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COMPLETIONS OF METRIC SIMPLICIAL 

COMPLEXES BY USING ip.NORMS 

Katsuro Sakai 

o. Introduction 

Let K be a simplicial complex. Here we consider K 

as an abstract one, that is, a collection of non-empty 

finite subsets of the set V of its vertices such thatK 

{v} E K for all v E VK and if ~ ~ A c B E K then A E K. 

Then a simplex of K is a non-empty finite set of vertices. 

The realization IKI of K is the set of all functions 

x: VK + I such that C {v E VKlx(v) ~ O} E K and x 

LVEVKX(V) 1. There is a metric d l on IKI defined by 

d l (x,y) = LVEV Ix(v) - y(v) I·
 
K
 

Then the metric space (IKI,d ) is a metric subspace thel 

Banach space tl(V ) which consists all real-valued functionsK

x: VK + R such that L: V Ix(v) I < 00, where i1xll = L Ix(v) Iv E K l VEVK 

is the noim of x E tl(VK). ~he topology induced by the 

metric d l is the metric topology of IKI and the space IKI 

with this topology is denoted by IKl . The completion of m 

the metric space (IKI,dl ) is the closure C£t (V ) IKI of IKI 
1 K 

in £1 (VK) • We will call this the £l-completion oflKl and m 
t ldenoted by TKT . It is well known that IKl is an ANR m 

(e.g., see [Hu]). In Section 1, we prove that the 

£l-completion preserves this property, that is, 
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0.1. Theopem. Fop any simplicial complex K, the 

~. i l ~ 
il-complet~on TKT is an ANR and the inclusion IKl c TKT 1 

m 

is a fine homotopy equivalence. 

Here a map f: X + Y is a fine homotopy equivalence if for 

each open cover Uof Y there is a map g: Y + X called a 

U-inverse of f such that fg is U-homotopic to idy and gf 

is f-l(U)-homotopic to id .x
By F(V), we denote the collection of all non-empty 

finite subsets of V. Then F(V) is a simplicial complex 

with V the set of vertices. Such a simplicial complex is 

called a full simplicial complex. From the following known 

result, our theorem makes sense in case K contains an 

infinite full simplicial complex. 

0.2. Proposition. For a simplicial complex K, the 

following are equivalent: 

(i) IKI is completely metrizable;m 

(ii) K contains no infinite full simplicial complex; 

(iii) (!KI,d ) is compZete (i.e., jKI = TKT~l 
J.1 

For the proof, refer to [Hu, Ch. III, Lemma 11.5], where 

only the equivalence between (i) and (ii) are mentioned but 

the implications (i) ~ (ii) ~ (iii) are proved (the impli

cation (iii) ~ (i) is trivial). 

We can also consider IKI as a topological subspace
m 

of the Banach space ~p(VK) for any p > 1, where 

V 
tp(VK) = {x E RKILvEVKlx(v) IP < oo} 

and the norm of x E £p(V ) isK
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IIxll = (I Ix(v) IP)l/p.
p VEVK 

Let d be the metric defined by the norm II-II. Then the p p 

completion of the metric space (IKI,d ) is c££ (V) IKI and 
£ £ p P K 

denoted by lKT p. We will call lKT p the £ -completion of 
p 

IKl • And also IKl can be considered as a topologicalm m 

subspace of the Banach space m(vK) which consists all 

bounded real-valued functions x: V ~ R with the normK 

IIxll oo = sup{lx(v)llv E VK}. Le't Co (VK) be the closed linear 

subspace of all those x in m(vK) such that for each E > 0, 

{v E vKllx(v) [ > E} is finite. Then IKl C Co (VK) • Letm 

d be the metric defined by the norm 11-11 • The completionoo 00 

of the metric space (IKI,doo ) is c~m(VK) [KI = c~cO(VK) IKI 

Co Co 
and denoted by lKT . We will call lKT the cO-completion 

if IKl • However the metrics d 2 ,d ,---,doo on IKI are m 3 

uniformly equivalent. In fact, for each x,y E IKI, 

d 2 (x,y) Ilx yll2 = (LVEV (x(v) - y(v»2)1/2 
K 

< (sup Ix(v) - y(v) I • L [xlv) - y(v) 1)1/2 
vEVK 

VEVK 

< (II x - y II 00 - (L EV x (v) + L EV Y (v) ) ) 1/
2 

v K v K 

(2 - d oo (x,y»1/2 

and since II - II 2 ~ II - II 3 ~ - - - > II - II 00' 

d 2 (x,y) .::. d 3 (x,y) > • -. > doo(x,y). 

Therefore the £ -completions of [KI ~ p > l~ are the same 
p m 

c 
as the cO-completion, that is, lKT~P = lKT 0 for p > 1. 

For the cO-completion, Section 2 is devot~d. In 

relation to Proposition 0.2, the following is shown. 
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0.3. Proposition. For a simplicial complex K, the 

metric space <IKI,d
oo 

) is complete if and only if K is 

finite-dimensional. 

From Propositions 0.2 and 0.3, it follows that 

TKT~ 

I ~ TKTc 
0 for an infinite-dimensional simplicial com

plex K which contains no infinite full simplicial complex. 

c 
And it is also seen that in general, TKT 0 is not an ANR, 

actually not locally connected (2.8). This is related to the 

existence of arbitrarily high dimensional principal 

c 
simplexes and the fact that TKT 0 contains 0 E CO(K ).

V

In Section 2, we have the following 

0.4.	 Theorem. Let K be a simplicial complex. If K 

c 
has no prinicpal simplex than TKT 0 is an AR, in particular, 

contractible. And if all principal simplexes of K have 

c 
bounded dimension then TKT 0 is an ANR. 

c 
0.5. Theorem. For any simplicial complex K, TKT O,{O} 

c 
is an ANR and the inclusion IKI c TKT O,{O} is a homotopy 

equivalence. 

By Sd K, we denote the barycentric subdivision of a 

simplicial complex K. Let 8: ISd KI ~ IKI be the natural 

bijection. As well known, 8: ISd Kim ~ IKl is a homeom 

morphism. For the ~l- and cO-completions of the barycentric 

subdivision, we have the following result in Section 3. 
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0.6. Theorem. For any infinite-dimensional simplicial 

complex	 K~ the natural homeomorphism e: ISd Kim + IKl m 
_. i l _il

extends to a homeomorphism e: ISd KI .+ IKI but cannot 

Co Co 
extend to any homeomorphism h: ISd~ + TKT · 

Let i~ be the dense linear subspace of the Hilbert 

space i = i (N) consisting of {x E i2lx(i) = 0 except for
2 2 

finitely many i EN}. A Hilbert (space) manifold is a 

separable manifold modeled on the Hilbert space i 2 and 

simply called an i2-manifold. A separable manifold modeled 

on the space 1~ is called an l~-mani~Zd. An l~-manifold M 

is characterized as a dense subset of some i -manifold M with2

the finite-dimensional compact absorption property, so-called 

an f-d cap set for M (see [Ch ]). In [sa ,4 l , the author2 3 

has proved that a simplicial complex K is a combinatorial 

oo-manifold if and only if IKl is an i~-manifold. Here a m 

combinatorial oo-manifold is a countable simplicial complex 

such that the star of each vertex is combinatorially 

equivalent to the countably infinite full simplicial complex 

~oo = F(N), that is, they have simplicially isomorphic sub

divisions [Sa 2 ]. In Section 4, using the result of [CDM], 

we see 

__.i
l 

0.7. Proposition. The pair (I ~ 00 I ' 1~ 00 Im) is homeo

morphic to the pair (i2,i~). 

Thus we conjecture as follows: 
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0.8.	 Conjecture. For a combinatoriaZ oo-manifoZd K~ 

£1 
the Q,l-compZetion TKT is an Q,2-manifoZd and JKlm is an 

f-d cap set for TKTQ,l . 

Similarly as the £l-completion of I~oolm' we can prove 

__cO 

that (l~ool ' I~oolm) is homeomorphic to the pair (£2'Q,~) but 

the same conjecture as 0.8 does not hold for the cO-comple

tion. In fact, let K be a non-contractible combinatorial 

c 
oo-manifold. Then TKT O,{O} is not homotopically equivalent 

c 
to TKT 0 by Theorems 0.4 and 0.5, hence the one-point set 

c Co 
{OJ is not a Z-set in TKT O. Therefore TKT is not an 

Q,2-manifold (cf. [ChI J) • 

The second half of Conjecture 0.8 is proved in Section 

4 as a corollary of the second half of Theorem 0.1. 

0.9. CoroZZary. For a combinatoriaZ oo-manifoZd K~ 

Q,

IKlmis an f-d cap set for the £l-compZetion TKT 1.
 

1.	 The XlI-Completion of a Metric Complex 

Recall F(V) is the all of non-empty finite subsets 

of V, namely, the full simplicial complex with V the set 

of vertices. For each real-valued function x: V ~ R, we 

denote 

C = {v E Vl x (v) to}.x 

If x E cO(V) then C is countable. The set of vertices of x 

a simplicial complex K is always denoted by V •K
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1.1. Lemma. Let K be a simplicial complex and 

~l 
Then x E lKT if and only i:f x(v) > 0 for all 

v E VK, II x ll = L -C x(v) = 1 and F(C ) c K.l Vt x x 

Proof. First we see the "only if" part. For each 

v E VK, let v*: il(VK) ~ Rbe defined by	 v*(x) = x(v). 

i 
Then clearly v* is continuous, so x E TKl- 1 implies 

x(v) v*(x) > O. And IIxlll = 1 follows from the continuity 

of the norm II-Ill- Let A E F(C ) and choose E > 0 so that x 

x(v) > E for all v E A. Since x E lKT 
~ 

1, we have y E IKI 

with IIx - ylll < E. Then y(v) ~ x(v) - lx(v) - y(v) I > 

x(v) - E > 0 for all v E A, that is, A c	 C • This impliesy 

A E K because C E K. 
Y 

Next we see the "if" part_ In case C is finite x 

obviously x E IKI. In case C is infinite, for any E > 0 x 

choose A E F(C ) so that 
x 

lVEVK'AX(V) = IIxlll - lVEAx(v) < ~ • 

Let Vo E A and put a = EVEVK,AX(V), Then X(Vo) + a E I. 

We define y E IKI as follows: 

x(vo) + a if v = v O' 

y(v) = }OC(V) if v E A,{VO}' 

otherwise.!
i l

Then clearly IIx - ylll = 20. < E- Therefore x E lKT . 

To prove the first half of Theorem 0.1, we use a 

local equi-connecting map. A space X is loc~lly equi

connected (LEe) provided there are a nei9hborhood U of the 

diagonal ~X in x2 and a map A: U x I ~ X called a (local) 
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equi-connecting map such that 

A(x,y,O) x, A(x,y,l) y for all (x,y) E U, 

A(x,x,t) x for all x E X, t E I. 

2 2Then a subset A of X is A-convex if A c U and A(A x I) c A. 

The following is well known. 

1.2. Lemma [Du]. If a metrizable space X has a local 

equi-connecting map A such that each point of X has arbi

trarily small A-convex neighborhoods then X is an ANR. 

2Moreover if A is defined on X x I then X is an AR. 

Now we prove the first half of Theorem 0.1. 

1.3. Theorem. For a simplicial complex K~ the 

~l-completion TKT 
~ 

1 is an ANR. 

Proof. Let~: ~1(VK)2 + ~l(VK) be defined by 

~ (x, y) (v) mi n { Ix (v) I , j y (v) I }• 
Then ~ is continuous. In fact, for each (x,y) ,(Xl,yl) E 

il(V ) 2 and for each v E VK,K

]min{ Ix(v) I, Iy(v) I} - min{ Ix ' (v) I, Iyl (v) I} I 
< max{llx(v)1 - Ixl(v)II,lly(v)1 - lyl(V)II} 

< max{ Ix (v) - x' (v) I , Iy (v) - Y I (v) I } 
< Ix(v) - Xl (v) I + jy(v) - y' (v) I, 

hence we have 

II ~ (x, y) - ~ (x' , y , ) II I ~. II x - x' II 1 + II y - y' II 1 • 

And note that ~(x,y) = 0 if and only if xCv) 0 or y(v) 0 

for each v E VK, which implies IIx - ylll = IIxll l + lIylll. 

Then IIx - ylll < IIxll l + lIylll implies ~(x,y) t- O. And observe 

C~(x,y) Cx n Cy for each (x,y) E ~1(VK)2. Let 
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_il
U = {(x,y) E IKI I Ilx - ylll < 2}. 

i 
Then U is an open neighborhood of the diagonal ~TKT 1 in 

(TKTi 
1)2. For each (x,y) E U, ~(x,y) ~ 0 by the preceding 

observation. And it is easily seen that 
_ ' i 

~(x,y) 

xx, 1111 (x,y) III E TF1C:J1 1 
c vri 

1 and 

i iV(x,y)y, E IF(C ) I 1 c Vf 1.
1I~(x,y) III Y 

i	 i 
Since IF (C ) I 1 and IF (C ) I 1 are convex sets inx y 

have 
i 

(l-t)x + t.~(x,y) (l-t)y + - t. 1J (X'l) E TKT 1 
1I1J (x,y) 1ri"' I~(x,y) 1 

for any tEl. 

Thus we can define a local equi-connecting map A: U x I + 

TKTi 1 
as follows 

2tlJ(x,y)	 1(1-2t)x +	 if 0 < t. <
1I~(x,y) III	 2' 

A(X,y,t) 
(2-2t)11(x,y) 1(2t-1)y +	 if - < t < 1.

1I11(x,~!JTl" 2 

i 
Now we show that each point of TKT 1 has arbitrarily 

small A-convex neighborhoods. Let Z E 'mi 1	 and c > o. 
lChoose an A E F(C ) so that LvEAz(v) > 1 - 2- c and select z 

-1o < u(v) < z(v) for all v E A so that LvEAu(v) > 1 - 2 E. 

Let 
i 1W = {x E TKT Ix(v) > u(v) for all v E A}. 

__i 
l

Then W is an open neighborhood of z in IKI • For each 

x,y E W, 
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+ L V AY(V)
vE K' 

< LVEA(x(v) - a(v» + LVEA(Y(v) - a(v» 

+ 1 - LVEAX(V) + 1 - LVEAY(v) 

= 2 - 2 LVEAa(v) < E. 

Therefore diarn W < E. To see that W is A-convex, let 

(x,y,t) E w2
x I and v E A. Note U]l(x,y) III .2. 1. If t < 1/2, 

A(x,y,t) (v) (1-2t)x(v) + 2tern~n{x(v) ,y(v)} 
"lJ(x,y) III 

> (1-2t) emin{x{v) ,y{v)} 

+ 2t.min{x(v) ,y{v) } 

min{x (v) ,y (v)} > a (v) • 

If t > 1/2, similarly A(x,y,t) (v) > a(v). Then A(x,y,t) E W. 

Therefore W is A-convex. The result follows from Lemma 1.2. 

To prove the second half of Theorem 0.1, we use a 

SAP-family introduced in [Sal]. Let J be a family of closed 

sets in a space X. We call J a SAP-family for X if J is 

directed, that is, for each F 1 ,F 2 E J there is an .F E J 

with F n F c F, and J has the simplex absorption property,I 2
 
n
that is, for each map f: ~ X of any n-simplex such that 

f(al i1n l) c F for some F E J and for each open cover V of X 

there exists a map g: l i1n l ~ X such that g{l i1n l) c F for 

n n 

li1 l 

some F E J, gl li1 l flali1 l and g is V-near to f. Let L 

be a subcomplex of a simplicial complex K. We say that L 

is full in K if any simplex of K with vertices of L belongs 

to L. For a subcomplex L of K, we always consider ILl c IKI, 
that is, x E ILl is a function x: VL ~ I but is considered 

a function x: VK ~ I with x{VK'VL) = O. 
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1.4. Lemma (cf. [Sal' Lenuna 3]). Let K be a simplicial 

complex. Then the family 

J(K)	 {ILl [L is a finite subcomplex of K which 

is full in K} 

i 
is a	 SAP-family for TKT 1. 

Proof. It is clear that J(K) is a direct family of 

i 
lclosed	 (compact) set in TKT . Let ILl E J(K) and define a 

£ 
map ~L: TKT 1 ~ I by 

~L(X) LVEVLX(V). 

Then	 ~~l(l) ILl. In fact, if x E ILl then ~L(x) = IIxll l = 1. 

Conversely if ~L(x) 1 then C c V and ex E K by Lemma 1.1. x L 

Since L is full in K, C E L, which implies x E ILl. Let x 
_ i l

N( ILI,2) be the 2-neighborhood of ILl in IKT ' that is, 

N ( IL I ,2) = {x E TKT
i l l d l (x, IL I) < 2}. 

Then	 ~L(x) ~ 0 for all x E N(ILI ,2) because if ¢L(x) 0 

then	 x(v) = 0 for all v E VL ' hence for any y E ILl, 

II x -	 YII 1 LvEVKIx (v) - y ( v) I 

LVEVKX(V) + LVEVKY(V) = 2. 

We define a retraction r L : N(CILj ,2) + ILl (c IKI) by 

x(v) 
if v	 E VL ' <PL(x) 

r (x) (v) 
L 

o otherwise. 

Then	 for each x E N(ILI ,2), 

II II \' I x ( v) I \'rL(x) - x 1 = LvEV nxr - x(v) + LvEV .......V x(v)

L L K L 

(<PL~X) - 1) LvEVLX(V) + 1 - ¢L(x) 
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2 - 2<PL(x). 

On the other hand I - <PL(x) 2 dl(x, ILl) since for any 

y E ILl, 

IIx - ylll LVEV 
K 

Ix(v) - y(v) I 

LVEVK,VLX(V) + LVEVLlx(v) - y(v) I 

> 1 - I x(v)
VEV

L 

Therefore we have 

dl(rL(x),x) 2. 2 e d l (x,ILI) for each x E N(ILI,2). 
£ 

By Lemma 2 in [Sal]' J(K) is a SAP-family in TKT 1. 

Now we prove the second half of Theorem 0.1. 

1.5. Theorem. For a simplicial complex K, the inclu

sion i: IKl c TKT£1 
is a fine homotopy equivalence.m 

Proof. By IKl ' we denote the space IKI with the weak w 

(or Whitehead) topology. Then the identity of IKI induces 

a fine homotopy equivalence j: IKl ~ IKl [sal' Theorem 1].w m 

By the same arguments in the proof of [Sal' Theorem 1] using 
£ 

the above lemma instead of [Sal' Lemma 3], ij: IKl ~ TKT 1 w 

is also a fine homotopy equivalence. Then the result follows 

from the following lemma. 

1.6. Lemma. Let f: X ~ Y and g: Y ~ Z be maps. If 

f and gf are fine homotopy equivaZences then so is g. 
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Proof. Let U be an open cover of Z. Then gf has a 

U-inverse h: Z -+ X. Let V be an open cover of Y which 

refines both g-l(lj) and g-lh-lf-lg-l(U). Then f has a 

V-inverse k: Y -+ X. Since hgf is f-lg-l(U)-homotopic to 

idx' fhgfk is g-l(U)-homotopic to fk which is g-l(U)-homo

topic to id • Since fk is g-lh-1 f- 1g-1 (U)-homotopic to y 

idy ' fhgfk is g-l(U)-homotopic to fhg. Hence fhg is 

st g-l(U)-homotopic to id • Recall gfh is: U-homotopic to id •y z 

Therefore 9 is a fine homotopy equivalence. 

2.	 The co·Completion of a Metric Complex 

As seen in Introduction, for any p > 1, the ~p-comple-

tion of a metric simplicial complex is the same as the 

co-completion. In this section, we clarify the difference 

between the ~l-completion and the cO-completion. The 

"only if" part of Proposition 0.3 is contained in the 

following 

2.1. Proposition. Let K be a simplicial complex. 

Then K is infinite-dimensional if and only if 0 E TKTcO 
. 

Proof.	 To see the "if" part, let n E N. From
 

c
 -1o	 E TKT 0, we have X"E IKI with IIxll < n Then C E K oo	 x 

and	 dim C > n because x 

1 = LVEC x(v) .2 IIxll (dim C + 1) < n-l(dim C + 1).oo x	 x x 

Therefore K is infinite-dimensional. 

To see the "only if" part, let E: > 0 and choose n E N 

so that (n+l)-1 < E. Since K is infinite-dimensional, we 

have A E K with dim A = n. Let A be the barycenter of IAI, 

that is, 
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if v E A, __ !o(n+l)-l
A(v)
 

otherwise.
 

Then II~II (n+l) -1 < E. Hence a E TKTCo . 
00 

2.2. Lemma. Let K be a simplicial complex and 

c 
x E: TKT O. Then x(v) > 0 for all v E: V , IIxlll = 

K 

E x(v) ~ 1 and F(C ) c K.vEC x 
x 

Proof. The first and the last conditions can be seen 

similarly as the "only if" part of Lemma 1.1. To see the 

second condition, assume 1 < ~vEC x(v) ~ Then there are00. 

x 
c n

vl,···,vn E C x such that Li=lx(vi ) > 1. Since x E TKT 0, 

we have y E IKI with 

-1 n
IIx - ylloo < n (li=lx(vi ) - 1). 

Then it follows that 

> \~ lX(v.) - n·ll x - yll > 1.Ll = 1 00 

This is contrary to y E IKI. Therefore L x(v) < 1.
vEC 

x 

Now we prove the "if" part of Proposition 0.3, that is, 

2.3. Proposition. Let K be a finite-dimensionaZ 

simplicial complex. Then TKTCo 
= IKI, that is, (IKI ,doo ) 

is compZete. 

Proof· Let dim K = n and x E TKTCo . By Proposition 

2.1, x ~ 0, that is, c ~~. And C is finite, otherwise K x x 

contains an (n+l)-simplex by Lemma 2.2. Th~refore C E K x 

by Lemma 2.2. For any E > 0, we have y E IKI with 

IIx - ylloo < 2-1 (n+l)-I E • Note C U C contains at most 
x y 
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2(n+l) vertices. Then it follows that 

I LVEC x(v) - 11 l2. vEv x(v) LvEV y(v) I 
x K K 

< 2VEVKlx(v) - y(v) I 

LvEc uC Ix(v) - y(v) I 
x y 

~ 2 (n+1) • II x - y II 00 < E. 

Therefore IIxll l = L x(v) = 1. By Lemma 2.2, x(v) > 0
VEC x 

for all v E VK• Hence x E IKI. 

Thus Proposition 0.3 is obtained. As a corollary, we 

have the following 

2.4. Corollary. Let L be a finite-dimensional sub

complex of a simplicial complex K. Then ILl is closed in 

TKT
c

O. 

Before proving Theorems 0.4 and 0.5, we decide the 

difference between the ~l-completion and the cO-completion 

as sets. Let K be a simplicial complex and let A E K. The 

star St(A) of A is the subcomplex defined by 

St(A) = {B E KIA,B c C for some C E K}. 

We say that A is principal if A ¢ B for any B E K'{A}, that 

is, A is maximal with respect to c. By Max(K), we denote 

all of principal simplexes of K. We define the subcom

plexes ID(K) and P(K) of K as follows: 

ID(K) {A E Kldim St(A) = oo}, 

P(K) {A E KIA c B for some B E Max(K)}. 

Then clearly K = P(K) U ID(K). Observe ID(K) = K if and 

only if P(K) ~, however P(K) = K does not imply ID(K) = g 
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(the converse implication obviously holds). For example, 

let 

K F({O,l}), K = F({0,2,3}),l 2
 

K F({0,4,S,6}), •••

3 

and let K UnENKn. Then P(K) = K but dim St({O}) = 00. 

In general, for any A,B E K, SteAl c St(B) if and only if 

B c A. Then ID(K) = ~ if and only if dim st({v}) < 00 

for each v E VK, that is, K is locally finite-dimensional. 

2.5. Theorem. Let K be an infinite-dimensional and 

locally finite-dimensional simplicial comp lex, namely 

c 
ID(K) = ~, then m O

= IKI U {a}. 
Co 

Proof· By Proposition 2.1, IKI U {OJ c TKT · Let 

x E Assume x ~ 0, that is, ex ~ ~. From 

ID(K) = ~, K has no infinite full simplicial complex. Then 

C is fini te because F (C ) c K by Lermna 2.2. This impliesx x 

C E K. Put dim St(C ) = n. From x ~ IKI, it follows x x 

L xCv) < 1. Let
vEC 

x 
min{{n+l)-l{l x{v», min x(v)} > o.I vEC x vEe x 

If II x - ylloo < 0 then y(v) > 0 for all v E Cx' that is, 

From dim St(C ) n, we have dim C < n. Hence x y 

y(v) < xCv) + Ix(v) - y(v) II vEC I vEC IvEC 
y y y 

< 2VEC xCv) + (dim C + 1) .lI x - yll 
00y

x 

< 2 EC xCv) + (n + 1)0
v x 

< 2vEC xCv) + (1 - LVEC xCv»~ 1. 
x x 
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This is contrary to y E IKI. Therefore x O. 

2.6. Lemma. Let K be a simplicial complex with no 

principal	 simplex, namely ID(K) = K. Then 

__co Q,l Q, 
IKI = I·W {txlx E TKT 1, t E I}. 

c 
Proof. Let x E TKT O. If x 0 then clearly
 

Q,l -1 Q,l
 
x E I·W • If x ~ 0 then !lxll l x E TKT by Lerrunas 2.2 

and 1.1. Since !lxll l < 1 by Lenuna 2.2, x = Ilxll l (lIxll -1x) El 
Q, Q,l 

I·TKT 1. Conversely let x E W .and tEl. For any 

s > 0, we	 have y E [KI with IIx - ylll < s, hence IIx - ylloo < s. 

Choose n E N so that (n+l)-l < E. Since C E K = ID(K)
Y 

we have A E K such that C c A and dim A > n. Let
Y 

A

z = ty + (l-t)A E IAI c IKI, 

where A is the barycenter of IAI. Since II All < (n+l) -1 < s 
00 

(see the proof of Proposition 2.1), 
A-

IItx - zll IItx - ty - (l-t)All
00	 co 

A

< t.llx - yll()O + (l-t) ,.IIAll oo 

< ts + (l-t)s = s. 

c 
Therefore tx E TKT O. 

c Q, 
In Lemma 2.6, we should remark that TKT 0 ~ I-TKT 1 

as spaces. In fact, for each n E N, let A E K with n Q, 
dim A = n. Then the set {Anln E N} is discrete in TKT 1 

c 
but has the cluster point 0 in TKT O. 

As general case, we have the following 

A

2.7. Theorem. Let K be a simplicial complex with 

Co	 Q,l
ID(K) = fda Then TKT = Ip(K) I u r·TY5TKfT · 
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-r-----"!"'---.,-__i l Co Co 
Proof· Since I-IID(K) I = IID(K) I c TKT by Lemma 

~--~~£l Co Co 
2.5, we have /P(K) I u I·IID(K) I c TKT . Let x E TKT 'IK/ • 

...,...---,,--.---.£1 
If x = 0 then clearly x E I-IID(K) I • In case x ~ 0, if 

C is finite and C ~ ID(K), C E K,ID(K) by Lemma 2.2,x x x 

hence dim St(C ) < 00. The arguments in the proof of x 

Theorem 2.5 lead a contradiction. Thus C is infinite or 
x 

C E ID(K). In both cases, clearly F(C ) c ID(K). Then x x 

using Lemmas 1.1 and 2. 2 as in the proof of Lemma 2. 6, we can see 

i 
x E I-~I-ID-(~K~)~I 1. Since IKI Ip(K) I u IID(K) I, we have 

ITK-to c Ip(K) I u r'!ID(K) IR- . 

Next we show that Theorem 0.1 does not hold for the 

co-completion. 

2.8. Lemma. Let X be a dense subspace of a Hausdorff 

space X. Then any locally compact open subset of X is open 

in X. Hence for a locally compact set A c X, intxA = intxA. 

Proof. Let Y be a locally compact open subset of X 

and Y E Y. We have an open set U in X such that Y E U c Y 

and c.Q,yU is compact. Let U be an open set in X with 

U = U n X. Since C£yU is closed in x, U'C£yU is open in X. 

Observe that 

(U'C£yU) n X = U'C£yU = ~. 

Then U'C£yU = ~ because X is dense in X. Hence U,X ~, 

that is, U = U. Therefore Y is open in X. 

Let K be a simplicial complex. Then for each A E K, 

int c IAI = intlKlmlAI = IAI u {IBI I B E K,B i A}.mO 
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Thereby abbreviating subscripts, we write intlAI and also 

bdlAI = IAI,intIAI. Notice that intlAI ~ ~ if and only if 

A is principal. We define the subcomplex BP(K) of P(K) as 

follows: 

BP(K) {A E P(K) I IAI c bdlBI for some 

B E Max(K)}. 

By the following proposition, we can see that Theorem 0.1 

does not hold for the cO-completion. 

2.8. Proposition. Let K be a simplicial complex. If 

Co 
dim P(K) = 00 and dim BP(K) < then TKT is not locally00 

connected at o. 
c 

Proof. By Corollary 2.4, IBP(K) I is closed in TKT O. 

Put 

o = d (0 , IBP (K) I) > O. 
oo 

c 
and let U be a neighborhood of 0 in TKT 0 with daim U > o. 
Similarly as the proof of Proposition 2.1, we have a princi

pal simplex A E K with A E U. Since bdll~1 c IBP (K) I, 
U n bdlAI = ~, hence U n IAI is open and closed in U. And 

A. 

~ ~ U n IAI ~ U because A E U n IAI and 0 ~ U n IAI· There

fore U is disconnected. 

Now we prove the first statement of Theorem 0.4. 

2.9. Theorem. Let K be a simplicial complex with no 

Co 
principal simplex. Then the cO-completion TKT is an AR. 

Proof· (Cf. the proof of Theorem 1.3). Define 

~: Co (V ) 
2 

+ Co (V ) exactly as Theorem 1.3, that is, as
K K 

follows: 
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1..1 (x, y) (v) = min { Ix (v) I ' Iy (v) I }• 
Then for each (x,y),(x',y') E CO(V )2,K

IIll (x, y) - 1.1 (x' , y , ) II 00 .s. max{ II x - x' II 00' II y - y' II oo} , 

hence II is continuous. Here we define an equi-connecting 

map A: Co (V )
2 

x I -+ Co (VK ) as follows:
K

1{(1-2tlX + 2t1..1(x,y) if o < t < 2'A(X,y,t) 1(2t-l)y + (2-2t)1.l(x,y) if - < t < 1.2 

Using	 Lemmas 1.1 and 2.6, it is easy to see that 

c cCo
A«TKT 0)2 x I) Let z E TKT 0 and £ Thenc TKT • > O. 

c Othe £-neighborhood of z is A-convex. In fact, let x,y E TKT 

such that IIx - zlloo,lIy - zlloo < £. Observe 

111..1 (x,y) - zlloo IIll(X,y) - l..1(z,z) 11 
00 

< max{ II x - z II 00' II y - z II 00 } < E. 

For 0 < t .s. 1/2, 

IIA (x,y,t) - zlloo II (1 - 2t)x + 2t]J(x,y) - zlloo 

< (1 - 2t) IIx - zlloo + 2tll1..1(x,y) 

- zll < E. 
00 

For 1/2 2 t .s. 1, similarly IIA(x,y,t) - zlloo < E. By Lemma 
c 

1.2, TKT 0 is an AR. 

As corollaries, we have the second statement of Theorem 

0.4 and the first half of Theorem 0.5. 

2.10. Corollary. Let K be a simpl£cial complex with 

c 
dim P(K) < Then the cO-completion TKT 0 is an ANR.00. 

c 
Proof. By Corollary 2.4, Ip(K) I is closed in TKT 0. 

c c c c 
Then TKT 0 = Ip(K) IOu IlD(K) I 0 = Ip(K) I u IID(K) I 0. 
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c 
By Theorem 2.9, "'!"'""I-I-D-"(-K-:--)""'I 0 is an AR. Since 1 P (K) I and 

c c
 
l P (K) I n ~II-D-(~K~)~I 0 = Ip(K) n ID(K) 1 are ANR's, so is TKT 0
 

(cf., [Hu]). 

2.11. Corollary. For any simplicial complex K~ 

c 
Proof. By Theorems 2.5 and 2.7, TKT O,{O} = Ip(K) 1 u 

c 
("T""l~I-D-:-(-K-:--) O,{ O}). Then similarly as the above corollary,""f"'"'1 

we have the result. 

The following is the second half of Theorem 0.5. 

2.12. Theorem. For any simplicial complex K~ the 

c 
inclusion i: IKI c TKT O'{O} is a homotopy equivalence.

m 

Proof· Since both spaces are ANR's, by the Whitehead 

c 
~heorem [Wh] , it is sufficient to see that i: {KI c TKT O'{O}

m 

is a weak homotopy equivalence, that is, i induces iso

morphisms 
c 

i*: 7T (!KI ) + 7T (TKT O,{O}), n E N. n m n 

Let J(K) be the family of Lemma 1.4. And for each 

c 
ILl E J(K), let ~L: TKT 0 + I be the map defined as Lemma 

1.4. (Since VL is finite, the continuity of ~L is clear.) 

Then ~L 
-1 

(1) = L. Let 

c 
U (L) = {x E TKT 0 1 C n V ~ fa'}.

x L 
c 

Then U(L) is an open neighborhood of ILl in TKT O. In fact, 

for each x E U(L), choose v E C n VL• If Ux - yU < x(v)x oo 

then v E C n V because y(v) > 0, hence y E U(L). Since y L 

¢L(x) ~ 0 for each x E U(L), we can define a retraction 
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r L : U(L) + ILl similarly as Lemma 1.4. Observe for each 

x E U(L) and t E I, 

Then using Lemma 1.1 and Theorem 2.7, it is easily seen 

Co 
that (l-t)x + trL(x) E TKT ,{Ole Since 

C n V ~ ~ (l-t)x + trL(s) L ' 

it follows that (l-t)x + trL(x) E U(L). Thus we have a 

deformation h L : U(L) x I + U(L) defined by 

hL(x,t) = (l-t)x + trL(x).
 

c
 
It is easy to see that TKT O,{O} = U{U(L) ILl E J(K)}. 

Co 
Now we show that i*: TIn(IKl ) + TIn(TKT {a}) is anm

Bn lisomorphism. By Sn and + , we denote the unit n-sphere 

n n+l
and the unit (n+l)-ball. Let a: S + IKl and S: B + m 

c 
TKT O,{O} be maps such that slsn = a. Note a is homotopic 

to a map a': Sn + IKl m such that a' (Sn) c IL'I for some 

IL'I E J(K). By the Homotopy Extension Theorem, a' extends 

c n 1 nto a map S': B + + TKT O,{O}. From compactness of S' (B +l ), 

we have an ILl E J(K) such that IL'I c ILl and S' (Bn+1 ) c U(L). 

n+l
Then a' extends to rLs': B + ILl c IKl • Therefore i* ism

n Co 
a monomorphism. Next let a: S + TKT ,{a} be a map. From 

compactness of a(Sn), we have an ILl E J(K) such that 

a(Sn) c U(L). Then rLa: Sn + ILl c IKl is homotopic to a m 

in U(L). This implies that i* is an epimorphism. 

3. Completions of the Barycentric Subdivisions 

By Sd K, we denote the barycentric subdivision of a 

simplicial complex K, that is, Sd K is the collection of 
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non-empty finite sets {AO,···,A } c K = V K such that 
n Sd 

AO ~ ••• ~ An· We have the natural homeomorphism 

e: ISd Kim ~ IKl defined bym
 

e(~) (v) = 2VEAEK di~(~) + I •
 

-1

The inverse e : IKl ~ ISd Kim of e is given bym 

e-l(x) (A) (dim A + I).max{min x(v) - max x(v) ,OJ. 
vEA v~A 

In fact, let x E jKI and write C = {vO,· •• ,v } so x n 

that x(vO) ~ ••• ~ x(v ). For each v E VK,n 
-1 

ee (x) (v) = 2 EAEKmax{min x(u) - max x(u) ,OJ. 
v UEA u~A 

If v ~ C then min x(u) = 0 for v E A E K, hence ee-l(x) (v) 
x uEA 

= O. For A E K, if A ~ {vO'··.'v } for any j = O,.·.,n thenj 

min x(u) - max x(u) O. Hence 
uEA U~A 

-1 
ee (x) (vi) 

Therefore ee-I(x) = x. 

Conversely let ~ E ISd KI and write c~ 

so that AO ~ ••• ~ An. For each A E K, 

e -Ie (~) (A) = (dim A + 1) .max{min e (~) (v) 
vEA 

- rnax e(~) (v) , 0 } • 
vi-A 

If A t c~ then A ¢ An or Ai - 1 ~ A ~ Ai for some i O, ••• ,n, 

where A_I = fJ. In case A ¢ An' we have V E A'A • Ifo n 

Vo E B E K then ~(B) = 0 because B ~ Ai for any i = O, ••• ,n. 

Therefore 

\ ~(B)
e(~) (vO) = Lv EBEK dim B + 1 = 0, 

o 
hence e-Ie(~) (A) = O. Observe if v E A

i
'A

i
_

1 
then 

_ ~(B) _ n ~(Aj) 
e(~) (v) - IVEBEK dim B + 1 - lj=i dim A. + I • 

J 
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In case A ~ A ~ Ai for some i = O, ••• ,n, we havei - l 

v E A'A _ and v E Ai'A. Sincel i l 2
 
~ (A.)
 

min e (~) (v) < e (~) (vl ) J
 
Ij=i dim A. + 1vEA J 

e(~) (v ) < max e (~) (v) ,
2 

v¢A 

it follows e-le(~) (A) O. It is easy to see that 

\,n ~(Aj) 
min e (~) (v) Lj=i dim A. + 1 and
vEA. Jl. 

~ (A )
 
max e (~) (v)
 Lj=i+l dim A. 

j +1 •
V~Ai	 J 

Thus	 we have 

~ (A.) 
(dim A. + 1) (\'Z: . d' J 1

1 L J=l 1m A. + 
] 

~ (A )j 
- Lj=i+l dim A. + 1 

] 

~(Ai) 
(dim Ai + 1) dim A. + 1 ~(Ai)· 

1 

3.1. Theorem. For a simplicial complex K, the natural 

homeomorphism 8: \Sd Kim + IKlm induces a homeomorphism 

e: ...-\S-d""--K-T"'! 
~ 

1 + TKT~ 
1. 

Proof.	 For each s,n E ISd Kit
 

lIe(s) - e(n)lI l = LVEV I LVEAEK di~(~) + 1
 
K 

\' n(A) I 
- LVEAEK dim A + 1 

lc; (A) -n (A) I 
< LVEV LVEAEK dim A + 1

K 

Then e is uniformly continuous with respect to the metrics 

dian \Sd Kim and IKl • Hence e induces a mapm
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£ £ 
8: ~1~Sd~K~1 l~ TKT 1. (However, we should remark that 8-1 

is not uniformly continuous in case dim K = In fact,00. 

let A E K be an n-simplex and B c A an (n-l)-face. Then 
A 

for the barycenters A E IAI and B E IB I, 'we have IIA - 13111 

2/n but 118- l (A) - e-l(~llil = IIA - Bill = 2. ) Since 8 is 

injective, so is~. In order to show that 8 is surjective, 

£1 _. £1 
it suffices to see TKT 'IKI c 8(TSCm ).
 
Then C is infinite. Otherwise C E IKI by Lemma 2.2, so
 x x 

x E IKI because x(v) > 0 for all v E VK and II x ll l = 1. 

Recall C is countable. Then write C = {vnln E N} so that x x 

x(v ) ~ x(v ) ~ ••• > O. Observel 2


n.x(v + ) + \~ lX(v.) < \~ lX(v.) = 1.
 n l L1=n+ 1 - L1 = 1 

Moreover n.x(v ) converges to O. If not, we have £ > 0 and n 

1 ~ n l < n 2 < ••• such that nix(v .) > £ for each i E N. n 
1 

We may assume L x(v) < £/2. Sincen>n nl 

(n i + l - n i )	 --£-- < (n'+ l - n.) ·x(v ) 
n i + l n i + l1 1 

n i +l £ 

< Ln=n.+lx(vn ) < 2 ' 
1 

2(ni + l - n i ) < n i + l hence n i +l < 2ni • Observe 

ni+l-l £
 
Ln=n

1 
2n
 

(__1_ + ••• + 2(2n1_lll£ + ••• +
2n1 2 

n 2-nl ni+l-ni
 
< ----- • £ + ••• + • E
2n	 2n1 i
 
< n 2-n n i +1 -n i
1 -E+ ... +----.£
 
~ n i +l
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< (x (v +1) + ••• + x (v » + ••• + n l , n 2 

+ ••• + x (v ) ) 
n i + l 

00 -1
This contradicts to the fact Ln=n n is not convergent. 

1 

For each n E N, let An = {vl,···,v }. Define ~n E ISd KI,n 

n E N and ~ E il(K) as follows: 

i(x(v ) - x(vi + l » if A i < n,Ai' 

~n(A) (n+l)x(v +l ) + I~ +2 x (v.) if A A +l , 

i 

n l.=n 1 n

0 otherwise, 

and 

n(x(v) - x(v +1» if A = A , n E N,
~(A) = n n n 

o otherwise.!
Since n·x(v ) converges to 0, we have 

n 

lI~n - ~lIl = 2 I:=n+2x (vi )· 

Then lI~n - ~"l converges to 0, that is, ~n converges to ~ • 

..,..........-:------r-,Q, 1
 
Hence S E ISd KI • It is easy to see that 

L~+2X(Vi) 
. XO(V i ) + n+l if v = vi' i < n+l 

1 otherwise, 

and 

118 (E;,n) - xlI l = 2 I~+2x(vi). 

Then 8(E;,n) converges to x. This implies S(E;,) = x. 

lFinally, we see the continuity of e- Let x E TKT
,Q,
1, 

1 ,Q,l 
~ = e- (x) E ISd KI and £ > O. Write C x 

that x(vl ) > x(v ) ~ •••• Recall i·x(v ) converges to O.2 i 

We can choose n E N so that (n+l) ·x(v +l ) < s/6,n
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~~=n+2X(Vi) < c/6 and x(v ) > x(v + l ). Put n n 

° min{x(vi ) - x(vi + ) I x(v ) > x(v + ),l i i l 

i = l,···,n} > o. 
£ 

Let Y E TKT 1 with 

Ilx - ylll < min{~, 6n(~+1)} 
£ 

and n 8-1 (y) E ISd KI 1. Remark that for 1 < i < j < n+l, 

X(V ,) > x(v.) implies y(v.) > y(v.) because 
1 J 1 J
 

y(v.) - y(v.) > (x(v.) - -2°) - (X(V .) + i)

1 J 1 J 2 

(x(v ) x(v - ° > o.i j » 

Then,. reordering vl,···,v ' we can assume that n 

y(V ) .:. y(v ) > ... > y(v ) > y(v + 1 ) • _. n 

For each i E N, let A. = {vl,···,vi }· ThE~n C~ c {A. Ii E N} , 
l 2 - n

1 1 

~ (Ai) i· (x (vi) - X(V i + l ) ) for all i E N, and 

n (Ai) i· (Y(v ) - Y(vi + l ) ) for i = l,···,n.
i 

Therefore 

,r: 11 ~ (A.) - n (A. ) I
L1 = 1 1 

l.~=lli.(x(Vi) - x(vi +1 » - i-(y(vi ) - y(Vi + l »I 

< L~=li·lx(vi) - Y(vi ) I + 2~=li·lx(Vi+l) - Y(v i + l ) I 

< 2(L~=li).lIx - ylI l = n(n + 1)ellx - ylll < ~ • 

Since i·x(v ) converges to 0,
i 

,00 C(A) (n+l)x(v +1) +,~ +2x(v,)< £+£=£
Li=n+l s i n L1=n 1 6 6 3 

Then L~=ls(Ai) = 1It: 1I - L:=n+l~(Ai) > 1 - l' hence1 

L~=ln(Ai) > I~=l~(Ai) - L~=1Is(1~i) - n(Ai ) I 

> (1 - 1) - ~ = 1 - ~ · 

This implies rAEK'{A , ••• ,A }n(A) <~. Thus we have 
1 n 
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l
lIe- cx) - e-lcy) III = lis - 11 11 1 

< L~=11~(Ai) - n(Ai ) I + L~=n+11~(Ai) I 

+ LAEK,{A , ••• ,An} 111 CA) I 
l
 

< .f. + f. + f. - E.
6 32

The proof is completed. 

Thus the ~l-completion well behaves in the barycentric 

subdivision of a metric simplicial complex. However the 

co-completion does not. 

3.2. Proposition. Let K be an infinite-dimension 

simpZicial complex. Then there is no homeomorphism 

c c 
h: ~1~S~d-K~1 0 + TKT 0 extending the natural homeomorphism 

6: ISd Kim + IKl •m c 
Proof· Assume there is a homeomorphism h: ~I-S~d-K~I 0 + 

cTKT 0 such that hi ISd K[ = 8. For each simplex A E K, 

we define A* E ISd KI by A*{A) 1. Note h{A*) 8{A*) is 
A 

the barycenter of A of IAI. For each n E N, take an 

n-simplex An E K. Then as seen in the proof of Proposition 

2.1, h(A~) = .11- converges to o• However IIA* - A*II 1 for 
n n m 00 

any n t- m E N. This shows that h-1 is not continuous at o. 

In the above, h- l is not continuous at xt-O either. 

For example, let AO E K with dim St(AO) = and for each00 

n E N take an n-simp1ex An E St(AO). We define ~n = ~ AD + 

~ A~ E ISd KI, n E N. Then h(~n) = ~ ~o + ~ An converges 
1 1A 

to "2 AO but lI~n - ~mlloo "2 for any n t- mEN. This implies 

h- l is not continuous at i o• 
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4. The Q.I-Completion of a Metric Combinatorial co-Manifold 

Let ~oo be the countable-infinite full simplicial 

complex, that is, ~oo = F(N). For the Q.l-completion and 

the cO-completion of I~oolm' we have 

--)('1 
4.1. Proposition. The pairs (I ~ool ' I~oolm) and 

__cO 
f 

( I ~ 00 I , I ~ 00 1 ) are homeomorphic to the pair (~2,Q.2). 
m

Using the result of [COM], this follows from the 

following 

4.2. Lemma. Let K be a simplicial complex with no 
Q. c 

principal simplex. Then TKT 1 and TKT 0 are nowhere 

loca ZZy compact. 

Proof. Because of similarity, we show only the 

~l 
~l-case. Let x E TKT and E > O. It suffices to construct 

~ 

a discrete sequence x E 1KT 1, n E N, so that IIx - xnll < E. n l 

If C is infinite, write C = {vnln E N} so that x(vl ) ~. x x 

x(v ) > •••• If C is finite, choose a countable-infinite2 x 

subset V of V such that C c V and F(V) c K and then
K x 

write V = {vnln E N} so that x(vI) ~ x(v ) > •••• (Such2 

a V exists because K has no principal simplex.) Note that 

lx{vl) > 0 and x(v ) ~ n- for each n E N. Put n
 

<5 = min{J,x(vl)'~} > o.
 
~ 

By Lemma 1.1, we can define x E TKT 1, n E N, as follows: n
 

x(vl) - <5 if v =
 VI' 

x (v) x(v +l ) + <5 if v = n n v n +l ' 

xCv) otherwise. 
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Then clearly Ux - xn"l = 26 < E for each n E Nand 

"x - xm"l = 26 if n ~ ffi.n 

The second half of Conjecture 0.8 (i.e., Corollary 

0.9) is a direct consequence of Theorem 1.5 and the 

following 

4.3. Proposition. Let M be an ~~-manifold which is 

contained in a metrizable space M. If for each open cover 

V of M there is a map f: M -+ M which is V-near to id., then 

M is an f-d cap set for M. 

Proof· By [Sa 3 , Lemma 2] , M has a strongly universal 

tower {Xn}nEN for finite-dimensional compact such that 

M = U "X and each X is a finite-dimensional compact
nE~ n n 

strong Z-set in M. From the condition, it is easy to see 

that each X is a strong Z-set in M. Let V be an open
n 

cover of M and Z a finite-dimensional compact set in M. 

Since M is an ANR, M has an open cover V such that any two 

V-near maps from an arbitrary space to M are V-homotopic 

[Hu, Ch. IV, Theorem 1.1]. For each V E V, choose an open 

set V of M so that V n M = V and define an open cover 
'" '" 
V of M by 

'" 
V {VIV E V, V n X I ~} U {M,X }.n n 

Let Wbe an open cover of M which refines V and V. From the 

condition, there is a map f: M -+ M which is W-near to ide 

Observe that flZ n X : Z n X -+ M and the inclusion n n 

Z n X c M are V-near, hence V-homotopic. By the Homotopy
n 

Extension Theorem [Hu, Ch. IV, Theorem 2.2 and its proof], 

we have a map g: Z -+ M such that glA n X = id and 9 is n 
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lj-homotopic to flz. From the strong universality of the 

tower {X }nEN' we have an embedding h: Z .+ X of Z into n m 

some X such that hlZ n X g!Z n X = id and h is U-near m n n 

to g, hence st U-near to ide 

4.4. Remark. In connection with Conjecture 0.8 and 

our results, one might conjecture more generally that a 

completion M of an £~-manifold M is an £2-manifold if the 

inclusion M c M is a fine homotopy equivalence. However 

this conjecture is false. In fact, let M be a complete ANR 

such that M'A is a £2-manifold for some Z--set A in M but M 

is not an £2-manifold. Such an example is constructed in 

[BBMW]. And let M be an f-d cap set for M'A. Then M is 

also an f-d cap set forM by the same arglooents in Proposi

tion 4.4. Using [Sa Lemma 5], it is easily seen that the3 , 

inclusion M c M is a fine homotopy equivalence. And M is 

an £~-manifold by [Ch 2 , Theorem 2.15]. 

Addendum: Recently, Conjecture 0.8 has been proved in 

£1 
[Sa5 ]. In fact, it is proved that TKT 1:S an £2-manifold 

if and only if K is a combinatorial oo-manifold. 
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