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COMPRESSED COMPACTA AND SARI MAPS 

Laurence Boxer· l 

1.	 Introduction 

The notion of a compressed c:ompactwn was introduced 

in [Bx-S]. Here we observe that the compressed compacta 

coincide with the AWNR's [Bg]. 't\Te give a generalization 
v 

of compression modelled on Cerin's generalizations of 

triviality and movability (see [C-S]). This generaliza­

tion	 is a hereditary shape property, but in some respects
 
v
 

aoes	 not behave as do Cerin's analogs. 
·v 

In the spirit of Cerin's equicontinuous shape theory 

[C3] we give a "controlled" version of compression that 

yields a characterization of ANR's and helps us obtain a 

condition necessary and sufficient for ARI maps to preserve 

ANR's. 

2.	 Preliminaries 

Recall the following definitions: 

(2.1) [Bg, p. 97] A compactum X is an absoZute weak 

neighborhood retraat (AWNR) if for some (indeed, for any) 

compact ANR Y containing X there is a neighborhood U of X 

in Y such that for every neighborhood V of X in Y there is 

a map r: U ~ V such that r(x) = x for all x E X. 

(2.2) [Ex-S, p. 851] Let U be a neighborhood of a 

compactum X in a space Y. Then U aompre88e8 toward X in 

1Supported by a grant from the Niagara University
 
Research Council.
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Y if for each neighborhood V of X in Y there exist a map 

r: U + V and a neighborhood W of X, W c V, such that 

r(x) x for all x E W. 

Let X be a compactUffi, C a family of metric spaces, and 

M an ANR-space containing X. We say X is C-compressed in 

M if there is a neighborhood U of X in M satisfying 

C-comp(U,X): for every neighborhood V of X in U 

there is a neighborhood W of X in V such that for every 

C-map f: K + U (by C-map we mean a map whose domain K 

belongs to C) there is a map g: K + V such that 

glf-l(W) = flf-l(W). 

Note if U' is a neighborhood of X in U and C-comp(U,X), 

then C-comp(U',X). 

The following shows the choice of M above is insignifi ­

cant. The notation f =V g will mean maps f and g are homo­

topic in V. 

(2.3) Theorem. Let M and N be ANR-spaces containing 

homeomorphia aompaata X and X', respeativeZy. If X is 

C-aompressed in M then X' is C-aompressed in N. 

Proof. Let h: X + X' be a homeomorphism. There exist 

neighborhoods U of X in M, U' of X' in N, and extensions 

f: U + N of hand f': U' + M of h- l such that C-comp(U,X) 

and f-l(U') U f' (U') c U. 

Let V' be a neighborhood of X' in U'. Let V = f-l(V'). 

Then V is a neighborhood of X in U. Since C-comp(U,X), 

there is a neighborhood W of X in V such that for every 

-1
C-map F: K + U there is a map G: K + V with GIF (W) =
 

FIF-l(W). Recalling our choices of f and f' and using
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[H, IV 1.1] and the fact that V' is an ANR-space, there is 

a closed neighborhood W' of X' in V' such that f' (W') c W 

a nd ff'IW' ;; . (the inclusion of W' into V').lW' ,V' 

Suppose p: K + U' is a C-map. Then f'p: K + U. Our 

choice of W implies that there is a map G: K ~ V such that 

GI (f'p)-l(W) = f'pi (f'p)-I(W). Our choice of W' implies 

-1 -1 -1Glp (WI) = flplp (W'). Then fG(K) c V' with fGlp (WI) 

-1 -1
ff'plp (W') ~VI pip (W') by our choice of WI. Since 

-1 -1P (W 1 
) is closed in K and fGlp (WI) extends to fG: K + V' , 

Borsuk's Homotopy Extension Theorem [Bk, IV(8.l), p. 94] 

implies plp-l(W I ) extends to P: K + V'. It follows that 

C-comp (U' ,X' ) • 

In light of (2.3), we drop "in Mil and say X is 

C-compressed if for some (hence every) ANR-space M contain­

ing X, X is C-compressed in M. 

We will use the following weLl-known property several 

times: 

(2.4) Theorem [Bk, V(3.l)]. Let y be a compact ANR~ 

s > O. There is a 8 > 0 such that if f,g: X + Yare 8-cZose o 

maps of a cZosed subset X of a metric space X into y~ and o 

f extends to F: X ~ Y, then there is an extension G: X + Y 

of g such that F and G are s-cZose. 

3. Some Properties of C-Compressed Compacta 

If X is a C-compressed compacturn with C the class of 

all compact ANR's, we will say X is compressed. We have: 
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(3.1) Theorem. Let X be a compactum in the HiZbert 

cube	 Q. The foZZowing are equivaZent: 

a) X is compressed. 

b) There is a neighborhood U of X in Q such that U 

compresses toward X in Q. 

c) X E AWNR. 

Proof. a) implies b): If X is compressed, there is a 

compact M~R neighborhood U of X in Q such that ANR-comp(U,X). 

Let V be any neighborhood of X in U. Then there is a 

neighborhood W of X in;V such that for any ANR-map f: K + U 

there is a map g: K + V with glf-l(W) = flf-l(W). In 

particular, for lU: U + U there is a map g: U + V such th~t 

-1
for x E lu (W) = W, g'(x) = lU (x) = x. Hence U compresses 

toward X in Q. 

b) implies c): This follows from (2.1) and (2.2). 

c) implies a): If X E AWNR, there is a neighborhood 

U of X in Q such that for every neighborhood V of X in U 

there is a map r: U + V such that rlx = ix,v. We may 

assume V is a compact ANR. By (2.4), there is a 0 > 0 such 

that if f,g: Yo + V are o-close maps and Yo is a closed 

subset of a metric space Y, then if f extends to F: Y + V 

then g also extends to a map G: Y + V. There is a closed 

neighborhood W of X in V such that rlw and iw,v are 8-close. 

Let f: K + U be an ANR-map. Then rf: K + V and (letting 

s s -1d denote the sup-metric for maps from K into Q) d (rflf (W), 

1	 -1flf- (W» < 8. Our choices of 8 and W imply flf (W) ex­

tends to F: K + V. It follows that ANR-comp(U,X), and from 

(2.3)	 that X is compressed. 
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From (3.1) it follows that the following is a generali­

zation of Tsuda's result [T, Thm., 1.2] that AWNR is a 

hereditary shape property. 

(3.2) Theorem. Let X and Y be aompaata~ C a aZass of 

metria spaaes. If X is C-aompressed and Sh X > Sh Y~ then 

Y is C-aompressed. 

Proof. There is no loss of generality in assuming 

x u Y c Q. Let U be a neighborhood of X in Q such that 

C-comp(U,X). Let f = {fk,X'Y}Q,C~ and ~ = {gk,Y,X}Q,Q be 

fundamental sequences such that fg ~ ~Y. There exist a 

positive integer k and a neighborhood U· of Y in Q such
l 

that k > k implies gk(U') c U.l 

Let V' be any neighborhood of Y in U'. There exist a 

positive integer k and a neighborhood V of X in U such that
2 

k > k implies fk(V) C V'. Our choice of U implies there2 

is a closed neighborhood W of X in V such that for each 

C-map f: K ~ U there is a map g: K ~ V such that glf-l(W) 

flf-l(W). ~here exist a positive integer k 3 and a closed 

neighborhood W' of Y in Q with WI c Vi such that k > k 3 

implies gk(W I ) c Wand fkgklW I ~ iw.,v •• 

Fix k > max{k ,k2 ,k }. Let h: K ~ UI be a C-map. Thenl 3
-1gkh: K ~ U, so there is a map H: K ~ V such that HI (gkh) (W) 

gkh! (gkh)-l(W). Our choices of k 3 and Wi imply Hlh-l(W I ) 

-1 -1
gkhlh (WI). Then fkH: K ~ VI with fkHlh (WI) = fkgkhl 

h-l(W I ) ~VI hlh-l(W I ). Since VI is an ANR-space and h-l(W) 

is closed in K, we may apply Borsuk's Homotopy Extension 

-1Theorem to conclude that since fkHlh (WI) extends to 
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fkH: K + V, therefore hlh-l(W) extends to F: K + V. It 

follows that C-comp(U·,Y). 

Recall a compactum X is C-aalm [Cl] if for some (any) 

ANR-space M containing X there is a neighborhood U of X in 

M such that for every neighborhood V of X in U there is a 

neighborhood W of X in V such that if f,g: K + Ware C-maps 

with f - U g, then f - g.
V 

Let us say a class C is I-closed (I is the interval 

[0,1]) if K E C implies K x I E C. 

(3.3) Theorem. Let C be an I-alosed alass of metria 

spaaes and let X be a C-aompressed aompaatum. Then X is 

C-aalm. 

Proof. Let M be an ANR-space containing X and let U 

be a neighborhood of X in M such that C-comp(U,X). Let V 

be a neighborhood of X in U. Let W be a neighborhood of 

X in V such that for every C-map f: K + U there is a map 

Suppose fO,f l : K + Ware C-maps with f O ~U fl. There 

is a map F: K x I + U such that F(x,O) f (x) ,
O

F(x,l) f (x)
l 

for all x E K. Since C is I-closed, F is a C-map. Our 

choice of W implies there is a map G: K x I + V such that 

GIF-l(W) = FIF-l(W). Thus G(x,t) = F(x,t) = ft(x) for 

t E {O,l}, so f ~V f via G. It follows that X is C-calm.
l

,O 

(3.4) Corollary. If C is an I-alosed alass of aonneated 

metria spaaes~ the aompaatum X is C-aompressed if and only if 

X has finitely many aomponents~ eaah of whiah is C-aompressed. 
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Proof. "If" is elementary. "Only if": that X 

C-compressed implies X has finitely many components follows 

from (3.3) and the fact that C-calm compacta have finitely 

many components [CI, (4.6)]. Since C consists of connected 

spaces, it follows easily that each component of X is 

C-compressed. 

(3.5) Remark. The importance of the assumption that 

C be I-closed in (3.3) and (3.4) is illustrated by the 

following: It is easily seen that every compactum is 

S-compressed, where S is the class consisting of one member, 

a space with one point; but compacta with infinitely many 

components are not S-calm. 

(3.6) Remark. Let C and D be classes of compacta. We 

say C shape-dominates D if for each Y E D there is an X E C 

such that Sh X > Sh Y. Cerin has studied several shape 

properties such that if a compactum X has the property for 

the class C, and C shape-dominates D, then X has the pro­

perty for D. This is not the case for compression: let T 

be the class of compacta with trivial shape. Then S shape 

dominates T. If X is a compactum. with infinitely many com­

ponents, then X is S-compressed, but not T-compressed, 

by (3.4). 

(3.7) Remark. One sees easily from (3.1) that every 

member of T is compressed. However, in general not every 

C-trivial [C-S] compactum is C-compressed. If X is a com­

pactum with infinitely many components, then X is T-trivial 

[Bxl, (4.3)], but not T-compressed (as seen in (3.6». 
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Since solenoids are calm [CI], the following shows 

that the compressed compacta form a proper subclass of the 

class of calm compacta. 

(3.8) Example. No solenoid is compressed. 

Proof. Let X be a solenoid. If X is compressed then 

the suspension SX of X has the shape of a finite CW com­

plex [T, Thm. 2.6]. Therefore ~2(SX) would be movable in 

the category of groups, a contradiction. 

The author is indebted to an anonymous colleague for 

suggesting the proof above in place of the author's origi­

nal, longer proof. 

A continuous surjection of compacta f: X ~ y is 

called approximately right invertible (ARI) [G, p. 293] if 

there is a null sequence of positive numbers En such that 

for each n there is a map gn: y ~ X with dS(fg ,ly) < E • n n 

If there are AR-spaces M and N containing X and y, 

respectively, such that the maps gn above can be extended 

to G : N ~ M such that for every neighborhood U of X in n 

M there is a neighborhood V of Y in N with Gn(V) c U for 

almost all n, then f is called strongly approximately right 

invertible (SARI) [C2]. The choices of M and N are not 

significant. 

It is known that ARI and SARI maps preserve a number 

of shape and e-shape invariants ([Bx2], [Bx3], [C2]). 

We have: 
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(3.9) Theorem. Let X and Y be compacta, f: X ~ Y an 

SARI map. If X is C-compressed then Y is C-compressed. 

Proof. We may assume X U Y c Q. Let U be a neighbor­

hood of X in Q such that C-comp(U,X). Since f E SARI, 

there is a sequence {G : (Q,Y) ~ (Q,X)} of maps of pairs as 
n 

described above. There exist a positive integer n and al 

neighbor~hood U' of Y in Q such that n > n impliesl 

Gn(U') c U. Let F: Q ~ Q extend f. 

Let V' be any compact ANR n«~ighborhood of Y in U'. 

There is a neighborhood V of X in U such that F(V) c V'. 

By (2.4), there is an £ > 0 such that if h l ,h2 : Zo ~ V' 

are £-close maps of a closed subset Zo of a metric space Z 

into V' and hI extends to HI: Z ~ V', then h extends to2 

H2 : Z ~ V'. Let W be a closed neighborhood o~ X in V such 

that for each C-map u: K ~ U there is a map u l : K ~ V with 

-1 -1ullu (W) = ulu (W). There exist a positive integer n 2 

and a closed neighborhood W' of Y in V' such that n > n 2 

implies Gn(W') c.w and FGnlW' is £-close to iw"v,. 

Fix n > max{n
l

,n }. Let r: K ~ U' be a C-map. Then2 

Gnr: K ~ U. Our choice of W implies there is a map 

-1 -1 
s: K ~ V such that s I (Gnr) (W) == Gnr I (Gnr) (W). By 

choice of WI, slr-l(w') = Gnrlr-1(w'). By choice of V, 

-1 -1Fs: K ~ V' and Fslr (W') = FGnrlr (W'). Since (by choices 

of W' and n ) FGnrlr-l(w') is £-close to rlr-l(w'), and
2

since Fslr-l(w') extends to Fs: K ~ V', it follows from our 

choice of £ that rlr-l(w') extends to R: K ~ V'. It fol­

lows that C-comp(U',Y). 
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If f: X ~ Y is an SARI map of compacta such that 

(using notation as above) there is a sequence of maps of 

(M,X) ~ (N,Y)} such that dS(g h IX,lx) < E ,n n n 

each hn(X) = Y for all n, and for every neighborhood U 

of Y in N there is a neighborhood V of X in M such that 

hn(V) c U for almost all n, then f is called strongly 

approximately invertible (SAl) [C2]. We have: 

(3.10) Theorem. Let f: X + Y be an SAl map of oom­

paota. Then X is C-compressed if and only if Y is 

C-compressed. 

Proof. If X is C-compressed then so is Y, by (3.9), 

since f is SARI. 

Suppose Y is C-compressed. Assume that M = N = Q 

and let F: Q + Q extend f. Let {G : (Q,Y) ~ (Q,X)},n 

{h : (Q,X) + (Q,Y)} be as above. Let U' be a neighborhoodn 

of Y in Q such that C-comp(U',Y). There exist a positive 

integer n and a neighborhood U of X in Q such that n > nl l 

implies hn(U) c U'. 

Let V be a compact ANR neighborhood of X in U. There 

exist a positive integer n 2 and a neighborhood V' of Y in 

U' such that n > n implies Gn(V') C V. By choice of U',2 

there is a neighborhood W' of Y in V' such that for each 

C-map b: K + U' there is a map c: K ~ V' with clb-l(W ' ) 

blb-l(W'). By (2.4), there is an E > 0 such that if 

u l ,u2 : Zo + V are E-close maps of a closed subset Zo of a 

metric space Z into V and u extends to U : Z + V, thenl 1 

u extends to U : Z + V.2 2 
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There exist a neighborhood W of X in V and a positiveo 
integer n 3 such that n > n 3 implies GnhnlX is £-close to 

ix,v and hn(WO) c WI. 

Fix n > max{nl ,n2 ,n }. There is a closed neighborhood3

W of X in W such that Gnhnlw and iw,v are £-close.o 
Let s: K + U be a C-map. Then hns: K + U'. Hence 

there is a map c: K + V' such that cl (h s)-l(W')
n 

h sl (h s)-l(W ' ). It follows that cls-l(w) = h sls-l(W).
n n n 

Therefore G c: K + V with G cls-l(w) = G h sls-l(W). But 
n n n n 

G h Sls-l(W) is £-close to sls-l(W), and since the former 
n n 

extends to G c: K + V and s-l(W) is closed in K, therefore 
n 

sls-l(W) extends (by choice of £) to t: K + V. It follows 

that C-comp(U,X) . 

4.	 C-e-Compressed Compacta 

As Cerin has observed, various open questions suggest 

the need for further characterizations of ANR's. For 

example, we find in [G, p. 294]: 

(4.0) Do ARI maps or refinable maps [F-R] preserve 

ANR's? 

(Partial answers are in [F-K] and [C2].) In this 

section we give a characterization of ANR's in terms of an 

e-shape version of compression and show how we may better 

understand (4.0). For the sake of convenience, we assume 

in this section that X and Yare compacta in Q. 

For a family C of metric spaces, we say X is C-e-aom­

pressed if for every £ > 0 there is a neighborhood U of X 

in Q such that C£-comp(u,x): for every neighborhood V of X 
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in U there is a neighborhood W of X in V such that for 

every C-map f: K ~ U there is a map g: K ~ V with 

glf-l(W) = flf-l(W) and dS(f,g) < E. 

It is easily seen that if U is a neighborhood of Xl 

in U and cE-comp(u,x), then cE-comp(ul,x). Also, every 

compactum is S-e-compressed. 

If X is C-e-compressed when C is the family of compact 

ANR's, we say X is e-compressed. 

We give a series of results relating C-e-compression 

to the e-shape properties C-e-movability [C3] and C-e-calm­

ness {C2]. 

(4.1) Theorem. A C-e-aompressed aompaatum is 

C-e-movable. 

Proof. Let U be a neighborhood of the C-e-compressed 

compactum X in Q and let E > O. We may assume U is a 

compact ANR. There is a a > 0 such that a-close maps into 

U are E-homotopic in U. There is a neighborhood V of X in 

o
U such that C -comp(V,X). Thus, for every neighborhood 

W of X in V and every C-map f: K ~ V there is a map 

g: K ~ W with dS(f,g) < o. By choice of 0, f and 9 are 

E-homotopic in U. It follows that X is C-e~movable. 

(4.2) Theorem. Let C be an I-alosed alass of metria 

spaaes and let X be C-e-aompressed. Then X is C-e-aatm. 

Proof.	 Let E > O. There is a compact ANR neighbor­

E
hood U of X in Q such that c / 3-comp(u,x). Let a> 0 be 

such that a-close maps into U are (E/3)-homotopic. 

Let V be a neighborhood of X in U. By choice of U , 

there is a neighborhood W of X in V such that for every 
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C-map f: K + U there is a map g: K + V such that 

l91 f- (w) flf-I(W) and dS(f,g) < s/3. 

Suppose hO,h K + W are 8-close. By choice of 8 , 
l : 

there is a map F: K x I + U such that for all x E K, 

F (x, 0) h (x) ,
O


F (x,l) hl(x) and
 

diam F({x} x I) < s/3.
 

Since K x I E C, there is a map G: K x I + V such that 

For x E K, it follows that G(x,O) = hO(X)' G(x,l) = 

hl(x), and for all s,t E I, d(G(x,s),G(x,t» < d(G(x,s), 

F(x,s» + d(F(x,s) ,F(x,t» + d(F(x,t) ,G(x,t» < s/3 + 

s/3 + s/3 = s. Thus h and hI are s-homotopic in V. ItO 

follows from [e2, (4.2)] that X is C-e-calm. 

(4.3) Theorem. X E ANR if and onZy if X is e-com­

pressed. 

Proof. Suppose X E ANR. Let E > O. There is a 

compact ANR neighborhood U of X in Q and a retraction 

r: U + X such that d s (r,lu) < E/2. Let V be a neighborhood 

of X in U. We may assume V is Cl compact ANR. Then there 

is, by (2.4), a 8 > e such that if Ze is a closed subset 

of a metric space Z, h O and hI are 8-close maps of Zo into 

V, and he extends to He: Z + V, then there is an extension 

s
HI: Z + V of hI' such that d (HO,H l ) < E/2. There is a 

closed neighborhood W of X in V such that dS(rlw,iw,v) < 8. 

Let f: K + U be an ANR-map. We have dS(rflf-l(W), 

flf(W» < 8. Since f- l (w) is closed in K and rflf-l(W) 

extends to rf: K + X C V, our choice of <5 implies flf-l(W) 
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extends to a map g: K ~ V with dS(rf,g) < E/2. Hence 

dS(f,g) ~ dS(f,rf) + dS(rf,g) < E/2 + E/2 = E. It follows 

that ANR
E

-comp(U,X), and thus X is e-compressed. 

Conversely, if X is e-compressed then by (4.1) and 

(4.2), X is e-movable and e-calm. Hence X E ANR, by 

[C2, (4.9a)]. 

Let f: X ~ Y be an SARI map and let F: Q ~ Q extend f. 

Let {G : (Q,Y) ~ (Q,X)}:=l be a sequence of maps of pairsn 

as in the previous section. We will say f is extra 

strongly approximately right invertible (ESARI) if for 

every E > 0 there is a neighborhood U of Y in Q such that 

dS(FGnlu,iu,Q) < E for almost all n. One sees easily that 

the choice of extension F of f is not important. 

The following is suggested by [C2, (5.1)]. 

(4.4) Theorem. Let Y E ANR and suppose f: X ~ Y is 

an ARI map. Then f is an ESARI map. 

Proof. We assume F: Q ~ Q extends f. 

Since f is an ARI map, there is a sequence of maps 

gn: Y ~ X such that f9 ~. lye Let Z be a neighborhoodn 

of Y in Q such that there is a retraction r: Z ~ Y. Let 

G : Q ~ Q be an extension of gnr: Z ~ X. n 

Then for each n, given a neighborhood U of X in Q, 

Z is a neighborhood of Y in Q such that Gn(Z) c U. It 

follows easily that f is an SARI map. Further, let E > 0 

be given. There is a neighborhood V of Y in Z such that 

dS(rlv,iv,z) < E/2 and there is a positive integer z such 

that n > z implies dS(f9n,ly) < E/2. Hence for n > z, 



21 TOPOLOGY PROCEEDINGS Volume 11 1986 

dS(FGnIV,iv,Q) ~ dS(FGnlv,rIV) + dS(rlv,iV~Q) < dS(fgnrlv, 

rlV) + s/2 < s. It follows that f is ESARI. 

The following, suggested by [C2, (5.2) and (5.3)], 

gives a converse to (4.4) when i.t is assumed X E ANR. 

(4.5) Theorem. Let X E ANR and suppose f: X -+ Y is 

ESARI.	 Then Y E ANR. 

Proof. By (4.3), it suffices to show Y is e-compressed. 

Let F: Q -+ Q extend f and let {G : (Q,Y) -+ (Q,X)}:=l be a n 

sequence of maps of pairs satisfying the definition of 

ESARI. 

Let s > o. Since X E ANR, there is a neighborhood U' 

of X in Q and a retraction r: U' -+ X such that dS(FIU',Fr) 

< s/3. Since f is ESARI, there exist a neighborhood U of 

Y in Q and a positive integer n such that n > n impliesl l 

Gn(U) c U' and 

dS(FGnIU,iu,Q) < E/3. 

Let V be a neighborhood of Y in U. We may assume V 

is a compact ANR. By (2.4), there is a a> 0 such that if 

hO,h l : Zo + V are a-close maps of a closed subset Zo of a 

metric space Z into V and h extends to HO: Z -+ V, thenO 
s

hI extends to HI: Z -+ V with d (HO,H l ) < E/3. There is a 

neighborhood W' of X in U' such that dS(FIW',frIW') < 0/2. 

There exist a closed neighborhood W of Y in V and a positive 

integer n such that n > n implies ­
2 2
 

~Gn(W) c W',
 

FGn(W) c V, and 

dS(FGnIW,iw,v) < 6/2. 
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Fix n > max{nl ,n2}. Let q: K + U be an ANR-map. 

Then Gnq: K + U I
, rGnq: K + X, and we define b = frGnq: 

K + Y c V. Note dS(blq-l(W),q\q-l(W» ~ dS(frGnq\q-l(W), 

FGnqlq-l(W» + dS(FGnqlq-l(W) ,qlq-l(W» < 8/2 + 8/2 = 8. 

Since q-l(W) is closed in K and blq-l(W) extends to b: K + V, 

our choice of 8 implies qlq-l(W) extends to g: K + V with 

S S S sd (b,g) <,E/3. Thus d (q,g) ~ d (q,b) + d (b,g) < 

dS(q,FG q) + dS(FG q,frG q) + E/3 < {by our choices of U n n n 

and U I
) E/3 + E/3 + E/3 = E. Thus ANRE-comp(U,Y), and the 

proof is complete. 

It follows frpm [F-R, (3.3)] that a refinable ANR-map 

is ARI. In light of (4.4) and (4.5), it follows that the 

questions (4.0) are equivalent to the following: 

(4.7) Questions. If f: X + Y is ARI (refinable) and 

X E ANR, must f be ESARI? 
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