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RATIONAL SPACES OF.A. GIVEN RIM-TYPE 

AND THE PROPERTY OF UNIVERSALITY 

s. D. Iliadis 

Introduction 

All spaces in this paper are assumed to be metrizable 

and having a countable basis. 

A space is said to be rationaL (resp. rim-finite) if 

it has a basis of open sets with countable (resp. finite) 

boundaries (a finite set is considered also as countable). 

It is said that a space X has rim-type < at where a 

is an ordinal number, iff it has a basis B of open sets such 

that the a-derivative (see [Ku], v.I, § 24.IV) of the 

boundary of every element of B is empty. If a is the least 

such ordinal, then we say that the space X has rim-type a. 

It is easy to see that if X has rim-type a then a is 

a countable ordinal number (a finite ordinal number is also 

considered as countable). In what follows all ordinal 

numbers considered are countable. 

A space T is said to be univepsal for a family R of 

spaces iff T is an element of R and for every X E R there 

is an embedding i: X + T. 

We say that a space T has the property of finite inter

section with respect to a family R of spaces iff for every 

element X of R there is a fixed e:mbedding i : X + T such x 

that if X and Yare different elements of R then the set 

ix(X) n iy(Y) is finite. The space T is not necessarily 

an element of R. 
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Nobeling (see (N]) proved that in the family of all 

rim-finite spaces, the family of all rim-finite compact 

spaces and the family of all rim-finite continua there does 

not exist a universal element. 

Also, it is well-known (see [Ku] , v.II, §Sl.IV) that 

in the family of all rational compact spaces and in the 

family of all rational continua there does not exist a 

universal element. 

In [II] it is proved that in the family of all 

(locally connected) compact spaces having rim-type ~ a 

and in the family of all (locally connected) continua having 

rim-type ~ a there does not exist a universal element. 

On the other hand, in [1 2], it is proved that in the 

family of all rational spaces there exists a universal 

element having the property of finite intersection with 

respect to the subfamily of all rational continua (more 

precisely, with respect to a given subfamily the power of 

which is less than or equal to the continuum). 

In part I of this paper we give some lemmas about the 

type and the rim-type of spaces. These lemmas are used (in 

part III) in order to represent the spaces as quotient 

spaces of "good" partitions of subsets of the Cantor ternary 

set. The "good" means that tne corresponding partitions 

have some properties of "countability." 

In part II, starting with a family of pairs (S,D) where 

S is a subset of the Cantor ternary set and D is a "good" 

partition, we construct a space which is used (as a univer

sal element) in part III where we give the main result: 

In the family of all spaces of rim-type < a there is a 



TOPOLOGY PROCEEDINGS Volume 11 1986 67 

universal element having the property of finite intersec

tion with respect to a given subfamily the power of which 

is less than or equal to the continuum (in particular, with 

respect to the subfamily of all compact spaces of rim-type 

< a). 

Let a = 8 + n where 8 is a limit ordinal number or 0 

and n is a non-negative integer. 

Using theorem 8 of [I-T] we also have: 

There exists a continuum of rim-type .::. 8 + 2n + 

min{8,1} having the property of finite intersection with 

respect to the family of all compact spaces of rim-type .::. a. 

In particular, there exists a continuum of rim-type 

2 having the property of finite intersection with respect 

to the family of all rim-finite compact spaces. 

This result gives affirmative answers to problems 8 and 

9 (hence, negative answers to problems 10 and 11) of [1 3 ]. 

By the main result it follows that for a given space 

X of rim-type .::. a there is a space of rim-type .::. a having 

the property of finite intersection with respect to the 

family of all closed subsets of X. 

1.1. For every space X and for every subset Q of X 

by cl(Q), Bd(Q), Int(Q) and IQI we denote the closure, the 

boundary, the interior and the cardinality of Q, respectively. 

If X is metric then by diam(Q) we denote the diameter of Q. 

An open subset U of X is called a reguLar open subset iff 

U = 1nt(cl(U». Obviously, a set U is regular iff 

Bd(U) = Bd(X~cl(U». 
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A space Y is said to be an eztension of X iff X is a 

dense subset of Y. A space Y is said to be a aompaatifiaa

tion of X iff Y is a compact extension of X. 

For every space M and for every ordinal number a by 

M(a) we denote the a-th derivative of M. The ordinal number 

o is considered as a limit ordinal. A non-limit ordinal 

number is called isolated. 

We say that a space M has type a (resp. < a) and write 

type(M) a (resp. type(M) ~ a) iff M(a) = ~ and M(a) ~ ~ 

for every a < a (resp. M(a) = ~). 

We say that a space M at the point x E M has type a 

(resp. ~ a) and write type(x,M) = a (resp. type (x,M) < a) 

iff x € M(a) and x ~ M(a) for every a < a (resp. x t M(a». 

Obviously, for every M ~ ~ and for every x € M, type (x,M) 

is an isolated ordinal number and type(M) = sup{type(x,M)}. 
x€M 

We observe that two countable locally compact spaces 

whose type is the same limit ordinal number are homeomorphic. 

Indeed, let M and N be locally compact spaces and 

type(M) = type(N) = a, where a > 0 is a limit ordinal 

number. Let M U {a} and N U {b} be one-point compactifica

tions of M and N, respectively. Then, type(M U {a}) = 

type(N U {b}) = a + 1 and I (M U {a}(a) I = I (N U {b}(a) I = 1. 

Hence, by [M-S] there is a homeomorphism h of M U {a} onto 

N U {b}. Obviously, heal = b. Hence, heM) = N. 

We also observe that by IM-Sl it follows that the set 

of all non-homeomorphic compact spaces having type < a is 

countable. 
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2. Let a be a limit ordinal number and let S a + m 

where m is a non-negative intege!r. 

By P (a,m) we denote the set~ of all pairs (X,K) where 

K is a compact space having type! a + n for some non-negative 

integer n ~ m and X is a subset of K such that type(X) = S = 
a + m and K.....K(a) c: X (hence, K.....K(a) = X.....X(a». 

By TP(a,m), m > 1, we denote the set of all 3-tuples 

(a,X,K) such that (X,K) E P(a,m) and a E x(S-l) = X (a+m-l) • 

If (X,K(X» E P(a,m) then by B(K(X» we denote the 

set of all open and closed subse!ts of K (X). By B (X) we 

denote the set of all subsets U' of X of the form U' = U n X 

where U E B(K(X». 

Let e be a subset of TP(a,m) and (a,X,K(X» E e. A 

neighbourhood U· E B(X) of a is called standapd for the 

subset e iff for every (b,Y,K(Y» E e there exist a neigh

borhood V' E B(Y) of b and a homeomorphism h of U' onto V' 

such that heal = b. 

We observe that if (a,X,K(X» E TP(a,m) and a E U E 

B(K(X» then (a,UnX,U) E TP(a,m). 

Lemma 1. Fop a given a thepe exists a finite set 

ETP(a,m) = {e~, ••• ,e~(m)}Whose eZements ape subsets of 

TP(a,M) such that: 

1) e~ U ••• U e~(m) TP(a,m), 

2) e~ n ej = ~ if i ~ j, 

3) if (a,X,K(X» E e~, i l,···,k(m), and a E U E 
1. 

B(K(X» then (a,UnX,U) E e~, 
1. 

4) if (a,X,K(X» E e~, i = l,···,k(m), then a has a 

standapd neighbouphood fop the subset e~. 
1. 
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Proof. We may assume that all spaces are metric. We 

prove the lemma by induction on m. 

Let m = 1. By e 
1 
l (resp. e 

1 
2) we denote the set of all 

elements (a,X,K(X» of TP(a,m) such that the space X is 

locally compact (resp. is not locally compact) at the point 

a. 

We prove that the set ETP(a,m) = {ei,e~} is the required 

set. Indeed, it is clear that the properties 1)-3) of the 

lemma are satisfied. 

1 1Suppose that (a,X,K{X» E e and (b,Y,K{Y» Eel. Sincel 

x{a) and y{a) consist of isolated points (in the relative 

topology), there are U E B{K{X» and v E B(K{Y» such that: 

~) the sets U' = U n X and V' = V n Yare compact and 

2) U n x{a) = {a} and V n y{a) = {b}. Obviously, type{U') 

type{V') = a + 1, (U') (a) = {a} and (V') (a) = {b}. Hence, 

the sets U' and V' are homeomorphic (see [M-S]). Moreover, 

if h is an arbitrary homeomorphism of U' onto V' then 

h(a) = b. 

Since the construction of the set U' is independent 

of the construction of the set V', the neighbourhood U' of 

1 a is standard for the element e •1 
1 1

Now, suppose that (a,X,K(X» E e and (b,Y,K(Y» E e •2 2 

For every i = 1,2,··~ there exists U E B{K{X» (resp.i 

Vi E B{K{Y») such that: 1) U n x{a) = {a} (resp.1 

VI n y{a) = {b}), 2) a E Ui +1 ~ U (resp. b E Vi +l ~ Vi)'i 

3) the set (Ui'Ui +l ) n X (resp. (Vi'Vi +l ) n Y) is not com

pact and 4) lim diam{U ) = 0 (resp. lim diam{V.) = 0).ii+oo i+oo 1 
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Since K(X),(K(X» (a) ~ X by properties 1) and 2) it 

follows that (U 'U + ) n X = (U 'U +1 ) n (X,x(a» = i i 1 i i 

(Ui'Ui + ) n (K(X)'(K(X» (a». Hence, the set (Ui'Ui +l ) n Xl 

as an open subset of K(X) is locally compact. 

On the other hand, the set Ui'U is compact and thei +l 

set (Ui'Ui +l ) n X is not compact. Hence, (Ui'Ui +l ) n 

(K(X» (a) ~ 13. It then follows that type «U 'U + ) n X) a.i i 1

Similarly, the set (Vi'Vi +l ) n Y is locally compact 

and type«vi,v + ) n Y) = a. Hence, there is a homeomorphism
i l 

hi of (Ui'Ui +l ) n X onto (Vi 'Vi +1 ) n Y. 

We construct a map h of Ui == Ul n X onto Vi = VI n Y 

setting h(a) = b and considering that h coincides with the 

map hi on the set (Ui'Ui +l ) n X. By property 4) of the 

sets U and Vi it follows that the map h is a homeomorphismi 

of Ui onto Vi. 

As in the first case, since the construction of the set 

Ui is independent of the construction of the set Vi, the 

1neighbourhood Ui of a is standard for the element e •2 

Suppose that the lenuna is true for m < mo' rna ~ 2. 

m -1 
For every element e E Ui~l ETP(a,i) we consider a 

fixed 3-tuple (a{e),X{e) ,K(X(e») of e and a fixed standard 

neighbourhood U(e) of aCe) in X(e) for the element e. 

(SO-I) 
Let p (a,X,K(X» E TP(a,mO). Set Xl == X'X 

(8 -2) 
where So a + mO. Obviously, tY'pe(xl ) = 80-1, Xl 

0

(SO-2) (SO-I) 
X 'x and (Xl,K(X» E p(a,mO-l). 

In the set ETP (a,mO-l) we de~fine a subset ETP (a,mO-l,p) 

as follows: an element e of ETP(a,mO-l) belongs to 
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ETP(a,mo-l,p) iff for every neighbourhood W E B(K(X» of a 

(SO-2) 
there exists a point x E W n Xl such that (X,Xl,K(X» 

E e (hence, (x,W n Xl,W) E e). 

For every e E ETP(a,mo-l,p) by X(e,p) we denote the 

(SO-2) 
set of all points x E Xl for which (x,Xl,K(X» E e. 

Obviously, if e l ~ e 2 , then X(el,p) n x(e ,p) = ~.2 

We observe that type ({a} U X(e,p» 2 and {a} 

({a'} U X(e,p» (1). 

We say that the element e E ETP(a,mO-l,p) is compact 

(resp. non-compact) if the space {a} U X(e,p) is locally 

compact (resp. is not locally compact) at the point a. 

A sequence ui,u~, ••• of elements of B(K(X» is called 

a normal sequence of p if: 1) a E U1+ l C U1' i = 1,2, ••• , 

p (SO-2)2) U1 n X (SO-I) 
{a}, 3) U1 n Xl S UeEETP(a,mo-l,p)x(e,p), 

4) lim diam(U~) 0, 5) the set {a} U (Ui n X(e,p» is a
• J.
J.-+oo 

compact set if e is a compact element and 6) for every 

i = 1,2, ••• the set (U1'U1+ ) n X(e,p) is infinite if e isl 

a non~compact element. 

Since ETP(a,mO-l) is finite, the existence of a normal 

sequence is easily proved. 

Let uP uP ••• be a normal sequence.l' 2' 
(!30-2) 

Let uP n {xl ,x2 ,···}· If a > 0 then forXlI 

every i we consider a point c.
J. 

of uP
1 

such that: 

(a.) (a.+l) 
1) c i E (Ul) 1 '(Ul) J. where ui < a, 2) ~im ai = a 

1-+00 

and 3}	 lim d(ci,xi } o where d(ci,xi ) is the distance 
i-+oo 

between c. and x .• 
1	 1 
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(SO-2) 
For every point x E ui n Xl = {xl ,x2 ,···} we 

consider an element Ul(x) E B(K(X» such that: 1) x E Ul(x) 

P
S Ul' 2) if xi ~ x. then Ul(xi ) n Ul(x j ) = fI, 3) if 

] 
p p

x E Ui......Ui + l then Ul(x) s Ui......Ui +l ' 4) if a. > 0 then c. t. Ul(x)P P 
1 

for every i = 1,2, ••• and 5) ~im diam(Ul (xi» = o. 
1-+0() 

(SO-2) 
Since the set ui nXl is countable and consists 

of isolated points (in the relative topology) the existence 

of such elements of B(K(X» is easily established. 

We observe that if x E X(e"p) then by property 3) of 

the lemma (x,U (x) n X, U (x» E~ e. Hence, there exist al l 

neighbourhood U(x) E B(Ul(X» ~ B(K(X» of x and a homeo

morphism h(x) of U(e) onto U(x) n X such that h(x) (a(e» = x. 

Set U = {a} U U (B _2)U(x) and U= {a} U (Ui'U). 

xEuinxl 0 
A 

Obviously, U cl (U) • 
A A 

We prove that (U n X,U) E P(~,iO) where i O 2.. mO-l. 

Indeed, if a. > 0 then by the choice of the points c ' i 
A 

i 1,2,··· it follows that type(U) ~ a.. On the other 

(So-2) A 

hand, since U n Xl = fJ it follows that type(U n X) < 

a.	 + mO-l. 

Let y E Cl(U) n U. By the construction of the points 

(SO-2) 
c i ' i = 1,2,.·· and the sets (Ux) where x E ui n Xl 

it follows that y E cl({c l ,c2 ,·· .}). This means that 

y E (U) (a.) • In particular, a E (U) (a.) • 

Hence, if z E U...... (U) (a.) then z ~ cl(U). "This means 
A	 A 

that	 z E U n X. Thus, U...... (U) (a.) c U n X. 
A 

There exists an integer i such that type(U n X)O 
A A 

a. + i O• Hence, (U n X,U) E P(o.,iO) where i 2.. mO-l.O 
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There exists an integer i ~ i and a neighbourhoodl O 
~ A	 ~ 

Ul(a) E B(U) of a such that type(Ul(a) n X) = a + i and 
l 

A	 A A(a+il-l) 
a E (Ul (a) n X) Hence, (a, U (a) n X, U (a» E

l l 

TP(a,i )·l 

By e(p) we denote the element of ETP(a,i ) which con-
l 

A A 

tains the 3-tuple (a,Ul(a) n X,ul(a». 

By induction it follows that the element e(p) is not 
A 

dependent on the choice of the neighbourhood ul(a) of a in 

U. 
A A 

There exists a neighbourhood U(a) E B(Ul(a» of a and 
A 

a homeomorphism h(p) of U(e(p» onto U(a) n X such that 

h (p) (a (e (p) » = a. 
A 

The set U(a) n cl(U) is an open and closed subset of 
A 

cl(U) n U. There exists an open subset Ul(a) of cl(U) 
A A 

such	 that ul(a) n U = U(a) n cl(U). 

By U(a) we denote the union of all elements U(x), 

p n (SO-2) 
x E U1 Xl such that U(x) n ul(a) ~~. By the 

properties of the sets U(x) we have cl(U(a»'U(a) = 
A A A 

cl(U(a» n U = Ul(a) n U = U(a) n cl(U). From this fol-
A 

lows that the set U(a) U(a) U U(a) is an open and closed 

subset of K(X). Obviously, a E U(a)_ 

We observe that the element e(p) is dependent on the 

choice of the normal sequence ui,u~, ••• , the points c i ' 

i = 1,2, ••• and on the choice of the standard neighbourhoods 

(SO-2) 
U(x), x E ui n Xl _ 

m -1 
In the set Ui~l ETP(a,i) we define an order as follows: 

m m
we set e. l < e. 2 iff, either ml < m2 , or ml = m2 and jl < j2

Jl J2 
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Choosing the suitable normal sequence ui,u~, ••. , the 

points c and the neighbourhoods U(x), we may consider that
i 

the element e(p) is the least possible. 

Now we define the set ETP(a,rn ). Let p,q E TP(a,m ).o O

We say that the elements p and q of TP(a,m ) belong to anO

element of ETP(a,m ) iff: 1) ETP(a,mO-l,p) = ETP(a,mo-l,q),O

2) an element e of ETP(a,rnO-l,p) is compact iff this element 

is compact as an element of ETP(a,mo-l,q) and 3) e(p) = e(q). 

Obviously, properties 1)-3) of the lemma are satisfied. 

We prove property 4) of the lemma. 

Let e be the element of ETP «).O ,m ) which containsO

(a,X,K(X». We prove that the neighbourhood U(a) n X of a 

is a standard neighbourhood for the element e. 

Indeed, let q = (b,Y,K(Y» be an element of e. For 

the 3-tuple q we consider all sets which were constructed 

for the 3-tuple p. For these sets we use the same notations 

replacing only letters p,a,x,X and U by letters q,b,y,Y and 

V, respectively. 

We prove that there is a homeomorphism h of U(a) n X 

onto V(b) n Y such that heal = b. 
A -1 A 

Let h = h(q) 0 h (p). Then h is a homeomorphism of 
A A	 A 

U(a)	 n X onto V(b) n Y such that heal = b. 

On the other hand, there exists an integer k such that 

uP ~ U(a) and V~ ~ Veal.
k (60- 2 ) (60- 2 )
 
Between the sets D(a) and V(b) n Y
n Xl I 

there exists a one-to-one correspondence such that: 1) if 

x E X(e,p) and x corresponds to y then y E Y(e,q) and 2) if 

e is a noncompact element of ETP(a,mO-l,p) 
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and x E (U1.....u1+l ) n X(e,p), i ~ k + 1, or x E (U(a) .....u~+l) n 

X(e,p) then y E (V{-....V{+l) n Y(e,q) or y E (V(b) .....Vf+l) nY(e,q), 

respectively. 

Let x correspond to y. Then (x,Ul(x) n X,UI(x» and 

(y,VI(y) n Y,VI(y» belong to the same element e of 

ETP(a,mO-I). Hence, the map h(y)h-l(x) is a homeomorphism 

of U(x) n X onto V(y) n Y such that (h(y)h-l(x» (x) = y. 

Now, we construct the map ho. First, we observe that 
A A 

U(a) n X = (U(a) n X) U «U(a) ..... (U(a) n cl(U») n X). This 
A 

is true because each point z € (D(a) n cl(D» n X is a limit 

(8
0

- 2 ) 
point for the set Xl ' that is, z belongs to the set 

(8 -1) 
X 0 which is impossible by the choice of the set ol. 

A A 

Also, we have V(b) n Y = (V(b) n Y)U «V(b) ..... (V(a) n 

cl (V) » n Y). 

(8 0 - 2 ) 
Let z E U(a) n X. If Z E D(a) then there is x € Xl
 

such that z E D(x). In this case we set h(z)
 

(h(y)h-l(x» (z). If z = a then we set h(a) = b.
 
A A 

If z E U(a) n X then we set h(z) = h(z). By the above 

properties of the sets U(a) n X and V(b} n Y it follows that 

h is a homeomorphism of U(a} n X onto V(b} n Y. 

Thus, D(a} n X is a standard neighbourhood of a for 

the element e. 

The proof of the lemma is completed. 

Remark. Let G(a,m), m ~ 0, be the set of all spaces X 

for which there exists a compact space K such that (X,K) E 

.P(a,m). By PG(a,m), m > 1, we denote the set of all pairs 

(a,X) where X € G(a,m) and a E X (a+m-l) • 
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We say that the elements (a,X) and (b,Y) of PG(a,m) 

are equivalent (write (a,X) ~ (b,Y» iff there exist open 

and closed neighbourhoods U and V of a and b in X and Y, 

respectively, and a homeomorphism h of U onto V such that 

heal = b. Obviously, the relation "~" is an equivalence 

relation. 

By EPG(a,m) we denote the set of all equivalence 

classes. 

Obviously, if (a,X) E PG(a,m) then for some compact 

space K, (a,X,K) E TP(a,m) and, conversely, if (a,X,K) E 

TP(a,m) then (a,X) E PG(a,m). 

By property 4) of Lemma 1 it follows that if (a,X,K(X» 

and (b,Y,K(Y» belong to an element of ETP(a,m) then 

(a,X) ~ (b,Y). 

Hence, the set EPG(a,m) is finite. Moreover, every 

element of EPG(a,m) is a finite union of elements of ETP(a,m). 

We observe that the set ETP(a,m) is not defined uniquely. 

Let e be a subset of PG(a,m) and (a,X) E e. An open 

and closed neighbourhood U of a in X is called standard for 

e iff for every (b,Y) E e there are an open and closed 

neighbourhood V of b in Y and a homeomorphism h of U onto 

V such that heal b. 

Since every element EPG(a,m) is a finite union of 

elements of ETP(a,m), by property 4) of Lemma 1 it follows 

that for every element e of EPG(a,m) and for every (a,X) E e, 

the point a has a standard neighbourhood in X. 
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3. Lemma 2. The set G(a,m) is aountable.
 

Proof. We prove the lemma by induction on m.
 

Let m o. If a = a then G(O,O) = {~}. If a > a
 

then every element of G(a,O) is a locally compact space 

having type a. Since every two locally compact spaces 

having type a are homeomorphic, the set G(a,O) is a single

ton. 

Suppose that the lemma is true for m < mO' rna > 1.
 

We prove that the set G(a,mO) is countable.
 

Let X E G{a,m ). By K{X) we denote a compact space

O

such that (X,K(X» E p{a,m ).
O

(a+mO-l) 
Suppose that X {x1 ,x ,···} is an infinite2

set. Then, for every i = 1,2,··· there exists a point 

(a.) (a.+l) 
c.	 E X such that: 1) c. E X 1 'X 1 , where a. < a,

1 1	 1 

2)	 lim a. = a and 3) lim d(ci,xi ) = 0, where d(ci,xi ) is 
i-+oo 1 i -+00 

the distance between and xi.c i 
(a+mO-l) 

If the set X is finite and X ~ K(X) then by 'c i 
(a. ) 

1,2,··· we denote a point of X such that: 1) c. E Xl,
1 

(a.+l) 
Xl, where a < a, 2) lim a. = a and 3) there is a

i i-+oo 1 

point c E K(X)'X such that lim c. = c. 
i-+oo 1 

(·a+rn -1) 
For every x E X 0 we consider a neighbourhood 

Ul(x) E B(K(X» of x such that: 1) if x. ~ x. then 
1 ] 

(a+m -1) 
U1{x i ) n U1{x ) = ~, 2) if the set X 0 is infinitej 

(a+ffiO-l) 
then lim diam(ul(x = 0 and 3) if X is infinitei » 

i-+oo 

(a+mO-l) 
or X is finite and X ~ K(X) then c ~ U1(x) forj 
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(a+mo-l) 
every j = 1,2,··. and x EX. 

For every element e E ETP(a,m ) (see Lemma 1) by X(e)O
(a+mO-I) 

we denote the set of all points x E X for which 

(a+mO-l)
 
(x,X,K(X)) E e. Obviously, X = UeEETP(U,mo)x(e).
 

If x E X(e) then (x,Ul(x) n X,Ul(x» E e. Hence, 

there are a neighbourhood U(x) E B(K(X» of x and a homeo

morphism hex) of U(e) (see Lemma 1) onto U(x) n X such 

that U(x) ~ UI(x) and hex) (a(e» = x. 

Set Xl = K(X)'(U (a+ _l)U(x». Obviously, XI is a 
xEX rnO 

compact space and if X = K(X) then type (XI n X) < a+mO-I. 

(a+mO-l) 
If X ~ K(X), in particular if X is an infinite 

set, then by the choice of the points c ' we have type (XI ni 
(a+m -1) 

X) ~ a. In this case, if X 0 is finite then it is 

clear that XI'(X I ) (a) ~ Xl n X. This means that X n Xl E 

G(a,i), i ~ mO-I, because type(X n ·X I ) ~ a+mO-I. 

(a+ffiO- l ) 
Let X be infinite. Set XI' = U (a+ _1)U(x).

~EX mO 

Obviously, if z E (XI'(X I ) (a»'cl(X II ) then z E XI n X. 

If z E Xl n cl(X II ) then by the choice of the sets 

(a+m - 1 ) (a+mo-l)oUI(x), x E X it follows that z E cl(X ) and, 

hence, z E cl({c ,c
2 

, ••• }). This means that z E (XI) (a).
l 

Hence, X"(X') (a) ~ X' n X and since type (X' n X) > a 

we have Xl n X E G(a,i), i ~ mO-I. 

Let Y be an element of G(a,m ). For the space Y we O

construct the sets Y(e), e E ETP(a,m )' the neighbourhoods
O

(a+mO-l) (a+mO-I) 
U(y), Y E Y , the homeomorphisms h(y), y E Y 

~nd the space Y' n Y as we constructed the corresponding 
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sets and homeomorphisms for the space X. 

Now, we prove that the spaces X and Yare homeomorphic 

if: 1) for every e E ETP(u,mO)' IX(e) I = IY(e) I and 2) the 

spaces X" n X and y l n Yare homeomorphic. 

Indeed, let h' be a homeomorphism of XI n X onto 

ly n Y. By the condition IX(e) I = IY(e) I it follows that 

(u+mO-l) (u+mO-l) 
between the sets X and Y there is a one-to

(u+mO-l) 
one correspondence such that if x E X corresponds 

(u+mO-l) 
to y E Y then (x,X,K(X» and (y,Y,K(Y» belong to 

the same element of the set ETP(U,mO-l). 

A homeomorphism h of X onto Y is constructed as fol

(u+mO-l) 
lows: 1) if z E U(x) n X where x E X then we set 

1 (u+mO-l) 
h(z) = h(y) «h(x»- (z» where y is the point of Y 

which corresponds to x and 2) if z E XI n X then h(z) = 

hi (z) • 

From the above it follows that since the set ETP(u,mO) 

is finite, the sets G(u,m), 0 ~ m < mO' are countable and 

the set of all compact spaces having type less than u is 

countable, the set G(u,m ) is countable. The proof of theO

lemma is completed. 

Remark. From Lemma 2 it follows that the set of all 

spaces having a finite type is countable. On the other 

hand it is easy to prove that the set of all spaces whose 

type is a given infinite ordinal number has power greater 

than or equal to the continuum. 

4. Lemma 3. Let X be a space having type u+m where 

u is a Zimit ordinaZ number and m is a non-negative intege~. 
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If Y is a metria aompaatifiaation of X and dim Y < 0 then 

there exists a aompaatifiaation K of X such that: 1) natural 

projeation TI of Y onto K exists~ 2) type(K) < a + 2m + 

min{a,l}~ 3) type(X U (K'K(a») a + m~ 4) if K 

{zl,z2'···} then ~im diam(TI-
1 

(zi» 0 and 5) for a given 
1.-+00 

-1
E > O~ diam(TI (z» < E for every z E K. 

The proof of this 1ewaa is similar to the proof of 

Theorem 3 of II-T]. This lemma is used in the proof of 

Lemma 4. 

5. Lemma 4. Let X be a metria spaae of rim-type ~ a. +n 

where a is a limit ordinal number and n is a non-negative 

integer. Then~ there exist an extension Z of X and a basis 

B(Z) = {T ,T ,···} of open sets of Z such that: 1) the set
1 2 

Bd(Ti)~ i = 1,2,··· is a aompaat set~ 2) type(Bd(T <i » 

a. + 2n + min{a,l}~ i = l,2,···~ 3) T = Int(cl(Ti»~i 

i 1,2,···~ 4) Bd(T ) n Bd(T j ) = ~ if i ~ j~ andi 

5) type ( (Bd (T1.') n X) U (Bd (T , ), (Bd (T , ) ) (a.) » < a + n.
1. 1. 

The proof of this lemma is similar to the proof of 

Theorem 8 of [I-T]. 

The extension Z is constructed in the same way as the 

space Z is constructed in the proof of Theorem 8 of II-T]. 

Instead of Theorem 3 of [I-T] which is used in the proof 

of Theorem 8 of [I-T] we use here Lemma 3. 

The basis B(Z) = {T ,T ,···} of the theorem is a subl 2 

basis of {Ql,Q2'···} (see Theorem 8 of II-T]) such that 

Bd(T n Bd(T j ) = ~ if i ~ j.i 
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We observe that in the present paper X is a subset of 

its compactification or extension, while in (I-T] a com

pactification of X is a pair (K,h), where K is a compact 

space and h is a homeomorphism of X into a dense subset of 

K. Therefore, in Lemma 3 we consider the compactification 

K of X as the quotient space of the partition {n-l{z), 

Z E K} of Y and we identify x of X with the point {x} of 

the above partition. Also, in Lemma 4 we identify a point 

x of X with the point f{x) of (O,l]N (see Theorem 8 of 

[I-T]). 

II. 1. By L , n = 1,2,·--, we denote the set of all n 

·ordered n-tuples il-··i , where i = 0 or 1, k = l,···,n.n k 

Set LO = {~} and L 

denote the element ~ of L. We say that the element i 1 ··-in 

of L is a papt of the element jl···jm if, either n = 0, or 

1 < n < m and i = jk for every k < n. The elements ofk 

L are denoted also by I'J,Il etc. If I = i ···i then by1 n 

To (resp. II) we denote the element il---inO (resp. il---inl) 

of L. 

By An' n = 1,2,·--, we denote the set of all ordered 

n-tuples il---i , where i k , k = l,-·-,n is a positiven 

integer. Set A U:=lA • The elements of A are denoted byn 

a,e etc. Let a E An' a E Am' a il-··i , a jl···jm. Wen 

write e ~ a if I ~ n ~ m and i k jk for every k < n. 

Obviously, if a,S E A and B > a then a = a. Also, for 
n -

every a E An the set of all elements B E A + l such that n 

B ~ a, is a countable non-finite set. 
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By C we denote the Cantor ternary set. By CI' where 

i il···i E L, n ~ 1, we denote the set of all points of 
n 

C for which the k-th digit in the ternary expansion, 

k = l,···,n, coincides with 0 if i k = 0 and with 2 if 

i = 1. Also, set C~ = C. For every subset s of Lk ,k 

k = 0,1,···, we set C = UIEsCr- For every point a of C s 

and for every integer n ~ 0 by I(a,n) we denote the element 

r E L for which a E Cr. Obviously, this element is uniquelyn 

determined_ For every subset F of C and for every integer 

n = 0,1,2, •• • by st(F,n) (it is called the n-star of F in 

C) we denote the union of all sets C-" where r E L such 
1 n' 

that C n F ~ ~_ If F = {a} then we set st(F,n) st (a,n) • r 

Let D be a partition of a subset S of C, r an element 

of Lk and t an arbitrary subset of L , where k,n = 
n 

0,1,2,···. Set D(l) {d E D: d is not singleton}, 

D.. {d E D: d $iJ, d ~ ~, U C } , 
1 

n cIo ~ n c rl d ~ cro I1 

D = {d E Dk : d n C-:- ~ ~, j E t andk UrELkDI and D(k,t) 
J 

00

d c U-;- t C-:-}- Obviously, 1) D(l) Uk=ODk , D-:- n D-;- = fl if
JE J 1 J 

i,j E Lk and i ~ j , 3) D n D ~ if k ~ k andk k l 21 2 

4) D(k,t1 ) n D(k,t2 ) = ~ if t 1 S L , t 2 ~ L and t ~ t 2 
n n 1 

We say that the degree of an element d of D is k and we 

write deg(d) = k iff d E Dk -

For every integer k > 0 by D~ we denote the subset of 

S which is the union of all elements of Dk 

2 _ By M(a), where a is an ordinal nwuber we denote a 

countable family of spaces for which the a-derivative is 

empty_ We suppose that two different elements of M(a) are 

not homeomorphic_ 
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A partition D of a subset S of C is called M(a)-papti

tion iff 1) D is an upper semi-continuous partition, 2) every 

element of D is a singleton or consists of two points and 

3) for every pair of integers k and n, k,n = 0,1,2,···, and 

for every subset t of L there exists an element M(D,k,t) E n 

M(a) which is homeomorphic to the subset D(k,t) of the quo

tient space D. 

By h(D,k,t) we denote a homeomorphism of M(D,k,t) onto 

D(k,t). In the future we suppose that for a given M(a)

partition the homeomorphisms h(D,k,t) are fixed. 

By A we denote a family of pairs (S,D), where S is a 

non-empty subset of C and D is a M(a)-partition of S (it 

is supposed that ~ ~ D). We suppose that the power of A is 

less than or equal to the continuum. 

By SeA) we denote the set of all subsets S of C such 

that there exists a pair (S,D) E A. If (Sl,D ) andl 

(S2,D ) are different elements of A then we consider Sl2

and S2 as different elements of SeA) (though Sl = S2). 

If 8 E 8(A) then by D(8) we denote the corresponding 

M(a)-partition of S such that (S,D(S» E A. 

Since the power of A is less than or equal to the 

continuum, for every element I E L there exists a subset 

seT) of SeA) such that: 1) S(~) S(A), 2) Sci) n scI) ~ 

if I,I ELk' r ~ I, 3) SCi) = s(Io) u S(Il) and 4) for 

every Sl,S2 E SeA), Sl ~ S2 there exists an integer k > 0 

and elements I,I ELk' I ~ I such that Sl E SCi) and 

S2 E S(I). 

Let (Sl,D ), (S2,D ) E A. We say that the elementsl 2

Sl and S2 of SeA) are (k,n)-equivaZent, where k,n = 0,1,···, 
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if 1) there exists an element r E Lk such that Sl,S2 E S(1) 

and 2) for every subset t of L we have M(Dl,k,t) = M(D ,k,t).
n 2 

By S(k,n) we denote the set of all classes of the 

(k,n)-equivalence. It is easy to see that the set S(k,n) 

is countable. 

Let Q be a subset of an element of S(k,n). If t is 

a subset of L and SEQ then the element M(D(S),k,t) of n 

M(a) is independent of S. This element is denoted by 

l\1(Q,k,t) • 

Consider the set C x S(A). For every subset Q of S(A) 

we set J(Q) {(a,S) E C x S(A): a E S, SEQ}. The 

set J(S(A» is also denoted by J(A). 

A subset y of J(Q) is called a D-set of J(Q) with 

respect to (k,n)-equivalence iff there exist a subset 

t(y) of L and an element z(y) of M(Q,k,t(y» such that n 

y USEQ(h(D(S) ,k,t(y» (z(y» x {S}). 

For every SEQ we denote by y(S) the element h(D(S),k, 

t(y» (z(y» of D(S). Obviously, y(S) x {S} = y n (C x {S}) 

and y(S) E Dk(S) = (D(S»k. Also, for every SEQ and for 

every d E Dk(S) there exists a uniquely determined D-set 

y of J(Q) with respect to (k,n)-equivalence such that 

d y(S). 

The ordinal nurrilier type(y(S),Dk(S» is independent 

of S. This ordinal number is called the type of y with 

respect to Q (denoted by type(y». The number k is called 

the degpee of the D-set y (denoted by deg(y». 

It is easy to see that if Yl is a D-set of J(Ql) with 

respect to (kl,n1)-equivalence, Y2 is a D-set of J(Q2) with 
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respect to (k2 ,n )-equivalence, S E Q n Q and Yl(S) ~ 2 l 2 

Y2 (S) then Yi n Y2 = ~. 

3. As it is mentioned in the introduction, in part 

II of this paper we construct a space denoted by T(A) which 

will be used in part III as a universal element. The points 

of the space T(A) are the elements of some partition of the 

set J(A). The elements of this partition which are not 

singletons, are countable. These elements (denoted by 

d(a,m» and some subsets of J(A) (denoted by U(y,m,k-l» 

are constructed by induction in the next "long" lenuna. 

The subsets U(y,m,k-l) define some neighbourhoods of the 

points d(u,m) in the space T(A). The topology of the space 

T(A) is not quotient because in the set,J(A) there is no 

topology. Moreover, the topology of T(A) is not quotient 

with respect to the "natural" topology which may be defined 

in the set J (A) • 

Lemma 5. For every integer k = 0,1,2,··· and for 

every element a of A + there exist:k 1 

'i) an integer n(~) ~ k + 1, 

ii) a set S(~) which is a subset of an element of the 

set S(k,n(~» (it is possible that Sea) = ~), 

iii) an ordering y(a,o) ,y(a,l) ,y(a,2),··· of the set of 

all D-sets of J(S(a» with respect to (k,n(a»-equivalence 

(it is possible that for some integers m, y(a,m) = ~), 

iv) a finite sequence d(a,O) ,d(a,l),···,d(a,k) of sub

sets of J (S (a» (it is possible that for some integers m, 

d(a,m) = ~), 
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v) a subset U(y,m,k-1) of J(S(y», for every Y € A ,
q 

1 < q ~ k and 0 < m < q - 1 (it is possible that for some 

y and m, U(y,m,k-1) = ~) and 

vi) a subset s (r,m, a) for every y € Aof L n «l) q' 

1 < q ~ k, 0 ~ m.:s. q - 1 and y < (i'such that: 

1) neal > n(S) if a ~ i~ 

2) SeA) Ua€A Sea). 
1 

3)	 If a 1, a2 € Ak+1, a 1 ~ a 2 then S{(1 ) n 

S{( ) = ~.'
2 

4) If S € Ak then Sea) = Ua€A Sea). 
a>sk+1 

5) If 0 ~ m .:s. k, y € Ak+1_ -and Y < a then m 

d(a,m) = y{~,m) n J(S(~». 

6) If y € A , 1 < q < k and 0 < m < q - 1 then 
q - 

d(y,m) ~ U(y,m,k-1). 

7) If Y € Aq, 1 ~ q .:s. k, 0 .:s. m .:s. q - 1 and 

d(y,m) = g then U{V,m,k-1) ~. 

8) If y € Aq , ~1 € 1 < q < k, 1 .:s. ql 2 k1,Aq" 

o .:s. m .:s. q - 1, 0 .:s. m1 .:s. ql - 1, k1 < k and 

d(y,m) .~ U(Y1,m1 ,k1-1) then U(y,m,k-1) c 

u(Y1,m1,k1-l). 

9)	 If Y1 € € A ", 1 ~ ql .:s. k, 1 .:s. q" .s.. k,Aq" Y2 q 

o .s.. m1 .:s. ql - 1, 0 .:s. m2 2 q" - 1 and d(y1 ,m ) ~ 1
d(Y2,m2) then u{y1 ,m1 ,k-1) n u(V2 ,m ,k-1) = g.2

10) If Y € Aq , 1 ~ q .s.. k - 1, 0 .:s. m ..s.. q - 1, 

S € S(Y), d € D(S) and (d x {S}) n U(Y,m,k-1) 

~ ~ then d x {S} ~ U(y,m,k-2). 

11) If Y € A q , 1 .:s. q .:s. k, 0 .:s. m .:s. q - 1, Y < a 
S € Sea), d € D I(S), d x {S} = d(y,m) n q-m
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(C x {S})., d' E D(S) (I)., d' ~ d and d' c 

st(d,n(a» then., either deg(d') > k or 

deg(d') = q - m - 1 and type(d',D l(S» < 
q-m

type (d,D l(S».q-m

12) If yEA ., 1 < q < k., 0 ~ m _< q - I., y < a.,q - 

S E S(a)., d E D(S) and d x is} = d(y,m) n 

(C x is}) then st(d,n(u» = C (- -).
s y,m,a 

13) If yEA ., 1 < q ~ k and 0 ~ m ~ q - 1 then q 

U(y,m,k-l) u- - - «C - - x Sea»~ n
a~y,aEAk+l s(y,m,a) 

J (S (a) ) ) • 

14) If Y E Ak+ l - ., 0 < m ~ k., y < a., Sl E S(a).,m

S2 E S(a)., d l E D(Sl)" d 2 E D(S2)" d l x {Sl} 

y(y,m) n (C x {Sl})" d x {S2} = y(y,m) n2 

(C x {S2}) then st(d ,n(a» = st(d ,n(a».
l 2 

Proof. We prove the lemma by induction on k. 

Let k = 0. Set n(a) = 1 for every a E AI. There 

exists a one-to-one correspondence between the set S(O,l) 

and a subset of AI. If Q E S(O,l) corresponds to a E AI' 

then we set Sea) = Q. If there is no element of 5(0,1) 

which corresponds to a E Al then we set sea) = 1J. 

For every a E AI' let y(a,O) ,y(a,l) , ••• be an ordering 

of the set of all D-sets of J(S(u» with respect to (0,1)

equivalence. Set d(a,O) 

Obviously, properties 1), 2), 3),5) and 14) are true 

for k = 0. 

Suppose that the lemma is true for all integers k < p, 

p > O. We prove the lemma for k = p. 
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For every S E S (y) , y E Aq , q ~ p and for every d(y,m) , 

o < m < q - 1, by d(S,y,m) we denote the element of o (S)
-

for which d(S,y,m) x { S} = d (y,In) n (C x {S}) • For every 

U(y,m,k-l), where yEA,q 1 ~ q < k, 0 < m ~ q - 1 and 

k < P - 1 by U(S,y,m,k-l) where S E S(y) we denote the sub

set of S for which U(S,y,m,k-l) x {S} = U(y,m,k-l) n (C x 

{S}). Obviously, if d(y,m) = ~ or U(y,m,k-l) = ~ then 

d(S,y,m) = ~ or U(S,y,m,k-l) = $~, respectively. We observe 

that	 by property 13) it follows that the set U(S,y,m,k-l) 

is an open subset of S. Also, for every y E A + ' p l - m 

o < m < p, S E S~y) we denote by y(S,y,m) the element d 

of D(S) for which d x {S} = y(Yj,m) n (C x {S}). 

Let a E A + • There exists a uniquely determined p l 

element SEA such that S ~ U. Let S E S(~). 
P 

There exists an integer tl(S,p) > 0 such that if 

y E A , Yl E Aq"l < q ~ p, 0 < m < q - 1, 1 ~ q' ~ p,q 

o ~ ml ~ q' - 1, k l < p, S E S(y) n S(Yl) and d(y,m) = 
u(Yl,ml,kl-l),	 then st(d(S,y,m) "tl (S,p» =U(S'Yl,ml,kl-l). 

Also, there exists an integer t 2 (S,p) ~ 0 such that 

if Yl E Aq " Y2 E Aq ", 1 < q':. p, 1 ~ q" 2. p, 0 .:. ml ~ 

q' - 1, 0 .:. m2 ~ q" - 1, S E S(Yl) n S(Y2) and d(Yl,m1 ) ~ 

d (Y2 ' m2), then s t (d (S , Y1 ' ill1 ), t 2 (S , p» n s t (d (S , Y2 ' m2 ) , 

t 2 (S,p» = ~. 

Since D(S) is an upper semi-continuous partition there 

exists an integer t (S,p) ~ 0 such that if y < 8, y E A ,3 q 

1 ~ q ~ p - I, 0 < m ~ q - I, d E D(S) and d n st(d(S,y,m), 

t 3 (S,p» ~ ~, then d ~ U(S,~,m,p-2). 

Finally, since 1) D(S) is an upper semi-continuous 

partition, 2) Dk(S), k = 0,1,2,.,.·, is a closed subset of 
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D(S) having type ~ a and 3) D (S) n D (S) = ~, k ~ k 
2

,k k l1 2 

there exists an integer t4(S,P) ~ 0 such that if y E A ,
q 

1 < q ~ p, 0 ~ m ~ q - 1, Y~ S, d' E D(S) (1), d' ~ d(S,y,m) 

and d' ~ st(d(S,y,m) ,t (S,p», then, either deg(d') > p,4 

or deg(d') = q - m - 1 (we observe that deg(d(y,m» 

q - m - 1) and type(d',D l(S» < type(d(S,-y,m),D l(S».q-m- q-m-

Set t(S,p) = max{n(S) ,t (S,P),t (S,p) ,t (S,P),t (S,p),l 2 3 4 

p+l}. 

Now, in the set S(S) we define an equivalence relation. 

Let Sl,S2 E S(8). We say that Sl ~ S2 if and only if 

1) t(Sl'P) = t(S2'P), 2) Sl and S2 are (P,t(Sl,p»-equiva

lent, 3) st(d(Sl,y,m) ,t(Sl'P» = st(d(S2,y,m) ,t(S2'P» for 

every y < S, yEA , 1 < q ~ p and 0 ~ m ~ q - 1 and - q

4) st(y(Sl,y,m) ,t(Sl'P» st(y(S2,y,m),t(S2'P» for every 

y < S, yEA 1 ' 0 < m < p.P+ -m 

It is clear that the set of all equivalence classes is 

countable. Hence, there exists a one-to-one correspondence 

between this set and a subset of the set of all elements 8 

of A + l for which S ~ 8. If there is no equivalence class p 

which corresponds to the element a, then we set S(a) = ~. 

In the opposite case, we denote by S(a) the equivalence 

class which corresponds to the element a. 

Set n(a) = t(S,p) where S E S(a). Obviously, the 

number n(u) is independent of the element S of S(a). 

Let y(u,O) ,y(u,l) , ••• be an arbitrary ordering of the 

set of all D-sets of J(S(a» with respect to (p,n(a»

equivalence. 
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Set d(a,m) y(y,m) n J(S(a» where y E Ap+1- m' y < a 

and m = O,l, ••• ,p. 

Let ~ E A , 1 ~ q ~ p, y < a, 0 ~ m ~ q - 1 andq 

So E S Ca). We define the sets s (y,m,a) and U (y,m,p-l) 

setting s(~,m,a) = {i E L (-): C~ c st(d(SO,~,m) ,neal)}n a J_ 

and u(~,m,p-l) = u- - - A SES'-) «st(d(S,~,m) ,neal) x 
a~y,aE p+l' ~a 

{S}) n J(S(A») (*) 

By condition 3) of the definition of the equivalence 

relation in the set S(~) it follows that the set s(~,m,a) 

is independent of So E Sea). Obviously, if d(~,m) = ~, 

then s(y,m,a) = ~ and U(~,m,p-l) = ~. 

Now, we prove that the properties of the lemma are 

true for the k = p. 

Property 1) follows by the definition of the number 

n(~). Property 2) is independent of p. Properties 3) and 

4) follow by the construction of the sets S(a), a E A + • 
p 1 

Property 5) follows by the deterlnination of the set d(a,m). 

Properties 6) a~d 7) follow by the construction of the sets 

U(y,m,p-l) • 

It is easy to see that properties 8), 9), 10) and 11) 

follow by the definition of the numbers tl(S,p), t (S,p),2 

t (S,p) and t (S,p), respectively, and by the construction3 4 

of the sets U(~,m,p-l). Property 12) follows by the defini

tion of the sets s(y,m,a). 

In the type (*) using the froperty 12) we have 

USES(rv) «st(d(S,y,m) ,nCa) x {Sj) n J(S(A») = (C - - X 
\.N s(y,m,a) 

S(~» n J(S(~». From this follows property 13). 
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Property 14) follows by condition 4) of the definition 

of the equivalence relation in the set S(S). The proof 

of the lemma is completed. 

4. By T(A) we denote the set of all non-empty sets of 

the form d(u,m), a E Ak + l , 0 < m < k and k = 0,1,2,··· and 

all singletons {x} where x belongs to J(A) and does not 

belong to any set d(u,m). The elements d(u,m) (resp. {x}) 

of the set T(A) are called elements of the first kind (resp. 

the second kind). 

By U(A) we denote the set of all sets U(y,m,k-l), 

Y E A , 1 < q ~ k, 0 < m < q - 1 and k = 0,1,2,··· and all q 

sets of the form (C x Sea»~ n J(A) where t is a subset oft 

L k = 0,1,2,··· and a E A.k ,
 

If U E U(A), then by O(U) we denote the set of all
 

elements of T(A) which are conta~ned in the set U. If 

U = U(y,m,k-l} or U = (C x Sea»~ n J(A) then we sett 

O(y,m,k-l} = O(U} or O(Ct,S(a}} = O(U}, respectively. 

By O(A} we denote the set of all sets O(U), U E U(A). 

Obviously, the set O(A) is countable. 

In the future, the sets U(y,m,k-l) and O(y,m,k-l) 

(resp. (C x SeA)} n J(A) and O(Ct,S(a»} are called ele
t 

ments of the first kind ( resp. the second kind) of the 

sets U(A) and O(A), respectively. 

Also, for every S E S(y}, YE A , 1 < q, 0 ~ m ~ q - 1,q 

by d(S,y,m) (resp. y(S,y,m» we denote the element d of 

D(S) for which d x {S} = d(y,m) n (C x {S}} (resp. d x {S} 

y(y,m) n (C x {S}». Obviously, d E D l(S) (resp.q-m

d € D l(S)}.q
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Lemma 6. The set O(A) is a basis of open sets for a 

topoZogy on T(A). 

Proof. It is sufficient to prove that: 1) for every 

d E T(A) there exists ° E O(A) such that d E ° and 2) if 

d E 01 n °2 where 01'02 E O(A) , then there exists ° E O(A) 

such that d E ° c:=. 01 n °2· 

Let d E T (A) • If d d(a,m) , a E and 0 ~ m ~ kAk +1 

or d = {(a,S)} where S E Sea) then, obviously, d E O(C,S(u») 

= ° E O(A). 

Let d E 01 n O2 where 01'02 E O(A). First, we suppose 

that d = {x}, where x = (a,S). Then, there exist 1 ,1 E L
1 2 

and a l ,a2 E A such that d E O(Cr ,Seal»~ ~ 01 and 
1 

d E O(C~ ,S(U2» CO2 • If 01 or 02 is an element of the 
1 

2 

first kind, then the existence of r or 1 of L follows by
1 2 

the structure of the elements of U(A) of the first kind 

(see property 13) of Lemma 5). Llet I ELand a E A such 

that a E C~ C C~ n C~ and S E S(~) ~ seal) n S(a ).
1 - 21 1 1 2 

Obviously, d E O(C~,S(a» 
1 

Now, let d = d(y,m), yEA, 0 < m < q - 1. 
q 

First, we prove that if d(y,m} =O(Ct,S(S}} 0' E O(A}, 

where t C Ln and S E Aq " then d(y,m) ~ O(y,m,k-l) C 0' for 

k ~ max{n,q+l}. Indeed, let k ~ max{n,q+l}, a E Ak +l and 

y ~ a. Since d(y,m) ~ ~ and d(y,m) ~ O(Ct,S(S» we have 

that S(y) ~ S(S). Hence, Sea) =S(8). Let S E Sea). 

Since d(S,y,m) x {S} ~ d(y,m) ~ C x S(6) we have d(S,y,m)t 

By property 12) of Lenuna 5 we have C ==Ct· 5 (y,m,a) 

st (d (S, y,m) ,n (a) ) • Since n(a) + 1 > n, C> k s(y,m,a) 
C Ct· 

-Hence, C x Sea) C C x S (6) for every a > y,s (r,m, a) t 
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a E Ak +1 • From the structure of the set U(y,m,k-l) (see 

property 13) of Lemma 5) we have U(y,m,k-l) £ C x S(S).
t 

Thus, d(y,m) £ O(y,m,k-l) £ 0'. 

Using the above proposition (and properties 6) and 8) 

of Lemma 5) we may find integers k 1 o and k 2 ~ 0 such~ 

that d E O(y,m,kl-l) ~ 01 and d E 0(y,m,k -l) Set2 ~ °2·
 

° (U) , where U = U(y,m,k-1), k 2:. max{k ,k2 }· Then
° 1
 

d E ° ~ 01 n 02. The proof of the lemma is completed.
 

5. In the future, in the set T(A) we consider the 

topology which has the set O(A) as a basis of open sets. 

Lemma 7. The space T(A) is a Hausdorff space.
 

Proof. Let d l ,d E T(A), ~ d • ~onsider the cases:
2 d l 2

1) d 1 = {(al'Sl)}' d 2 = {(a2 ,S2)}' 2)dl = {(a,S)}, 

d(y,m), y E A , 0 ~ m ~ q - 1 and 3) = d(Yl,ml ),d 2 q d 1 

d(Y2,m2), Yl E A " Y2 E A ", q' ~ q", 0 ~ ~ q' - 1,d 2 q q ml 

o < m < q" - 1. 
- 2

In the first case, either a l ~ a 2 , or Sl ~ S2. By 

the definition of the (k,n)-equivalence, if a 1 ~ a 2 (resp. 

Sl ~ S2)' then there exist an integer n ~ 1 and I,I E L ,n 

I ~ J (resp. u ,u2 E An' a l ~ a 2 ) such that a l E Cr andl 

a 2 E Cr (resp. Sl E Seal) and S2 E S(u2 » (we observe that 

Sl ~ S2 means that the elements Sl and S2 o£ SeA) are dif

ferent though it is possible that Sl - S2 as subset of C). 

Set 01 = O(Cr' Sea'»~ and 02 = O(C'], SCali», where a',a" E AI' 

Sl E SCa') and S2 E S(a") (resp. 01 = O(C,S(al » and 02 = 

0(c,S(a2»). Then d l E 01' d 2 E 02 and 01 n 02 = ~. 
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In the second case, either S i S(y), or S E S(y) and 

a f d(S,y,m). Let S f S(y), y' E A q and S E S(y'). Setting 

01 = O(C,S(y'}) and 02 = O(C,S(~) we have d E 01' d E 02l 2 

and 01 n 02 = fl. 

Let S E S(y} and a ~ d(S,y,m). There exists an integer 

k > q + 1 such that st(a,k) n st(d(S,y,m),k} = f1. Let 

a E Ak+1 , S E S(u), 01 = O(st(a,k) ,Sea»~ and 02 = 0(y,m,k-1}. 

Obviously, d E 01 and d E 02. By property 13) of Lemma 51 2 

we have that U(y,m,k-1) n (st(a,k) x S(a» = (C - ~ x
s(y,m,a) 

Sea}) n (st(a,k) x S(a». 

Since neal ~ k + 1, by property 12) of Lemma 5, 

st(d(S,y,m},k) ~ C (- -). Since st(a,k} n st(d(S,y,m},k)
- s y,m,a 

= f1 we have U(y,m,k-l} n (st(a,k) x Sea»~ = f1. Hence, 

01 n 02 = f1. 

In the third case, setting 01 = 0(Y1,m ,k-1) and
1 

0(Y2,m2 ,k-1), where k ~ q' + 1, by properties 6) and°2
 

9) of Lemma 5, we have d E 01' d E and 01 n 02 = f1.
1 2 °2 

The proof of the lemma is completed. 

6. Lemma 8. If U E U(A) then Bd(O(U}) c {d E T(A): 

d n U ~ fl,d n (J(A)'U) ~ f1}. 

Proof. Let d E Bd(O(U}} = cl(O(U}}'O(U}. Since d ~ U, 

d n (J(A)'U) ~~. We prove that d n U ~~. It is sufficient 

to prove that if d n u = ~, then d ~ cl(O(U)}. 

Consider the following cases: I} d = {(a,S)}, U = (Ct 

x Sea)} n J(A}, teL and a E A , 2) d {(a,S)}, U = 
- n q 

U(y,m,k-l), yEA, 0 < m < q - 1 and k > q, 3) d = d(y,m),
q - 

Y E A , 0 < m < q - 1, U = (C x Sea»~ n J(A), t c L and q t n 

a E A , and 4) d = d(y,m), yEA, 0 < m < q - 1,
q q 
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U U(Yl,ml,kl-l), Yl E Aq " 0 ~ m ~ q' - I and q' ~ k l • 

In the first case, since d n U = ~, we have, either 

a ~ or S ~ S (a). If a ~ Ct ' then st(a,n) n C = fl.Ct ' t 

Let S E A and S E S (S) then (st(a,n) x S (S» n (C x q t 

Sea) ) fl. Setting 0 = o (s t (a , n) , S (a) ) we have that d E 0 

and 0 n O(U) = fl. This means that d f cl(O(U». 

If S t Sea) then setting 0 O(C,S(S» where S E A q 

and S E S(S), we have d E 0 and 0 n O(U) = fI, that is 

d t cl(O(U». 

In the second case, either S i S(y) or there exists 

an element a E Ak + l such that a > Y, SEa and a ~ C (- -).s y,m,a 

This follows by the structure of the set U(y,m,k-l) (see 

property 13) of Lemma 5). If S i y, then setting 

o = O(C,S(YI»' where Yl E A and S E S(Yl) we have d E 0q 

and 0 n O(y,m,k-l) = fI, that is, d i cl(O(U». 

If a t C (- -)' where a E Ak+l , a ~ y and SEa,s y,m,a 

then st(a,n(a» n C (- -) ~ fI and hence, (st(a,n(a» x s y,m,a 

S(a» n «C (- -) x Sea» n J(A» = (st(a,n(a» x S(a» n s y ,m, a 

U(y,m,k-l) =~. Since d E 0 = O(st(a,n(a»,S(a», 

d i cl(O(U». 

In the third case, if S(y) n Sea) = fI' then U(y,m,q-l) 

n U = fI, that is, d ~ cl(O(U». Let S(y) n Sea) ~~. Then 

for every S E S(y) n Sea) we have d(S,r,m) n Ct = fI and, 

hence, st(d(S,y,m),n) n C = ~, that is, (st(d(S,y,m),n) xt 

{S}) n U = fl. From this and by properties 12) and 13) of 

Lemma 5, it follows that U(y,m,k-l) n U = fI if k = max{q,n}, 

that is, d ¢ cl(O(U». 
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In the fourth case, obviously, d(y,m) ~ d(Yl,m }. If
l 

S(y) n S(Yl) = ~, then U(y,m,k-l) n U(Yl,ml,kl-l) = ~ for 

~very k ~ q, that is, d t cl(O(U). 

Let S(y) n S(Yl) ~~. If q 2 k 1 , then by property 9) 

of Lemma 5, U(y,m,kl-l) n U(Yl,m1,kl-l) = fI, that is, 

d;' cl(O(U». 

If q > k 1 , then Yl < y. By the structure of the set 

U(Yl,m1 ,k1-l) (see property 13) of Lenuna 5) there exists an 

element a E Ak +1 such that Yl 2 a, a < y, d(y,m) ~ C x Sea) 
1 

and d(y,m) n (C (- -) x Sea»~ = fl. Hence, as in the 
s Yl,m1,a 

third case, there exists an integer k > q such that 

U(y,m,k-l) n (C (- -) x Sea»~ = U(y,m,k-l) n U(Yl,m ,k -1)
s Y1,ml ,a 1 l 

= fI, that is d ;. cl(O(U». The proof of the lemma is com

pleted. 

7. Lemma 9. The spaae T(A) is a regular spaae. 

Proof. Let d E O(U), U E U(A). We must prove that 

there exist U E U(A) such that d E O(UO) ~ cl(O(UO» ~ O(U).o 
Consider the cases: 1) d = {(a,S)}, U = (C x Sea»~ nt 

J(A), t ~ L +1 and a E Ak +1 , 2) d = {(~,S)}, U = U(y,m,k-l),n

y E A q , 0 2 m ~ q - 1 and q ~ k, 3) d = d(y,m), U 

U(Yl,m1 ,k1-l), Y E A , 0 2 m ~ q - 1, Yl E A " 0 < ~ q q m1 

q' - 1 and q' < k and 4) d = d(~,m), U = (C x Sea»~ n J(A},1 t 

y E A , 0 < m < q - 1, t c L and a E Ak + • q n 1 

In the first case, since D(S) is an upper semi-continu

ous partition, there exists an integer q ~ max{k+l,n+l} such 

that if d' E D(S) and d' n st(a,q) ~ fI, then d' ~ Ct. 
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Let 0 € A + and S € S(8). Set U = (st(a,q) x S(8»
q l l 

n J(A). By the choice of the integer q, d ~ O(U ) c O(U).
l 

We prove that cl(O(U ~ O(U) U F where F is a finite set.
l

» 

Let d € Bd(O(U ». By Lerruna 8 d is an element of thel l l 

first kind. Let d = d(81 ,m ) where 8 € A , and 0 < m <
l l 1 q l 

q' - 1. By F we denote the set of all such elements d for
l 

q' < q + 1. It is easy to see that the set F is finite. 

Now, suppose that q' > q + 2. We prove that d € O(U).r 
Indeed, in the opposite case, by Lemma 8 we have that 

d l n U ~ ~ and d n (J(A)'U) ~~. Let (a 'Sl) € d n Ul l l l l 

and (a 2 'S2) € d l n (J(A)'U). 

By property 14) of Lerruna 5 (setting k + 1 = q', m = In
l 

and a = 8 ) if m > 0 we have that st(d(Sl,8
1 

,m ), n(8
1 

» = 1 l l 

st(d(S2,8
1 

,m ), n(8 ». If m = 0, then d(8 ,0) = y(8 ,0)'.
l 1 l 1 1 

Since Sl and S2 are (q'-1,n(8 »-equivalent there exist a1 

subset t(d ) of L (6 ) and an element z(d ) of M(S(6l ),l n ll 

q' - 1, t (d1 » such that h (D (S1)' q' - 1, t (d1) ) (z (d1) ) 

d ( S1 ' '81 ' 0 ) and h {D (S2)' q' - 1, t (d1) ) (z (d1» = d (S 2 ' '81 ' 0) • 

This·means that d(Sl'~l~O) E D(Sl) (q' - 1) ,t(dl » and 

d(S2,Ol'0) E D(S2) (q' - l,t(dl », that is, st(d(Sl''81 ,0), 

n(8 st(d(S2,6 ,O) ,n(8 ». Thus, st(d(Sl,81 ,ml ),1 » 1 1

n(61 » st(d(S2,81 ,ml ) ,n(81 » for 0 ~ m ~ q' - 1. Since 

n(8 ) ~ q' ~ q + 2 from the above it follows that
1 

d(Sl,61 ,m ) n st(a,q) ~ ~ and d(Sl,61 ,ml ) n (C'C ) ~ ~.l t 

Hence, since t ~ L + l we ·have that d(Sl,61 ,ml ) E Dk (Sl)'n 
1 

where k ~ n. Since Sl and S are (q,n(8»-equivalent, therel 

is an element d' € D (S) such that s~(d',n(8» = 
k 1 
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st(d(Sl,81 ,m ) ,n('6). From the above and since n(8) > q +l 

1 > n + 1 it follows that d' n st(a,q) ~ ~ and d' n (C'C )t 

~ ~. 

By the choice of the set st. (a,q) this is impossible. 

Hence, d n (J(A)'U) = ~, that is, d E O(U).
l l 

Since the space T(A) is Hausdorff, there is an open 

neighbourhood O(UO), U E U(A) of d such that O(U ) n F Jo l O

and O(UO) ~ O(U ). Then d E O(UO) ~ cl(O(UO» c O(U).l 

In the second case, by the structure of the set 

U(y,m,k-l) (see property 13) of Lemma 5) there exists an 

element ~ E A + such that d c 0' where U' = C - - xk l s(y,m,a) 

S(~) c U. By the first case there exists U E U(A) sucho 
that	 d E O(UO) ~ cl(O(UO» ~ O(U') ~ O(U). 

Consider the third case. Let k be an integer such that 

k > max{kl,q}. Then, by propert~y 8) of Lenuna 5 we have that 

d ~ U(y,m,k) c U(Yl,ml,kl-l). Set U = U (y,m,k) • We prove-	 o 
that	 d E O(UO) ~ cl(O(UO» ~ O(y,m,k-l) ~ O(U). 

Indeed, let d E cl(O(UO»'O(U ). Then, by Lerruna 8,l O

d n Uo ~~. Obviously, d is an element of the first kind.l l 

Let d l = d(6,m') where '6 E A q " and 0 < m' ~ q" - 1. 

If q" ~ k + 1, then by property 9) of Lemma 5, we must 

have that U(y,m,k) n U(6,m' ,k) == ~ which is impossible. 

Hence, q" > k + 1. This means that there exists an 

element ~ E Ak+2 such that ~ < a ~ ~, that is, 5(6) ~ S(~) 

s S(y). By the structure of the set U(y,m,k) (see property 

13) of Lenuna 5) we have d n U(~~,m,k) = d n «C (- - xl l s y,m,a) 

8 (a» n J (A» ~ ~. This means t:hat there is an element 8 
1 

of S(8) such that d(Sl,~,m') n c (- -) ~~. We proves Y,m,a 

that this is true for every 5 E 5(8). 
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Indeed, let S € S(6). By property 5) of Lemma 5 we 

have d (6,m') = y (8"' ,m') n J (S (6) ), where (SI € It" ,and
q -m 

6' < 8. Obviously, y(S,6',m') = d(S,6,m'). If m' ~ 0, then 

by property 14) of Lemma 5 st(y(Sl6',m'),n(6» = 

st(y(S,6',m') ,n«S», that is, st(d(8l ,8,m') ,n«S» 

st(d(S,6,m'),n(6». Since n«S) > neal it follows that 

d(8,(S,m') n C (- -) ~ ~.s y,m,a 

Suppose now that m' o• Then d (6, 0) y (6, 0), that 

is, d('8,O) is a D-set of S(8) with respect to (q"-1,n(5»

equivalence (see property 5) of Lemma 5). Hence, there 

exist a subset t(dl ) of Ln«(S) and an element z(dl ) of 

M ( 8 «S) , q If . - l, t (d1 » such tha t h (D (8l) , q .. - l, t (dl) ) (z (d1) ) 

= d(Sl,6,0) and h(D(S) ,q" - l,t(dl » (z(dl » = d(8,(S,0). 

This means that d(Sl,8,0) E D(8l ) (q" - l,t(dl » and 

d (S , (S , 0 ) € D(S) (q" - l, t (d1) ), that is, s t (d (S1 ' '8,m' ) , 

n(6» = st(d(S,6,m) ,n(8» Ct(d). 
1 

As above, since n(8) > n(a) and d(Sl,8,0) n C (- -)s y ,m, a 

~ 9 we have that d(S,8,0) n C (- -) ~ ~.s y,m,a 
Thus, for all cases, for every S E S(~) we have 

d(S,8,m') n c (- -) ~~. By property 10) of Lemma 5, we s y ,m, a 

have that d(S,6,m') x {S} ~ U(y,m,k-l) for every S E 8(8) 

and, hence, d(6,m') ~ U(y,m,k-l), that is, d l = d(6,m') E 

O(y,m,k-l) ~ 0(0). Hence, d € 0(00 ) =cl(O(OO» ~ 0(0). 

Finally, consider the fourth case. There exists an 

integer k l ~ q such that d ~ U(y,m,k1 ) ~ (C x S(~» n J(A)t 

(see the proof of Lemma 6). By the third case, there exists 

Uo E U(A) such that d E 0(00) ~ cl(O(U~» ~ O(U). The 

proof of the lemma is completed. 
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8. Lemma 10. Fop evepy 0 E O(A)~ type(Bd(O» ~ a. 

Ppoof. For every element d(u,m), where a E Ak+l , 

o < m 2 k, by type(d(a,m» (pesp. deg(d(a,m») we denote 

the ordinal number type(y(y,m» (resp. the integer deg(y(a,m», 

where y E Ak+l - , y 2 a and d(a,lm) = y(y,m) n J(S(a»).m

Since D(S) is an M(a)-partition, for every S E SeA) we 

have that type(d(u,m) 2 a for every d(a,m). 

Let 0 E O(A). Consider two cases: 1) 0 = O(U), where 

U (C x S(~» n J(A), teL , ~ E A , n = 0,1,···,t - n q 

q 1,2,--- and 2) 0 = O(U), where U = U(y,m,k-l), y E A q , 

o < m ~ q - 1, q ~ k. 

Consider the first case. Let d(u,m) E Bd(O), where 

a E 0 ~ m 2 ql - 1. Let k ~:: max{ql ,n,q}. We proveAq" 

that if d = d(u1 ,m ) E O(a,m,k-l) n Bd(O), where a E1 l l Aqlt , 

o 2. ml ~ qlt - 1 and d (al ,ml ) :I d (a,m), then type (d (al ,m ) ) l 

< type(d(a,m». 

Indeed, let i E Ag'_m' Y < a, Yl E Ag"-m ' Yl < aI' 
l 

d(u,m) = y(y,m) n J(S(a», d(u1 ,m ) y(Yl,m ) n J(S(ul »1 1 

and S E Seal) n Sea). By the above definition of the type 

of the elements of T(A) of the first kind we have that 

type(d{a1,m1 » = type{y(Yl,m1 » and type(d{a,m» = 

type (y (y,m) ) • 

On the other hand, type (y(Yl,m1 ) type(d(S,a1,m1), 

D It l(S» and type(y(y,m» = tupe(d(S,a,m), D l(S».q -m - ~ q I -ml 

Since d(u1,ml ) ~ U(a,m,k-l) we have that qlt ~ k + 1, because 

in the opposite case u(u1,m1,k-l) n U(a,m,k-l) = ~ which is 

impossible. Hence, there exists an element 6 E A suchk+l 

that a ~ 8 ~ ale Let S E seal). Then, by the structure 
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of the set U(a,m,k-l) (see property 13) of Lemma 5) we have 

that d(S,al,m ) ~ st(d(S,a,m),n(8». By property 11) ofl 

Lemma 5, either deg(d(S,ul,m > k, or deg(d(S,al,m ) = l » l 

q' - m - 1 and type(d(S,al,ml ) ,D, l(S» < type(d(S,a,m),q -m-

D, 1 (S) ) • q -m-


Since d(al,ml ) E Bd(O), Seal) n S(8) ~~. Since
 

q" ~ k + 1 > q, Seal) ~ SeS). Let (al'Sl) E d(al,ml ) n U. 

Then d(Sl,al,ml ) n C ~ ~.t 

We prove that if d(Sl,al,m ) ~ C , then for everyl t 

S E Seal) we have that d(S,al,ml ) ~ Ct. 

Indeed, let d(Sl,al,m ) ~ C and S E Seal). If m > 0,l t l 

then by property 14) of Lemma 5 st(d(Sl,al,ml),n(al » 

st(d(S,ul,m ) ,n(al ». Since neal) ~ q" + 1 > k + 2 > n + 2l
 

l »
we have that st(d(S,al,ml),n(a S C and, hence,t 

d(S,al,ml ) S Ct· 

If m = 0, then the set d(al,O) = y(al,O) is aD-setl 

of Seal) with respect to (q"-l,n(al»-equivalence. This 

means that there is a subset t(dl ) of L ) and an element
nCal

z(d ) of M(SCa ) ,q" - l,t(dl )} such that h(D(Sl} ,q" - 1,l l 

t(dl»(z(dl » E D(q" - l,t(dl » and h(D(S),q" - l,t(dl » 

(z{dl » E D(q" - l,t(dl », that is, st(d(Sl,al,O),n(al » 

st(d{S,al,O),n(ul » = Ct{d). Since neal) ~ n + 2 and 
1 

d{Sl,al,O) ~ Ct we have that d(S,al,O) ~ Ct. 

Hence, for all S E Seal) we have that d(S'~l,ml) ~ Ct , 

that is, d(al,m ) =(C x S(8» n J(A). This means thatl t 

d{al,m ) ~ Bd{O) which is impossible.l 

Thus, d(Sl,ul,ml ) n C ~ ~ and d{Sl,al,ml ) E Ct. Thist 

means that deg{d(Sl,al,ml » deg{d(al,ml » ~ n - 1 < k. 
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Hence, deg(d(Sl,ul,m = q' - m - 1 q" - m - 1 andl » 
l 

type(d(al,ml » < type(d(a,rn). 

From the above it follows that if type(d{<i",m» = 1, 

then O(a,m,k-l) n Bd(O) = {d(a,m)}, that is, the point 

d(n,m) is an isolated point of Bd(O). Hence, type (d(a,m) , 

Bd(O») = 1, that is, type(d(~,m),Bd(O» ~ type(d(a,m». 

By induction, it follows that for every point d(a,m) of 

Bd(O) we have type(d(a,rn),Bd(O» < type(d(a,m». Hence, 

type(Bd(O» < a. 

We now consider the second case. We prove that the 

set Bd(O) is the free union of the sets Bd(O(C (- -) ,s Y,m, (), 

Sea»~), a ~ Y, a E Ak+l • 

Indeed, let d(S,ml ) E Bd(O) where S E Aq,.and 0' 2 m <l 

q' - 1. If q' ~ k, then by property 9) of Lemma 5, 

o (s,m ,k-l) n 0 (y,m,k-l) ~, that is, d (73 ,m ) f. Bd (0) •
l l 

Hence, q' > k. Since q' > q and d{S,m ) n U(y,m,k-l) ~ ~ l 

it follows that there exists an element a of Ak+ such thatl 

a ~ S, that is, S(6) ~ S(a). Hence, d(S,ml ) n U(y,m,k-l) 

d(s,ml ) n «Cs(y,m,a) x Sea»~ n J(A» and d(8,ml ) n(J(A), 

U(y,m,k-l» ~ d(s,ml ) n (J(A),(C (- -) x Sea»~). This s y,m,a 

means that d(s,m ) E Bd(O(C (- .-),s(a».
l s Y,rn,Ct 

Conversely, let d(S,rn ) E Bd(O(C (- -),s(a»), wherel s Y,In,a 

S E A " 0 ~ ml ~ q' - 1, a E Ak +1 and y ~ a. Thenq 

d(s,ml ) n «C (- -) x Sea»~ n J(A» ~ ~ (see Lemma 8),
s Y,m,a 

that is, d(S,rn ) n U(y,m,k-l) ~~. If q' ~ k, thenl 

u(s,ml,k-l) n U(y,m,k-l) = ~ which is impossible. Hence, 

q' > k. There exists an element a E A such that W~ a,k + l 

that is, S(S) c Sea). From this it follows that 
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d(s,ml ) n (J(A),(C (- -) x Sea»~) ~ U(y,m,k-l) and,s y,m,a 

hence, d(s,m ) n (J(A)'U(y,m,k-I» ~~. This means thatl 

d(s,m ) € Bd(O). Moreover, if u € Ak+ and u ~ a, thenl l l l 

See) n Seal) =~. Hence, d(s,ml ) n (C - -) x Seal»~ = ~ s(y,m,al 

that is, d(s,ml ) ~ Bd(O(C (- - )'S(uI »).s y,m,a l 

Hence, Bd(O(C (- - ),S(UI ») n Bd(O(C (- -)'s y,m,a s y,m,al 2 

S(U2») = ~ for every ul ,u2 € Ak +l , (Xl ~ u2 • 

Also, the sets O(C,S(u and O(C,S(a » are open
I 

» 
2 

neighbourhoods of the sets Bd(O(C (- -) ,SCu ») and s y,m,al l 

Bd(O(C (- - ),S(u »), respectively, with empty inters y,m,a 2
2 

section. 

Thus, Bd(O) is the free union of the clos~d sets 

Bd(O(C (- -),S(u»), a > y, a € Ak+l • By the first case,s y,m,a 

for every a > y, a € we have that type(Bd(O(C (- -)'Ak + l , s y,m,a 

S (ex) ) » < a. 

Hence, type(Bd(O» < a. The proof of the ,lemma is 

completed. 

9. Corollary. The space T(A) is metr~zable with a 

countable basis space having type < a. 

III. 1. By R(~a) we denote the set of all spaces 

having rim-type ~ a. 

A pair (S,D) where S is a subset of the Cantor ternary 

set C and D is a partition of S is called a representation 

of a space X iff the quotient space D is homeomorphic to 

the space X. 

Let a = S + n where S is a limit ordinal number and n 

is a non-negative integer. 
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Let M(a) be a countable set of spaces having the 

property: a space X is homeomorphic to an element of M(a) 

iff, either X is a compact space and type(X) < S, or X is 

an element of the set G(S,m), wh~~re 0 < m < n. We consider 

that two different elements of M(a) are not homeomorphic. 

The existence of such set follows by Lenuna 2. 

A representation (S,D) of a space X is called a 

M(a)-representation iff the partition D of S is a 

M(a)-partition. 

Lemma 11. Let X E R(~a). There exists an element 

X of R(~a) containing X topologically and having an 

M(a)-representation. 

Proof. Let X E R(~a). Let Z be an extension of X and 

B(Z) = {T ,T ,···} be a basis of open sets of Z having all
l 2 

the properties of Lemma 4. 

As in section 1.5 of [1 J we set A~ cl(Ti ) and4

1,2,···. For every il···i ELm' m = 1,2,···m 

we set Zi ••• i = AI. n n A~. We define a subset S(Z) 
1 m 1 1 1 

rrl 

of C and a map q(Z) of S(Z) into Z. The point a of C belongs 

to S(Z) if and only if Zr(a,l) n Zr(a,2) n ••• ~ ~. 

Obviously, for every point a E S(Z), the set Zr(a,l) n 

ZI(a,2)n··· is a singleton. If {x} = Zr(a,l) n Zr(a,2) n 

then we set q(Z) (a) = x. 

Set D(Z) = {(q(Z» -l(x): x E Z}. Obviously, D(Z) is 

a partition of S(Z). Also, set Bd(B(Z» = U~=lBd(Ti). 

The set S(Z), the map q(Z) and the partition D(Z) have 

the following properties (see section 1.5 and Lemma 2 of 
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1) q (Z) (CI n S (Z» = ZI' i E L, 

2) if x ~ Bd(B(Z» then (q(Z»-l(x) consists of one 

point only, 

3) if x E Bd(B(Z» then (q(Z»-l(x) consists of exactly 

two points, 

4) the map q(Z) is continuous, 

5) the map q(Z) is closed, 

6) the partition D(Z) is an upper semi-continuous par

tition of S(Z). 

Let p(Z) be the natural projection of S(Z) onto D(Z). 

Since D(Z) is upper semi-continuous, the projection p(Z) is 

closed. 

Let i(Z) be the map of Z onto D(Z) for which p(Z) = 

i(Z) 0 q(Z). Obviously, the map i(Z) is one-to-one. Since 

both maps p(Z) and q(Z) are continuous and closed, the map 

i(Z) is also continuous and closed. Hence i(Z) is a homeo

morphism of Z onto D(Z). 

Set i = X U (U~ 1 (Bd (T. ) By Lenuna 4,....... (Bd (T. ) ) (8) ) ).
 
~= ~ ~ 

x is an element of R«a). 
"

i(Z) (X}. Obviously, 
"- "

Let i(X) = i(Z) Ix' q(X) = q(Z) Is(x) 
" "- "- " 

and p(X) = p(Z) Is(x). Obviously, p(X) = i(X) 0 q(X). It 
"

is clear that the map p(X) is continuous and closed. Hence, 

" D(X) is an upper semi-continuous partition and the space 
"- "

D(X) has the quotient topology. Since i(X) is a homeo
"- "- "- "

morphism of X onto D(X), the pair (S(X) ,D(X» is a repre
"

sentation of X. 

" "
We prove that (S(X) ,D(X» is an M(a)-representation 

of X. By the above properties 2) and 3) of the map q(Z) 



TOPOLOGY PROCEEDINGS Volume 11 1986 107 

A 

it follows that every element of D(X) is a singleton, or 

it consists of exactly two points .. 
A- A-

Hence, in order to prove that (S(X),D(X» is a 

M(a)-representation it is sufficient to prove that for 

every integer k > 0 and for every subset t of L ,
m

A 

m = 0,1,2, ••• the subset D(X) (k,t) is homeomorphic to an 

element of the set M(a). 

Let k > 0 be an integer and let t be a subset of the 

set L , m > O. Consider the set D(X) (k,t). Obviously,
m

D(X) (k,t) D(Z)(k,t) n D(X). 

Let d E D (Z) (k,t). Then, d == (q (Z» -1 (x) for some 

x E Z. By the definition of the map i(Z), (i(Z»-l(d) = x. 

By the construction of the set S(Z) it follows that 

d E D(Z)k_l if and only if x E Bd(T ). On the otrier hand,k 

d n Cr ~ ~ if and only if x E Zr (see property 1) of the 

set S(Z) and the map q(Z». HencE~, (i(Z»-l(D(Z) (k-l,t» 

(nIEtZr) n Bd(Tk ). Set Bdt(Tk ) = (nrEtZr) n Bd(Tk ). 

Since Bd(T ) n Bd(T ) = ~ if i ~ j we have that the
i j 

set Bdt(T ) is an open and closed subset of the set Bd(T ).
k k 

A- A-1 
We have (i (X) ) (D (X) (k-l, t» = Bd (T ) n X. Hence,t k 

if type(Bdt(Tk » < S, then Bdt(Tk ) C X. This means that 

D(X) (k-l,t) is homeomorphic to Bdt~(Tk) and, hence, it is 

homeomorphic to an element of M(a), because Bdt(T ), as ak 

compact space having type < a, is homeomorphic to an 

element of M(a). 

Suppose that type(Bdt(Tk » ~ a. Then, Bdt(Tk )' 

(Bdt(T (6) c X and since Bdt(T ) n X ~ Bd(T ) n X = k » k k 

(X n (Bd(T ») U (Bd(Tk)'(Bd(T ) (B») (we have) type (Bdt(T )
k k k 

A

n X) < S + n. The above means that the set Bdt(Tk ) n X and, 
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A 

hence, D(X) (k-l,t) is homeomorphic to an element of M(a). 

The proof of the lemma is completed. 

2. A representation (S(X),D(X» of a space X is called 

complete if the set C'(U~=OCl(Dk(X)) is a subset of the 

set S(X). 

Lemma 12. Let X E R«a). There ezists an element X* 

of R«a) containing topologically the space X and having a 

complete M(a)-representation. 
A A 

Proof. Let X be a space and (S(X) ,D(X» be the M(a)
A 

representation of X constructed in Lemma 11. 

Set Sc(i) = SCi) U (C'(U;=OCl(Dk(X»». 
A 

denote a partition of the set Sc(X) which is defined as 
A 

follows: 1) every element of the set D(X) (1) is an element 
A A 

of the partition Dc(X) and 2) if x E SC(X) and x does not 
A 

belong to any element of D(X) (1) then the singleton {x} is 
A 

an element of Dc(X). 
A A A 

Since Dc(X) (1) = D(X) (1) the partition Dc(X) is an 
A 

M(a)-partition of the set Sc(X). Hence, by the construc-
A A A 

tion of the set Sc(X), the pair (Sc(X),Dc(X» is a complete 
A 

M(a)-representation of the quotient space Dc(X). Obviously, 
A A 

the space D(X) and, hence, the spaces X and X are homeo-
A A 

morphic to a subset of the space Dc(X). Setting X* = Dc(X) 

we complete the proof of the lemma. 

3. Theorem. In the family R(~a) there exists a uni

versal element T having the property of finite intersection 

with respect to a given subfamily Rl of R(~a)~ where the 

power of R is less than or equal to the continuum.l 
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Ppoof. Let X E R«a). By Lemma 12 there exists a 

space X* E R«a) containing topologically the space X and 

having a complete M(a)-representation (S(X*),D(X*». 

By A' we denote the set of all pairs (S(X*) ,D(X*» 

where X E R(~a)'Rl. We consider that if (S(X!) ,D(X!» and 

(S(Xi),D(Xi» are different elements of A' then, either 

S(Xi) ~ S(Xi), or D(Xi) ~ D(Xi). We observe that for every 

element (S(X*) ,D(X*» the set D(X*) (1) uniquely determines 

the set S(X*). Since the set D(X*) (1) is uniquely deter

mined by a sequence of countable subsets of C x C we have 

that the power of A' is less than or equal to the continuum. 

By Al we denote the set of all pairs (S(X*),D(X*» 

where X E Rl • We consider that if Xl and X are different2 

elements of Rl then (S(Xi),D(X!» and (S(Xi) ,P(Xi» are 

different elements of AI. 

Let A be the free union of the sets A' and AI. Then, 

the power of A is less than or equal to the continuum. 

Set T T(A) where T(A) is the space constructed in 

section II for the set A. By the corollary of section 11.9, 

T is a metrizable space with a countable basis having 

rim-type ~ a, that is, T is an element of R«a). 

Let (S(X*) ,D(X*» be an element of A. Consider the 

subset T(S(X*» of T(A) which consists of the points d of 

T(A) for which d n (C x {S(X*)}) ~ ~. 

We prove that the subset T(S(X*» of T(A) is homeomorphic 

to the quotient space D(X*). 

We observe that by the construction of the elements o£ 

T(A) (see Lemma 5) it follows that if d E T(S(X*», then the 
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subset d' of S(X*) for which d' x {S(X*)} d n (C x {S (X *) }) 

is an element of D(X*). 

Conversely, if d' is an element of D(X*), then there 

exists an element d E T(S(X*» such that d' x {S(X*)} = 

d n (C x {S(X*)}). 

We define a map h(X*) of T(S(X*» into D(X*) setting 

h(X*) (d) = d'. Obviously, the map h(X*) is one-to-one and 

"onto." 

Now, we prove that H(X*) is a homeomorphism of T(S(X*» 

onto D(X*). Indeed, let h(X*) (d) = d' and let V be an open 

neighbourhood of d' in D(X*). Since D(X*) is an upper semi-

continuous partition of S(X*) we may assume that there is 

an open subset V' of S(X*) such that the set V is the set 

of all elements of D(X*) which have a non-empty intersec

tion with V'. There exists an integer m ~ 0 such that 

st(d',m) c V'. Obviously, there is a subset t of L for m 

which C = st(d',m). Consider the set O(Ct,S(A». This ist 

an open subset of T(A) which contains the element d. Set 

W = T(S(X*» n O(Ct,S(A». The set W is an open neighbour

hood of d in the space T(S(X*». 

We prove that h(X*) (W) c V. Indeed, let d E W. Then,l 

d l ~ C x SeA). Hence, if h (X*) (d ) = di, then di c C and,
t l t 

hence, d' ~ V', that is, di E V. Thus, h (X*) (W) cV and,1 

hence, h(X*) is a continuous map. 

Conversely, let W be an open neighbourhood of d in 

T(S(X*» and d (h(X*»-I(d'). We may assume that 

W = T(S(X*» n 0, where 0 is an element of O(A) (see section 

II.4) ~ There is a neighbourhood 0 E O(A) of d in T such1 
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that d E 01 £ cl(Ol) s ° (see Lemma 9). Let 01 = O(U), 

where U E U(A). By V I we denotE~ the open subset of C for 

which VI x {S(X*)} = U U (C x {S(X*)}. Obviously, d l c VI. 

By V we denote the open subset of D(X*) which consists of 

elements di of D(X*) such that di c VI. Obviously, V is 

an open neighbourhood of d in D(X*). 

We prove that (h(X*» 
-1 

(V) £ W. Indeed, let di E V. 

Then, di c:=. VI. Hence, di x {S(X*)} c U. This means that 

if d = (h(X*»-l(di) then d n U ~~. By Lemma 8,l l 

d € cl(O(U» and, hence, d E O. Since d E T(S(X*»,
l l l 

d € W. Thus, (h (X*» -1 (V) ~ Wand the map (h (X*» -1 is
l 

continuous. Hence, the map h(X*) of T(S(X*» onto D(X*) 

is a homeomorphism. 

Let (S(Xi) ,D(Xi» and (S(Xi) ,D(Xi» be two different 

elements of A. We prove that th,e set T(S(Xi» n T(S(Xi» 

is finite. 

Indeed, the elements Sex!) and S(Xi) of SeA) are 

different. Hence, there exist an integer k > 0 and two 

different elements a and a of t.he set A + such that
l 2 k l 

S(Xi) € Seal) and S(Xi) E S(a2). 

Suppose that d € T(S(X!» n T(S(Xi». Obviously, d 

is an element of the first kind. Let d = d(u,m), a € A
q 

and 0 < m ~ q - 1. If q ~ k + 1 then, either a l alar 

a L a 2 • This means that, either d n (C x sex!»~ = ~, or 

d n (C x S(Xi» ~. In both cases, d ~ T(S(Xi» n T(S(Xi». 

Hence, q ~ k + 1. Obviously, the set of all points 

d(a,m) of T for which a € A , 0 <: m < q - 1 and q < k + 1 
q -

is finite. Hence, the set T(S(X!» n T(S(X~» is finite, 

too. 



112 11iadis 

Now, let X be an element of R(~a). By g(X) we denote 

a homeomorphism of X into D(X*). Set i (h(X*»-l o g(X).x 
Obviously, i is a homeomorphism of X into T(S(Xi» ~ T.x 
Hence, the space T is a universal element of the family 

R(~a) • 

Let Xl and X be two different elements of R • Then,2 1 

S(Xi) and S(Xi) are different elements of SeA). Hence, the 

set T(S(Xi» n T(S(Xi» is finite. Then, the set i (Xl) nx1 

i (X ) is finite, too. Thus, the space T has the propertyx 22 

of finite intersection with respect to subfamily R ofl 

R(~a). The proof of the theorem is completed. 

CoroZZary 1. In the famiZy R(~a) there exists a 

universaZ element having the property of finite intersec

tion with respect to the subfamiZy Rcom(~a) of all compact 

spaces having rim-type ~ a. 

Using Theorem 8 of [I-T] and Theorem 3 of [1 ] we4

have 

Corollary 2. Let a = e + n where e is a limit ordinal 

number (or 0) and n is a non-negative integer. There 

exists a continuum of rim-type ~ e + 2n + min{a,l} having 

the property of finite intersection with respect to the 

family of all compact spaces of rim-type < a. 

In particular, 

Corollary 3. There exists a continuum of rim-type 2 

having the property of finite intersection with respect to 

the family of all rim-finite compact spaces. 
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Corollary 4. For a given space X of rim-type < a there 

exists a space of rim-type ~ a having the property of finite 

intersection with respect to the family of all closed sub

sets of x. 
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