H and the above fact

implies that intXchW c U. Hence, U € US. Thus (/ = Us

and the result follows by 2.5.

2.7 Proposition. Let X be semiregular and extremally
disconnected. Then oX = uX if and only if every closed

and nowhere dense subset of X is compact.

2.8 Definition. (a) [13]. A Hausdorff space X is
said to be almost H-closed if, for every pair of disjoint
nonempty open subsets of X, the closure of at least one of
them is H-closed.

(b) [9]. A subset A of a space X is called regularly
nowhere dense if there are disjoint open sets U and V such

that chA = chU n clxv.
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2.9 Theorem. Let X be a space. The following state-
ments are equivalent.

(a) kX = oX.

(b) |kX\X[ < B,.
(c) X has a finite cover of almost H-closed spaces.

(@) ux = x.

Proof. See [16, Thm. 4.2] and [5, Thm. 12].

If the space pX is compact then X must be semiregular.
It is proved in [15] that for a space X, pX is compact if
and only if uX = BX, if and only if X is semiregular and
every closed regularly nowhere dense subset of X is compact.

We prove the analogous result for u+x.

2.10 Theorem. For a space X, the following statements
are equivalent.

(a) u+X is compact.

(b) (i) X has a finite cover of almost H-closed spaces,
and

(ii) X <s semiregular and every closed regularly

nowhere dense subset of X is compact.

Proof. The proof is a direct consequence of 2.9,

[15, Thm. 6.2] and the fact that u+X\X is discrete.

3. Characterization of the Spaces X and y+X

3.1 Definition. (a) A point p of a space X is called
a semiregular point (respectively, a regular point) if when-
ever G is any open neighborhood of p in X, then there
exists an open subset U < X such that p € intxchU cG

(respectively, p € cle < G).
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(b) A filter 7 on the Boolean algebra R(X) of a space
X will be called a rc-filter on X. An open filter F on a
space X is called a regular filter if, for each U € J, there

is a V € 7 such that clyV < U.

The next two propositions characterize the spaces upX

+ . . .
and p X. We omit their straightforward proofs.

3.2 Proposition. The space pX is uniquely determined
by the following properties:

(a) pX s a strict H-closed extension of X,

(b) X is paracombinatorially embedded in puX, and

(c) each point p € uX\X is a semiregular point in uX.

3.3 Proposition. The space u+X is uniquely determined
by the following properties:

(a) p+x 18 a simple H-closed extension of X,

(b) X is hypercombinatorially embedded in u+X, and

(c) each point p € u+X\X is a semiregular point in

(u+X)#-

3.4 Lemma. Let | be a free rc-ultrafilter on X, and
et WP = {int,cl W: W € U}, Then W® = U, for some € Fix).
Proof. Clearly, Wo is a free open filter base and is
contained in some free open ultrafilter (/. Moreover,
WO c US. Now, if V is a regular open set in Us, then
v n inth # @ for all W € (/. Thus, (chV) nNws# @ for all
W € /. Since X = (chV) U (X\V) € [/ and |y is a rc-ultrafil-
ter, either cl (V) € W or, X\V € /. However, (c1yV) A
(X\V) = g. So, X\V ¢ W. Thus cl (V) € I/, whence,

y 0o _ 0
vV = 1ntXchV € /°. Thus, Us ={".
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Recall that an open cover (‘of a space X is called
a p-cover of X if there exist finitely many members
. _.n .
C1/Cy,e=,C in ( such that X = y]_jcl,C.. If X isa
space and 7 is a filter on X, then, a subset A c X is said
to miss 7 if AN F = g for some F € 7; otherwise, we say

that F meets A.

3.5 Theorem. For a space X, the following statements
are equivalent.

(a) If A is any closed regularly nowhere dense subset
of X, then A misses every free rc-filter on X.

(b) Us is a regular filter for each U € F(x).

(c) If ( is any regular open cover of X such that ( is
not a p-cover, then for each closed regularly nowhere
dense subset A of X there exist finitely many Cl,Cz,C3,-~-,Cn
in C such that A c intXClX[U2=lci]'

Proof. (a) » (¢c). Let A ¢ bdXU, U € RO(X) be any
closed regularly nowhere dense subset of X, and let C be
an open cover of X consisting of regular open subsets of

. . _ . n .
X, which is not a p-cover. Then, 7= {clxlntX(X\ui=lCi).

Cl,Cz,---,Cn € C) n € N} is a free rc-filter base. Hence,
by (a) there is a finite family C;,C,,++-,C  in ( such

. n _
that A n clxlntX[X\Uilei] = g. Consequently,

. n
Ac 1ntXc1X[ui=lCi] and (c) follows.

(c) » (b). Let (e F(X) and let U € RO(X) n U . The
family {X\cly(W): W € Og} is a regular open cover of X
which is not a p-cover. Hence, by (c), there are finitely

. . n
in US such that bd, U c 1ntXclx[ui=l(X\

many W, ,W,, =+« ,W_

_ . n
cly(W;))1 = X\elyinty[n}_; (el (W,))] < X\elyln, ;W;]. Let
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V=UNN_W. Then, V € U  and (cl,V) n [X\cl,(n]_ W)] =g.
Hence cle < U and (b) follows.

(b) = (a). Let A be a closed regularly nowhere dense
subset of X, say A c bdXU for some U € RO(X). Let 7 be any
free rc-filter on X. Assume that 7 meets A, Then 7 meets
cl,U. Hence, the family Fu {clyv: V € 1(X), V 2 bd,U} has
the finite intersection property, and there is a free
rc-ultrafilter ¥ containing this family. By 3.4,

Ww = {intxchW: We W = Us for some ¢ € F(X). Now since

U € RO(X), either U € ag or X\cl,U € (_. Suppose that

U € Us' Since Us is a regular filter by hypothesis, there

is a set V € 0; such that chV c U. So, X\chV > bdXU,

and, hence, ch(X\chV) € /. But then X\chV = intXch(X\chV)
€ Us' which is impossible, since V € US. Now if X\chU € Us’
then there is a set V' € Us such that chV' c X\chU, and
since bdXU = bdX(X\chU), by the same reasoning as above,

X\chV' € Us, which is impossible. Thus F misses A, and

the theorem follows.

3.6 Proposition. For a space X, each point p € uX\X
is regular in WX if and only if US 18 a regular filter on
X for each ( € F(x).

Proof. Suppose that Us is a regular filter for each
/3 F(X). Let ouX(G) be a basic open neighborhood of Us in
uX, where G € Og. There is a regular open set H € 0; such
that clyH ¢ G. Then, U € o,y (H) < cl y(o(H)) = cly(H) U
oux(intxchH) c OuX(G)’ whence, 0; is a regular point in
HX. Conversely suppose that each point 0; € pX\X is a

regular point in pX. Let 0; € uX\X, and let G € 0;. Then,



200 Tikoo

there exists a basic open neighborhood OuX(H) of US such

that U € o,xH) ccl Hco,(G). Hence, H ¢ Ug and

uX(
cl H ¢ X n ouX(G) = G, whence Us is a regular filter, and

the proof of the proposition is complete.

3.7 Proposition. For a space X, each point of oX\X
is regular in oX if and only if U is a regular filter for
each (| € F(x).

Proof. Similar to the proof of 3.6.

3.8 Example. Let X = BN\{P} where p € BN\N. By [15],
ux = X (=BN). Moreover, p is a regular point in X. How-
ever, oX # BX, and p is not a regular point on o¢X. In

particular, oX # pX and kX # u+X.

It is easy to see that if X is any regular space,

then each point of X is a regular point in oX (resp. uX).

4. Commutativity of the Absolutes E and P with the
Extensions y and u+

Let hX be a H-closed extension of a space X. We iden-
tify EX with k;X(X) and PX with n;X(X). Let h'EX (respec-
tively, h'PX) be a H-closed extension of EX (resp. PX). We
say that h'EX = EhX (resp. h'PX = PhX) provided that there
exists a homeomorphism ¢: h'EX > EhX (resp. ¢: h'PX -+ PhX)
that fixes EX (resp. PX) pointwise. Various such commuta-
tivity relations h'EX = EhX have already been investigated
in the literature. 1In [7] it is shown that EhX = BREX for
every space X and every H-closed extension hX of X. 1In
[9] and [17] it is shown that EoX = 0EX if and only if the

set of nonisolated points of EX is compact, if and only if
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every closed and nowhere dense subset of EX is compact.

In [10] and [18] it is shown that P«xX = kPX for every space
X. Recently it was shown in [18] that PoX = ¢PX for every
space X, EpX = uEX for every semiregqgular space X, and, for
a regular space X, PuX = pPX if and only if every closed
regularly nowhere dense subset of X is compact. In what
follows, we develop various commutativity relations between
the two absolutes E and P and the extensions uX and u+X.

We begin with the next result.

4.1 Theorem. For every Hausdorff space X, EpX = pEX.

Proof. Now MEX = BEX = EpX by [7] and [15].

4.2 Theorem. For a space X, u+EX = Eu+X if and only
if X 18 a finite union of almost H-closed spaces.

Proof. Since |oEX\EX| | LEX\EX| = | BEX\EX| = |oX\X]|,

it follows by 2.9 that X is a finite union of almost H-closed
spaces if and only if EX is a finite union of almost H-closed
spaces. Since Eu+X = EuX = uEX, the theorem follows from

2.9.

4.3 Remark. Let X = BN\{p} be the space of 3.8.
Then X is extremally disconnected, and by [15], u+X = uX =
BX. Also EX = PX = X, u'PXx = utx = pu*x, uPx = ux = Pux.
Moreover, kX = 0X # BX. Since PkX = kPX = kX, it follows
that PkX # Pp+X and PoX # PuX. (Incidently it follows that
there are 6-homeomorphic spaces Y = ¢X, Z = pX, such that
EY = EZ, but PY # PZ.) However, the commutativity of P and

M is, in general, more delicate.
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4.4 Example. Let mN be the following space defined by
Urysohn [22]:

N = {(0,1),,-1} v {(1/n,0): n €N} u {(1/n,1/m):
neN,|m| € N}. Define t(mN) as follows: a subset U € aN is
open if U\{(0,1),(0,-1)} is open in the topology that mN\
{(o,1),(0,-1)} inherits from the usual topology of Pz, and
(0,1) € U (respectively, (0,-1) € U) implies that there is
some k € N such that {(1/n,l/m): n > k,m € N(resp., -m € N)}
c U. Then

(a) wN is minimal Hausdorff, but not Urysohn (and
hence is not regular),

(b) mN contains a countable dense discrete subspace,
and, hence, mN is a strict minimal Hausdorff extension of N.

Now, the space PmN is a H-closed extension of ﬂ;N(N)
such that «N > PmN > oN. However, Pzl # oN since mN is not
compact. Also, eall) ¥ = oN. Thus, even though [\ is a
strict H-closed extension of N, PnN is not a strict exten-

sion of ”;N(N)'

The proof of the next lemma is straightforward and is

omitted.

4.5 Lemma. Let X be a Hausdorff space.

(a) The map PpX\ﬂ:X(X) > uX\X

uX <
PuX\ﬂUX(X)

18 a continuous bijection.
(b) Each point of PuX\ﬂ:X(X) is semiregular in PuX if

and only if US is a regular filter on X for each (/ € F(X).

4.6 Theorem. For a space X, PuX = WbPX <f and only if

PuX is a strict extension of n:X(X) and Us 18 a regular
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filter on X for each ( € F(X).

Proof. Since PuX is extremally disconnected, 1°

LlX(X)

is paracombinatorially embedded in PpX. The theorem now

follows directly from 3.2 and 4.5.

4.7 Proposition. Let X be a regular space. Then,
PuX = uPX if and only if US 18 a regular filter on X for
each € F(X).

Proof. We first show that if X is a regular space and
U  is a regular filter on X for each ( € F(x), then Pux is
a strict extension of n:X(X). Let W = n:X(U) n OuX(v)(Where
U and V are open subsets of uX) be a basic open subset of
PuX, and let o € W. We show that there is an open subset

B © pX such that o € oPuX[O B N n:X(X)] < W. If o € W\

uX

< .
ﬂux(X), then XA = (a,)_ = an(a) € U\X. So, there is a set

s
G € X such that A € ouX(G) < U. Since ) is a regular filter,

there is a regular open set H € ) such that chH < G. Then

A€ ouX(H) < CluX(ouX(H)) = cly(H) U OUX(H) c ouX(G).
Hence, o € ﬂ:X(o“X(H)) < clpux[n:X(oUX(H))] =

intp vl [y (o y(H))] = inty [ (el (o (H)))] €
intPuXﬂ:X(ouX(G)) < n:X(U). Since PuX is extremally dis-
connected, ClPuX“;X(OpX(ﬂ))]= OUXA for some open subset

A < uX. Take B = A N V. Then, o € OUXB = ”Pux[ouxB n

-
™LX

analogous manner using the fact that X is regular. Thus,

(X)] € W. The case when o € W\n:X(X) is dealt in an

(X). Now, n:X(X) is para-

combinatorially embedded in PuX. Hence, by 3.2 and 4.5 it

PuX is a strict extension of ":X

follows that PuX = uPX. The converse follows from 4.6.
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4.8 Corollary. If X is a regular space, then Us is a
regular filter on X for each (| € F(X) if and only if every
closed and regularly nowhere dense subset of X is compact.

Proof. The proof follows from 4.7 and [18, Thm. 7.1].
We conclude this section with the following remarks.

4.9 Remarks. (1) Let Y = ER. Then py = uER = EuR =
BER = BY, and oYy 7 uY.

(2) Now, let X = Q U Q (v2) with the topology T(X)
induced by the usual topology on R. Let Y be the space
with the underlying set of X and the topology t1(Y) generated
by the family {t(X) U {Q}} (i.e. @ is open in Y). Since
(-v¥2,Y2) N X is an open neighborhood of 0 in X, (-v2,v2) n @
is an open neighborhood of 0 in Y. If Us € ouY((—/T,/f) n
Q)\Y, then there exists an open set U € (/ (€ F(y)) such that
intycl, (U) < (-v2,¥2) n Q, which is impossible. Thus
ouY((—/f,/f) NQ)\Y= @g. On the other hand, for each non-
empty open subset V < Y, OOY(V n Q)\Y # g. This shows that
0 is not an interior point of oUY((—/f,/f) n Q) in oY and
hence ouY((-/f,/f) n @) is not open in oY. The above
examples show that the topologies 1(0Z) and t1(uZ) are not
(in general) comparable, and that the following diagram
cannot be completed:

KZ —> 02

~.

continuous
continuous \\\\\\\\\ continuous
continuous~\\\\*

~> M2
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