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DECOMPOSITIONS FOR CLOSED MAPS 

Yoshio Tanaka and Yukinobu Yajima 

Introduction 

Well-known decomposition theorems for closed maps are 

given by the following type (L): 

(L) For spaces X, Y and a closed map f: X + Y, 

00 -1 
Y = YO U (Un=lY )' where f (y) is compact for each y E YO n 

and Y is closed discrete in Y for each n > 1. 
n 

First, Morita [10] showed that the following special 

type (M) of (L) holds for any paracompact and locally 

compact space X. 

(M) For spaces X, Y and a closed map f: X + Y, 

Y = U Y where f-l(y) is compact for each y E YO and 

Y is closed discrete in Y. 

YO l
, 

l 

Lasnev [7] proved that (L) holds for any metric space 

X. Subsequently, Filippov [4] extended this result, 

showing that (L) holds for any paracompact M-space X. 

Moreover, many mathematicians extended La~nev's "decomposi

tion theorem" for several generalized metric spaces (for 

example, see [14] and [15] etc.). In particular, recently, 

Chaber [2] proved that (L) holds for any regular a-space X. 

Now, let us consider the following modifications (wL) 

and (wL) of (L) , which are the weakening of the compactness 

of f-l(y) in (L) : 

(wL) In (L) , the f-l(y) is Lindelof for each y E yO· 

(wL) , In (L) , the f-l(y) is wl-compact for each y E yO. 

I 
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Here, we say that a space X is wl-compact if every uncounta

ble subset of X has a cluster point in X. Every Lindelof 

space is wl-compact. It should be remarked that the condi

tion (wL) was considered in [2], where it was labeled (*'). 

The modifications (wM) and (wM) , of (M) are to be made 

similarly. That is, 

(wM) In (M), the f-1(y) is Lindelof for each y E YO. 

(wM) , In (M), the f-l(y) is w1-cornpact for each y E YO. 

In Section 1, we investigate the decomposition types 

(wL), (wL) , and some variations of these tyeps. Nagami [12] 

introduced the notion of L-spaces as a generalization of 

a-spaces and M-spaces. We prove that (wL) , holds for any 

L-space X, thus (wL) holds for any strong L-space X. We 

shall remark that it is impossible to replace (wL) with (L) 

for every regular Lindelof L-space X. 

In Section 2, we discuss the decomposition types (M), 

(wM) and (wM) '. We prove that (M) holds for any space X 

dominated by compact sets Xu' or determined by a point-

countable cover of compact sets Xu. If the X 's are Linde
a 

lof; wl-compact, then (wM); (wM) , holds respectively. 

We assume that all spaces are T and all maps areI , 

continuous and onto. 

1. Decomposition Types (wL) and (wL) , 

Let A = {AA: A E ~} be a collection of subsets of a 

space X. We say that A is hereditariZy cZosure-preserving 

(abbreviated by Rep) if any collection {B : A E ~} with
A

B c AA for each A E ~ is closure-preserving (that is,
A 

U{B : A E ~'} = U{B : A E A'} for any A' c A).
A A
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Lemma 1.1 ([15, Lemma 5.4]). Let Y be a space~ and J 

a RCP collection of closed sets in Y. For each n > l~ let 

is a non-empty finite set}.
 

Then each Y is a closed discrete subset of Y.
 n 

Proof. It is routinely verified that each collection 

{Fl n •••• n F : F. E J (i = 1,·.·.,n) }
n 1 

is HCP. Thus each subset of Y is closed in Y. Hence each 
n 

Y is closed discrete in Y. n 

Let K be a cover of a space X. A cover J is called 

a (mod K)-net for X [9], if, whenever K c U with K E K and 

U open in X, there is some F E J such that KeF c U. 

Lemma 1.2. Let X be a space~ and K a cover of X by 

countably compact sets. If X has a (mod KJ-net J which is 

countable~ then it is wI-compact. 

Proof. Assume the contrary. Then there is an uncounta

ble closed discrete subset D of X. For each K E K, since 

K is countably compact, D n K is at most finite. Thus there 

is some FK E J such thatK cFKandDnFKisatmostfinite. But, 

since J is countable and K is a cover of X, we may assume 

that {FK: K E K} is a countable cover of X. Thus there is 

some F E J such that D n F is infinite. This is a contraK K 

diction. 

A space X is called a I-space [12] (I*-space [13]) if 

it has a a-locally finite (a-RCP) closed (mod K)-net J = 

U:=lJ for some closed cover K by countably compact sets. n 

Here we can assume that J is a locally finite (Hep) closed 
n 
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cover of X and I C I + l for each n > 1. It should be noted n n 

that any sequence {X } such that 
n

x ~ n{F E J : x E F} for some x E X n n 

has a cluster point in X. Such a sequence {I } is called 
n 

a r..-net (r..*-net) of X. 

Theorem 1.3. If X is a r..-space 3 then (wL) , holds. 

Proof. Let {]n} be a r..-net of X. We may assume that 

each I is finitely multiplicative. For each n ~ 1, putn 

Y U{f(F) n f(F I 
): F, pi E I and f(F) n f(F') is a n n 

non-empty finite set}. 

Since each J is locally finite in X and f is a closed map,n 

{f(F): F E I } is HCP. It follows from Lemma 1.1 that Y n n 

is closed discrete in Y for each n > 1. Put YO = Y\U
oo 

lY . 
n= n 

Pick any y E yO. Let us show that f-l(y) is wI-compact. 

It suffices to show from Lemma 1.2 that the subcollection 

{F E J : F n £-l(y) ~ ¢} of] is finite for each n > 1. n n 

Assume the contrary. Then there are some m > 1 and a sequence 

{F } of distinct members of J such that each F meets f -1 (y).
n m n 

Pick an X f 
-1 

(Y). By the choice of {]n} , En = n{F E I :o E n 

X F} and F belong to ] for each n > m. Since y E f(E )o E n n n 

n f(Fn)\Y , f(E ) n f(F ) is an infinite set. So we can n n n 

choose a sequence {Yn}n>m of distinct points in Y such that 

E f(E ) n f(F ) • For each n ?- m, pick two points Pn andYn n n 
-1from E n f-l( ) and F n f (y ), respectively. Sinceqn Ynn n n 

{Pn}n>m has a cluster point in X, {Yn}n>m has also a cluster 

point in Y. On the other hand, {qn: n ~ m} is closed 

discrete in X, because {F : n ~ m} is locally finite in X. n 

Thus, since f is a closed map, {Y : n ?- m} is also closed n 
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discrete in Y. This contradiction completes the 

proof. 

A space is called a strong L-spaces [12] if it satisfies 

the definition of a L-space for some closed cover C by compact 

sets instead of K. By [6, Proposition 4.4], an wI-compact, 

strong L-space is Lindelof. So Theorem 1.3 yields 

Corollary 1.4. If X is a strong L-space 3 then (wL) 

holds. 

Remark. In the previous corollary, by [15, Example 

5.12] or [2, Example 1.2], we cannot replace "Lindelof" with 

"compact" even if X is regular a-compact. Chaber [2] showed 

that Corollary 1.4 holds under the assumption of X being a 

k-space. 

Next, we proceed with some variations of (wL) or (wL) I. 

Theorem 1.5. Let f: X ~ Y be a closed map. If X is 

00 -1 
a L*-space 3 then Y = YO U (Un=lY )' where f (y) is WI-compactn 

n
for each y E YO and Y is a discrete set such that Ui=lYin 

is closed in Y for each n > 1. 

Proof. Let {J } be a L*-net of X. For each n > 1, put
n 

C = {f(nc) n f(F): C c I , F E I and f(nC) n f(F)n n n 

is a non-empty finite set}. 

Since each J is a closure-preserving closed cover of X and 
n 

f is a closed map, each C is a closure-preserving collection n 

by finite sets. Then Y ' uC is a closed set in Y with a n n 

closure-preserving cover by finite sets for each n > 1. By 

[16, Theorem 1], we have Y~ = U~=lY~k' where Y~k is a discrete 
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b t d k Y' . 1 -. Y' f h k 1su se an Ui=l ni 1S c osed 1n n or eac >. Hence 
OO OO

U Y' can be represented as U lY described in the theorem.n=l n n= n 

Put YO = Y\U~=lYn. Pick any Y E yO. By a similar way as in 

the proof of Theorem 1, we can show that the subcollection 

{F E J : F n f-l(y) ~ ¢} of J is finite for each n > 1. n n 
-1Thus, it follows from Lemma 1.2 that f (y) is wl-compact. 

The proof is complete. 

Let {F } be a sequence of subsets of a space X. We sayn 

that {F } converges to E c X if for any open set V with n 

E c V there is some m > 1 such that V contains F for each n 

n > m. The following lemma is a modification of Lasnev's 

lemma in [7]. 

Lemma 1.6. Let {F } be a sequence of non-empty closed n 

sets in a regular space X, and let E be a closed Lindelof 

subspace of X. If {F } converges to E and each F is dis
n n 

joint from E, ~hen K = E n U
OO 

F is compact.n=l n 

Proof. Suppose that K is not countably compact. Since 

X is regular and K is Linedlof, there is an increasing 

sequence {Uk} of open sets in X such that K c andU~=lUk 
(Uk\Uk _l ) n K ~ ¢ for each k > 1, where U = ¢ (This choice 

- o 
is seen in the proof of [2, Theorem 1.1]). Since each 

Uk\Uk _ meets infinitely many Fn's, there are two sequencesl 

Ink} and {xk } such that nk < nk+ l and xk E (Uk\Uk _l ) n F n
k 

for each k > 1. Put G = X\{xk : k > l}. Then G is an open 

set in X. If x E E\K, then 

x t U~=lFn ~ U~=lFn ~ {xk : k ~ l} = X\G. 
k 

Let x E E n K. Take some m > 1 with x E Urn. Since 
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xk ~ Uk - l 
::> U for each k > m, x ~ {x : k > ml. Since m k 

x E E and x E F , x ~ x for each k > 1. These implyk n kk 

x ~ TXk"=k ~ l} = X\G. Thus, we have E c G. But G does not 

contain any F 's. This contradicts to the fact that {F }
n nk 

converges to E. So we conclude that K is countablycompact. 

Therefore, K is compact. 

Using Lemma 1.6 instead of [14, Lemma 2.1], the proof 

of the following theorem is quite parallel to that of [14, 

Theorem 1.2]. So the details are left to the reader. 

Theorem 1.7. Let f: X + Y be a closed map. If X is 

a regular semi-stratifiable space [3]~ then 

{y E Y: f-l(y) is Lindelof} = YO U (U~=lZn)~ 

where f-l(y) is compact for each y E YO and Zn is closed 

discrete in Y for each n ~ 1. 

Since a-spaces are semi-stratifiable, strong L-spaces, 

the following is an immediate consequence of Corollary 1.4 

and Theorem 1.7. 

CoroZZary 1.8 ([2, Theorem 1.1]). If X is a reguZar 

a-space~ then (L) holds. 

2. Decomposition Types (M), (wM) and (wM) , 

Let us recall basic definitions concerning weak topolo

gies. Let X be a space, and Cbe a cover of X. We say that 

X is determined by C [5], or X has the weak topology with 

respect to C, if A c X is closed (open) in X whenever A n C 

is relatively closed (relatively open) in C for each C E C. 
Every space is determined by any open cover of it. 
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Let Cbe a closed cover of X. We say that X is domi

nated by Cif for any subcollection C' of C the union uC' 
is closed in X and is determined by Ct. Every space is 

dominated by any HCP closed cover of it. We remark that if 

X is dominated by C, then it is determined by C, but the 

converse is not true. 

The following elementary facts will be often used 

later on. The proof is straightforwards, so we omit it. 

Lemma 2.1. (1) Let f: X ~ Y be a quotient map. If X 

is determined by a cover C~ then Y is determined by a cover 

f(C) = {f(C): C E C}. 
(2) Let X be determined by a cover {Xa}. If X 

a 
C x~ 

for each a~ then X is determined by {X'}.
a 

Recall that a collection Cof subsets of X is point

countable if each x E X is in at most countably many C E [. 

Theorem 2.2. (1) If a space X is dominated by a cover 

Cof compact (LindeZof; wi-compact) sets~ then (M) «wM); 

(wM) ') holds. 

(2) If a space X is determined by a point-countable 

cover Cof compact (Lindelof; wI-compact) sets~ then (M) 

«wM); (wM)') holds. 

Proof. (1): Let C= {X } with the index set weli
a 

ordered. Suppose that each X is wi-compact (for the other a 

cases, the proofs are similar). Let La = Xa\US<aXS for each 

a. Since {La} is a cover of X and La c Xa' it suffices to 

show that 
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-1
Y = {y E Y: f (y) meets uncountably many La'S}l 

is closed discrete in Y. 

Claim 1. For any D c with cardinality < w ' D isYl l 

closed in Y: 

Let D = {yS: 13 < K}, where K ~ Wl • For each f3 < K, 

-1 we can choose some X and a(f3) such that xf3 E f (yS) ns 
La(S) and a(f3) ~ a(S') for 13 ~ 13'. Let E = {X : 13 < K}. We

S

show that E is closed in X. First, E n X is at most oneo 
point, hence closed in X Assume that E n X is closed ino. 

A 

XA for each A < n· Let E = (E n (UA<nXA)) n X Then 
n n 

E and E n XA (E n X ) n X is closed in XAn UA<nXA'c n A n 
for each A < n. Thus E 

n is closed in X. But, E n X n 
(E n L )

n 
U E

n' 
and E n L 

n 
is at most one point. Hence 

E n X is closed in X Thus E is closed in X. Since f is 
n n 

a closed map and D = f (E) , D is closed in Y. 

Claim 2. For any Y' c Y and for any wl-compact setl 

KeY, Y' n K is closed in K: 

If Y' n K is countable, by Claim 1, Y' n K is closed in 

Y. Hence it is closed in K. If Y' n K is not countable, 

then there is a subset D of Y' n K such that the cardinality 

of D is w and D has a cluster point in K\D. But, by Claiml 

1, D is closed in Y. This contradiction implies that Y' n K 

is countable, hence closed in K. 

Now, X is determined by a cover C of wl-compact sets. 

Since f is quotient, by Lemma 2.1 (1), Y is determined by a 

cover f(C) of wl-compact sets. Thus it follows from Claim 2 

that Y is closed discrete in Y. Hence (wM) , holds.l 
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(2): Let C= {X }. Suppose that each X is wI-compacta a
 

(for the case of X being Lindelof, the proof is similar).

a 

Let 

Yl {y E Y: no countable C' c Ccovers f-l(y)}. 

Let D {yS: S < K}, where K ~ wI' be a subset of Yl . Then 

there is some 

X E f-1(ys)\U{X : x E X for some y < S}
s a y a 

for each S < K. Let E = {x : S < K}. Since each E n X is
S a 

at most one point, E is closed in X. Then D = f(E) is 

closed in Y. Thus Claim 1 in (1) is also valid. 

Next, suppose that each X is compact. Let 
a 

Yi = {y E Y: no finite C' c Ccovers f-l(y)}. 

Then we can show that any countable D = {y
n 

: n 
-
> I} c Y

l 
* 

is closed in Y. Indeed, there is some 

x E f-l(y )\U{X .. : i, j < n} for each n _> 1,
n n 1) 

where {X .. : j > I} = {X : x. EX} for each i > 1. Let 
1) - a 1 a 

E = {x : n ~ I}. Since each E n X is at most finite, E n a 

is closed in X. Then D = f(E) is closed in Y. Thus the 

modification of Claim 1 in (1) where "wI" is replaced with 

"WO" is valid. 

As in the proof of (1), if the Xa's are respectively 

wI-compact; compact, we can show that the set Yl ; Yi is 

closed discrete in Y, hence (wM) 'i (M) holds. The proof 

of Theorem 2.2 is complete. 

As is well-known, every CW-complex is dominated by a 

cover of compact (metric) sets. So, by Theorem 2.2 (1), we 

have 
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Corollary 2.3. If X is a CW-complex (more generallY3 

a chunk-complex in the sense of [1])3 then (M) holds. 

A space is called a kw-space [8] (Morita [11] calls 

it a space of the class 6 1 
) if it is determined by a counta

ble cover of compact sets. Such a space is characterized as 

a quotient image of a locally compact Lindelof space [11]. 

By Theorem 2.2 (2), if X is a kw-space, then (M) holds. 

It should be noted by Remark to Corollary 1.4 that we cannot 

replace "kw-space" with."o-compact space." 

Let us call a space locally k (locally Lindelof) if w 

each point has a neighborhood which is k (Lindelof), where 
w 

the neighborhood is not necessarily open. Every locally 

compact space is locally k ' and every locally kw-space is w 

locally Lindelof. Recall that a space X is meta-Lindelof 

if every open cover of X has a point-countable open refine-

mente 

Morita [10] showed that if X is a paracompact and locally 

compact space, then (M) holds. We can extend this result as 

follows~ 

Proposition 2.4. If X is a meta-Lindelof and locally 

k -space 3 then (M) holds. w

Proof. By the assumptions of X, X is determined by a 

point-countable open cover {Va}' where each Va is contained 

in a space determined by a countable cover {K : n ~ l} of an 

compact sets. Let C = {V n K }. Then it is routinelya an 

verified that X is determined by the point-countable cover 

C. But, by Lemma 2.1 (1), Y is determined by the cover 
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f([). Since f(V n K ) C f(K ) for each a and n, bya an an

Lemma 2.1 (2), Y is determined by the cover {f(K )} of an 

compact sets. Let 

Yi {y E Y: no finite [. c [covers f-l(y)}. 

By the proof of Theorem 2.2 (2) for the compact case, we 

can show that Yi is closed discrete in Y. Hence (M) holds. 

Proposition 2.5. Let X be a locally Lindelof space. 

If X is subparacompact (meta-Lindelof)~ then (wL) «wM» 

holds. 

Proof. If X is subparacompact, then X has a a-locally 

OO 

finite closed cover J = U IJ of Lindelof sets, where each 
n= n 

I is locally finite in X. Let X = UJ , and Y = f(X )
n n n n n 

for each n > 1. Then each X is dominated by I and 
n	 n 

gn = flx is closed. Thus, by Theorem 2.2 (1), Y Y U 
n	 n nO 

-1Y where gn (y) is Lindelof for each y E Y and Y is
nl

, nO nl 

closed discrete in Y , hence in Y. Let YO = Y\U:=lYnl and n 

Y = Y for each n ~ 1. Then the sets Y , n ~ 0, satisfy
n n1 n 

the desired property in (wL). 

If X is meta-Lindelof, then X is determined by a point-

countable open cover {V } such that each V is contained in 
a	 ~ 

a Linde10f set La. But, by Lemma 2.1 (1), Y is determined 

by a cover {f(V )}. Since f(V ) c f(L ) for each a, bya a a 

Lemma 2.1 (2), Y is determined by a cover {f(L )} of a 

Linde10f sets. Thus, in view of the proof of Theorem 2.2 

(2), the assertion for the parenthetic part holds. 
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