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K-METRIC SPACES AND :FUNCTION SPACES 

Takesi Isiwata 

S~epin [13,14] introduced the notions of K-metrizability 

and capacity as a generalization of metric spaces and locally 

compact groups, and proved the k-metrizability is productive 

[15]. Bennett, Lewis and Luksic [2] showed that K-metriza­

bility is equivalent to faithful capacity, and that 

K-metrizability is not closed-hereditary. Drani~nikov [6] 

defined the additivity of k-metric space and asserted that 

a compact additive K-metric space is metrizable. In our 

previous papers [10,11], we studied metrization problems 

of additive K-metric spaces, and compact (or realcompact) 

K-metrizable extension of K-metric spaces respectively. 

After the previous paper [11] was printed, through G. D. 

Dimov, the author knew the following result due to 

Chigogidze [3] (see Th. 3.3); 8x is K-metrizable iff X is 

pseudocompact and K-metrizable. Thus, in particular, any 

of SR, SQ and SN is not K-metrizable. 

In this paper, we prove, in Section 3, that if X is 

locally compact and SX - X is K-metric space, then X is 

pseudocornpact, and that any of SR - R, SQ - Q and SN - N 

is not K-metrizable. In Section 4, we introduce the notion 

of X(~O)-points as a generalization of strictly ~o-continuous 

functions in the sense of Arhangel'skil [1], and show that 

any dense subspace X of the product of realcompact K-rnetric 

space Y , a E r, ux precisely consists of X(~O)-points if a 

any point of Y is Go for each a E r (see Th. 4.3). As a 
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corollaries, there follows Corson's result [4; Th. 2] as 

well as UspenSkii's one [18, Th. 1]. In Section 5, we 

give a characterization of a space X such that RX precisely 

consists of strictly He-continuous (or He-continuous) func­

tions, and related examples. The author wishes to thank 

Y. Tanaka for his helpful advice. 

1.	 Definitions and Preliminaries 

All spaces in this paper are Tychonoff. We denote by 

N the set of positive integers, by R the set of real numbers, 

by Q the set of rational numbers, by Rc(X) the family of 

regular closed subsets of X, by C(X) the set of continuous 

real-valued functions on X, and by SX(UX) the Stone-Cech 

compactification (the Hewitt realcompactification) of X. 

We assume familiarity with [7], whose terminology will be 

used throughout, and use the following abbreviations: 

pc = pseudocompact, clopen = closed and open, rc = real-

compact, X* = SX - X and C-K extension = compact K-metrizable 

extension. 

(X, d) is a K-metric space if d is a Iflapping X from 

X x Rc(X) to [0,00) satisfying the following conditions: 

(Kl) d(x,C) o <? X E C. (K2) if CeO, then d(x,C) ~ d(x,O) 

for every x E X. (K3) d(x,C) is continuous in x for every 

C.	 (K4) d(x,cl(UC » = inf d(x,C ) for every increasinga a 

transfinite sequence {C}. d is called a K-rnetric on X. a 

We can assume that any K-metric d satisfies d(x,~) < 1 for 

every x E X [14; p. 179] • Let us put U(f) = {ua;a E f} 

where U is a subset of X, and UU(f) = U{U ; a E f}. Bya a 

{N l ,N2 ;f} we mean the fact that N and N2 are disjointl 
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vv 
countable subsets of rand Irl > ~O. The following Scepin's 

results will be useful. 

1.1. Proposition ([14], pp. 179-180). Let (X,d) be 

a K-metric space. 

(1) A subspace Y of X is K-metrizable if y satisfies 

one of the following cases (i) Y is dense~ (ii) Y is open~ 

and (iii) Y E Rc(X). 

(2) Let U(f) = {V E Rc(X)}. Then for any E: > 0 and 
a. 

any x E X~ there exists a finite subset f of r such thatl 

d(x,UU(f )) < d(x,cl(UU(f)) + E:.1 

1.2. Lemma. Let (X,d) be a K-metric space and 

U(f) = {Va. E Rc (X) } ~ I f I ~ ~O. The n we ha ve 

(l) If x E cl{uU{f)) - UU{f)~ then there exists 

{N1 , N2 i f } with x E cl(UU{Ni))~ i = 1,2. 

(2) If cl(UU(N )) n cl(UU(N )) = ~ for any {Nl,N2,f}~1 2


then U(f) is discrete.
 

(3) If > and U(r) = {V E Rc(X)} is pairwiseI f I ~O a. 

disj oint~ then there exist a subset f c f with I f I = I fl 1 1 

and a discrete family V(f ) = {Va. E Rc(X)} with V c U
1 a. a. 

Proof. (1) For E: = 1, put A(l) = f in 1.1(2).l 

Since x E cl(UU{f - A(l))), again for E: = 1/2, apply 1.1(2) 

to U(f - A(l)), and take a finite subset A(2) of f - A(l) 

with d{x,UU{A(2)) < 1/2. Repeating this process, we have 

a finite subset A{n) of f - U{A(i)i 1 < i < n} with 

d{x,UU(A{n)) < d(x,cl{UU{f - U{A(i.) i 1 < i < n})) + lin. 

It is easily seen, by (Kl) and (K2), that N = U{A{2n-l)il 

n E N} and N = U{A{2n); n E N} are desired subsets of f.2 
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(2) follows from (1). 

(3) To prove (3), we use Scepin's method used in the 

proof of [14, Th. 12]. For any a E f, we fix a point 

x E U. Then for any given E > 0, and C = cl(X - U ) E 
a a a a 

Rc(X), D(E) = {x i d(x,C ) ~ E} is a discrete closed sub-a a 

space of X (cf. (14, Th. 12]). Let us put A(E) = 

{ai x E D (E) } and W = {Xi d(x,C ) > E/2} for a E A(E) . a a a 

Then V clW c U We claim that V(A(E) ) = {V } is a a a ex. 

discrete. Suppose that p E cl(UV(A(E» - V(A(E» . By 

1.1(1), there exists a finite subset A of A(E) with 

d(p,UV(A» < E/3. Since d is continuous in x, there exists 

an open set 0 3 P such that d(y,UV(A» < E/3 for each yEO. 

If 0 n W
a f y for a ¢ A, then y E W

a 
implies d(y,C ) > E/2, 

. a 

and uV(A) c X - U implies d(y,C ) < d(y,UV(A» • These 
a a -

inequalities imply E/2 < E/3, a contradiction. Thus 

V(A(E» is discrete. Let E = lin, n E N. Then f = UA(n). 

Since If 1 > ~O' we have IA(m) I = If] for some mEN. 

2. Properties of K-Metric Spaces 

We recall that X satisfies the aountable ahain aondi­

tion (=(CCC» if every family of pairwise disjoint non-

empty open subsets of X has cardinality < ~O' and that X 

is an SL-spaae if every open cover of X contains a countable 

subfamily whose union is dense in X [12J. If X is either 

Lindelof or satisfies (CCC) , then X is SL [15]. A point x 

of X is a P-point if every Go-set containing x is a neigh­

borhood of x. A space X is a P-space if every point of X 

is a P-point, equivalently every cozero set is C-embedded 

[7]. X is an F-spaae if every cozero set is C*-embedded, 
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equivalently for any f E C(X), cozero sets {x; f(x) > O} 

and {x; f(x) < O} are completely separated [5]. A P-space 

is an F-space. A compact space Y containing a K-metric 

space (X,d) as a dense subspace is said to be a compact 

K-metrizable (= C-K) extension of (X,d) if there exists 

a K-metric d* on Y such that d*(x,C) = d(x,C n X) for 

C E Rc(Y) and x E X [11]. We note that cly(C n X) = C 

for C E Rc(Y). 

2.1. Proposition. Let (X,d) be a K-metric space. 

Then we have 

(1) Any P-point is isolated. 

(2) If X is rc~ then the cardinal of every family of 

pairwise disjoint open subsets is nonmeasurable. 

(3) If X is pc~ then X is SL~ 

(4) If X is SL~ then X satisfies (CCC). 

(5) If there exists a C-K extension Y of X~ then X 

satisfies (CCC). 

(6) If any two disjoint cozero sets of X have disjoint 

closures~ especially X is an F-space~ then X is discrete. 

Proof. (1) Let p be a non-isolated P-point. Let 

U {C E Rc(X); P ¢ cal. Since p E cl(UU), there existsa 
a subfamily U(N) {C} with p E cl(UU(N» by 1.2(1), but 

n 

p E int(n(X - Cn»' a contradiction. 

(2) From 1.2(3) and the fact that every closed discrete 

subset of a rc space has a nonmeasurable cardinal. 

(3) If X is not SL, there exists a discrete family of 

open subsets of X by 1.2(3). This is impossible because 

X is pc. 
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(4) Let W(r) = {W } be a disjoint family of open sub­
o
 

sets with If I > HO• For each 0, take Uo E Rc(X) with
 

U cWo. Apply 1.2(3) to U(f) = {Uo}. Then an open cover­o 

ing {W ' X - cl(UV(r l »; 0 E f } has no countable subfamilyo l 

whose union is dense in X. 

(5) From (14, Th. 12] or 1.2(3), Y satisfies (CCC), so 

does X. 

(6) Let x be a non-isolated point. As in the proof 

of [14, Th. 11], there exists a decreasing sequence {V }
n 

of regular open neighborhoods of x such that U = l 

U{V2k - clV2k+l ; kEN} and U2 = u{V2k- l - clV2k ; kEN} 

are disjoint, but x E clU n clU Since V - clVl 2 . 2k 2k+l 

and V - clV are regular open sets of a K-metric2k- l 2k 

space X, these are cozero sets, so are U and U a2 ,l 

contradiction. (2.1(6) (in case X is an F-space) is due 

to [17].) 

3. K-Metrizability of /3X, v X and x* 

3.1. Lemma. Let U(N) = {F E Rc(X)} be a discrete 
n 

famiLy of compact subsets of a space X. Then there exists 

a disjoint famiLy V(f) = {L E Rc(X*)} with Irl > ~O. 
o 

Proof. Let r be an index set with Irl > ~O such 

that for each a E r, there exists N c N with IN I = ex a HO' 

N = U{N ; a E r} and IN n NS I < HO for o·S E r. Let us a a 

put E = U{F ; i E No} and K = clSxEo - E Then E n E
0 i a o· 0 S 

is a compact subset of X. We claim that intx*Ka ~ ~ •. We 

Let f E C(X), i E N such that
i o 

fi(x ) = 1, f = 0 on X - F and 0 < < 1. Since lj(N )i i i f i o 

is discrete, f = Lf E C(X). We take go E C(SX) witho i 
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9 Ix = f and P E clSXB - B where B = {xi; i E N }.
a a a a 0. 0. 0. 

Then go. (Po.) = 1 and 9 = 0 on SX - ClSXEa.' so P E intx*Ko.a. a 

We take L E Rc (X*) such that Po. E intx*La. c L c K n W 
a. 0. a a 

where W {y E X*; 9 (y) > 1/2} . For 0. ~ S, f = 0 on 
0. a 0. 

E - (E n E ) and hence ga = 0 on so L n L =~.
S a. S KS' a. S 

Thus V(f) = {L } is pairwise disjoint in X*. 
0. 

3 • 2 • Le mma. Le t U( r) = {U a E:: Rc (X) } ~ Ir I > H be a
O 

family of pairwise disjoint subsets of a space x. Then we 

have 

(1) If U{r) satisfies the following (a) and (b), then 

x is not K-metrizable. 

(a) For any {N ,N ;r}, c:l(UU(N » n cl(UU(N » ~.
l 2 1 2 

(b) uU{r) is not closed. 

(2) If U{r) satisfies the following (c), then Sx is 

not K-metrizable. 

(c) For any {N1 ,N 2 ;f}, UU(N1 ) and UU{N ) are com­2

pletely separated. 

(3) If U(r) satisfies (c) and the following (d), then 

ux is not K-metrizable. 

(d) U{cluxU; a E r} is not closed in ux. 
(4) If each Va is non-compact, ctopen and U(r) is 

discrete, then x* is not K-metrizable. 

Proof· (1) If X is K-metrizable, then 1.2(1) holds, 

a contradiction. 

(2) Vcr) = {clSxU } is a family of pairwise disjointa 

regular closed subsets of SX. Replacing X by SX in (1), 

it is easy to see that Vcr) satisfies (a) and (b) in SX, 

so 8x is not K-metrizab1e. 
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(3) Replacing SX by UX in (2) and apply the method 

used in the proof of (2). 

(4) ClSXU being clopen in SX, Fa = clSxU - U E Rc(X*)
a a a 

and E = clSxF C clSxU . Thus Vcr) = {E } is pairwisea a a a 

disjoint in SX, and hence there exists a point p E clSx(UV(f» 

- UV(f). The discreteness of U(f) implies p E X*. Since 

UFa is dense in UEa , we have p E clSx(UW(f» where W(f) = 

{F}. W(r) is pairwise disjoint in X*, and satisfies (a)
a 

and (b) in (1) replacing X by X*. Thus X* is not ~-metriza-

ble. 

The following theorem 3.3 is due to Chigogidze and 

Volov. The proof of this theorem is not given in [3,5], 

however, for example, we can give the proofs of the "only 

if" part of (1), (2), (3) and (4) of theorem 3.3 by the 

method used in this paper, that is, by 3.4(1), 2.1(3,4), 

4.5(2) and 3.4(1.5), respectively. 

3.3. Theorem. (1) SX is K-metrizabZe iff X is pc 

and K-metrizable [3, Th. 2]. 

(2) If X is pc K-metrizabZe~ X satifies (CCC) [3, 

Corollary 2]. 

(3) The product of K-metrizabZe pc spaces is pc [3, 

Corollary 3]. 

(4~ If X is pc and Y is a C-K extension of X~ SX Y 

(see [ 5, p. 1259]). 

3.4. Theorem. (1) If SX is K-metrizabZe~ X is pc. 

(2) If X is locally compact and x* is K-metrizable, 

X is pc. 
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(3) Let X be a topological sum EX of spaces xa' a 

a E f. If f is measurable~ UX is not K-metrizable. 

(4) If X has a C-K extension Y, UX is K-metrizable and 

UX c: Y. 

(5) If X is pc and Y is a C-K extension of X~ SX = Y. 

(6) If a locally compact space X is topologically 

complete and X* is K-metrizable~ then 13X = X. 

( 7) Any of SR - R~ SQ - Q and SN - N is not K-metrizable. 

Proof· (1) If X is not pc, there exists a discrete 

family U(N) ={U E Rc(X)}. The discreteness of U(N) impliesn 

UU(M) E Rc(X) for any M c: N. On the other hand, X is 

K-metrizable by 1.1(1), and hence UU(M) is a zero set. 

Thus UU(N ) and UU(N ) are completely separated for any
l 2

{N ,N ;N}. Thus 6x is not K-metrizab1e by 3.2(2), a contra­
1 2 

diction. 

(2) If X is not pc, then there exists a discrete 

family U(N) {F E Rc(X)} of compact subsets of X. But X* 
n 

is compact K-metrizable. Thus, by 3.1 and 2.1(4), X* is 

not K-metrizab1e, a contradiction. 

(3) X is not rc [7], and UX - X c c1 (UU(f)) where ux 
U(r) = {X}. Thus UX is not K-metrizable by 3.2(3) (3.4(3)

a. 

(in case each X consists of a single point) is due to [17]).a 

(4) Follows from [11, Lemma 2.3]. 

(5) X being pc, we have eX = UX, and hence 6X Y 

by (4). 

(6) By (2) X is pc. Since a topologically complete pc 

space is compact, we have X = 6x (3.4(6) (in case X is 

locally compact and rc) is due to [17]). 
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(7) Any of R* and N* are not K-metrizable by (6). Q* 

is not K-metrizable by 3.2(4). 

We recall that (X,d) is an additive K-metric space if 

d satisfies the following (SK4) instead of (K4). 

(SK4) For U(f) = {Ua E Rc(X)} and any x E X, 

d(x,cl(UU(f)) = inf{d(x,U ); a E f}.
a 

We note that any metric space is an additive K-metric 

space, but the converse does not hold; indeed, the Sorgenfrey 

line is a desired space [16]. In [10], we proved that a pc 

additive K-metric space is metrizable. From this and 

3.4(1,2) we have 

3.5. Theorem. For an additive K-metric space (X,d)J 

we have 

(1) If 8x is K-metrizable J then X is compact and 

metrizable. 

(2) If X is locaZZy compact and x* is K-metrizabZe J 

then X is compact and metrizable. 

3.6. Example. There exists a K-metric space X which 

has no C-K extensions. Indeed, let X be a topological 

sum of ~l many copies of R. The X is a desired space by 

2.1 (5) • 

4.	 Function Spaces 

We recall terminologies used in [1] in which we 

restrict cardinality to ~O. Let Cp(X) be the space of 

real-valued continuous functions defined on X with the 

topology of pointwise convergence. Note that C (X) is 
p 
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X X
considered as a dense subspace of R • A function f E R

is called ~o-continuous if flA is continuous on A for each 

X
A c X with IAI = ~o. We recall that a function f E R is 

strict~y ~o-continuous if for each A c X with IAI ~o' 

there exists g E C (X) with flA giA. A subset A of X is 
p 

~o-embedded in X if for every x E X - A, there exists a 

Go-set G of X with x E G c X-A. A space X is called a 

moscow space if every regular closed subset is a union of 

Go-subsets of X. A K-metric space is moscow. We denote 

by q(X) ~o the fact that X is ~O-embedded in aX, equiva­

lently, X is rc. 

We define the notion of X(~O)-point as a generaliza­

,tion of strictly ~O-continuous functions. Let Y ny ,
a
 

a E f and X c Y. We say that a point p (Po.) E Y is an
 

X (H ) -point if for any countable subset f c f there exists
O l
 

a point x = (xa ) E X such that x a = Po. for each a E fl·
 

Let S(X(~O)) be the set of X(Ho)-points. Obviously
 

S (X (~O)) ::> X. For each p = (Pa) E Y, let us put
 

E
p = {Yi I{a: Yo. "I Po.} I < ~O} , which is a E-product of
 

introduced by Corson [4] • We show that for any dense
Ya '
 

subspace X of the product or rc K-metric spaces Y ' UX
 a
 

precisely consists of X(~O)-points if any point of Yo. is
 

Go. As corollaries, there follows Corson's result [4,
 

Th. 2] as well as Uspenskii's one [18, Th. 1]. It is
 

easily verified that 4.1(2) below holds.
 

4.1. Proposition. (1) If X is dense in a moscow
 

space Y and q(X) = ~O~ then X is ~O-embedded in Y[ll.
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(2) Let p E Y = ITY 0 E f. Then L is dense in Y3 
o p 

and every point y of Y is a Lp(No)-point. 

4.2. Theorem. Let X be dense in Y = ITY
03 

0 E f. 

Suppose that Y is moscow and any point of Yo is Go for 

each 0 E f. Then we have 

(1) If Y :::> UX 3 then UX = S (X (NO» • 

(2) If P E Y and Y :::> UL: 3 then UL Y. 
P P 

Proof· We claim that S (X (NO) ) c: UX. Let p 

(po) E S (X (~O) ) - UX and f 1 any countable subset of f. 

Since p E S(X (NO»' there exists some point x = (x ) E X o

Po for each 0 E rl. On the other hand, it is 

easily verified by 4.1(1) that for p and f there existsl , 

IT {p } x
f 1 0 

IT _ Yo c: Y - UX. This implies x E Y - UX, a contradiction.r r
1 

Next we claim that if p E UX - X, then p E S(X(NO». For 

any countable set f l c: f and for any Go-set G(fl,f) 3 p, 

there exists f E C(Y) such that p E Z(f) c G(fl,f) and 

Z(f) n X ~~. Let x = (Xc.) E Z(f) n X. Since x E G(f1,f), 

x Po for each a E fl. Hence p E S(X(NO». Thus we have a 

UX S(X(NO». (2) follows from (1) and 4.1(2). 

4.3. Theorem. For each 0 E f 3 let Y be a rc K-metric o 

space 3 and every point of Yo be Go. 

(1) If X is dense in Y ITY a3 then UX = S(X(NO» c Y. 

(2) For any p E Y~ UL S(Lp(NO» = Y.
P 

Proof. Since Y is K-metrizable by [15, Th. 2], X is 

K-metri~able by 1.1. Then, since Y is rc, UX c Y by [11, 

Th.2.5(1)]. Thus (1) and (2) follow from 4.2(1) and 4.2(2) 

respectively. 
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4.4. Corollary. Let Y be the product space of Y ~ 
a. 

a. E r. 

(1) If Y = R for each a. E r~ then we have 
a. 

(i) UC (X) precise ly consists of strictly
p 

~o-continuous functions. 

(ii) Cp(X) is rc iff every strictly ~o-continuous 

function is continuous (Uspenskii [18, Th. 1]). 

(2) If each Y is separable and metrizable~ then 
a. 

UL = Y for any p E Y (Corson [4, Th. 2] ) . 
P 

( 3) If each Y is compact and metrizable~ then eX Y a. 

for any pc dense subspace X of Y (from 3.4 (5) ) . 

4.5. Theorem. Let X be a K-metric space for each 
a. 

a. E r. 

(1) If UXa. is K-metrizable fop each a. E r~ then 

U(ITX) = rruxa.. 

(2) If SX is K-metrizable fop each a. E r~ then nx 
a. a. 

is pc and S(rrxa.) rrsx . 
a 

Proof. (1) Let us put uX = Y • Since K-metrizabi1ity
a a 

is productive, Y nY is K-metrizab1e. While X = ITX is 
a. a. 

dense in Y. Then, by [11, Th. 2.5(1)]. UX c Y. Let 

pEL = Y - X. By 4.1, there exists a G -set G of Y such
6

that pEG = IT G(p) x n - Y~ c L for some countable sub-
f l a r r1 u. 

set c r where G(p ) is a Go-set in Y On the otherr1 Ct a 

hand, G(Pa) n X ~ ~. Thus G n nX ~ ~, and hence 
a. Ct 

G n ux "I- ~, a contradiction, so UX = Y. 

(2) By 3.3(1), each X is pc, so SX = UXa.. Thus 
a a 

S(ITX ) = rrsx by (1), and hence rrx is pc by [8, Th. 1].
a a a 
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4.6. Theorem. Suppose that X has a C-K extension 
ex.
 

Y for each ex. E f,
 

(1) X IT X satisfies (CCC).
ex. a 

(2) Any f E C(X) depends on countabZy many coordinates, 

i.e., f is represented as the composition of a projection 

onto some countable facet of the product and of a continu­

ous function on this facet. 

(3) For any p E Y = ITY , any f E C(L ) depends on a p

countabZy many coordinates, and f is continuously extendable 

over Y. 

Proof· (1) Y = ITY is a C-K extension of X, and a 

hence (1) follows from 2.1(5). 

(2) Follows from (1) and [15, Th. 2]. 

(3) Since E is dense in Y, L satisfies (CCC) , and p p 

hence it is an SL-space. It is easily verified that by 

the method used in [15, p. 19], L is an S-space (for the p 

definition of S-spaces, see [15]). The first part follows 

from [15, Th. 4]. The latter part follows from the fact 

that a projection of Y onto a countable facet is onto. 

5.	 Special Function Spaces 

In this section, we characterize a space X such that 

every f E RX is ~o-continuous (strictly ~o-continuous) and 

give related examples. X is said to be weZZ separated [9] 

if any countable discrete closed subset of X is C-embedded. 

An F-space satisfies 5.1(8) below (see 14.25 and l4M(5) in 

[7]) • 
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5.1. The orem. We have the following implications: 

(1) • (2) ~ (3) ~ (4) ~ (5) .. (6) .. ( 7) and ( 5) .. (8) • 

(1) X is a P-space. 

(2) Any countable subset of X is C-embedded. 

(3) Any countable subset of X is closed and C-embedded. 

( 4) Any f E RX is strictly ~O ··con t inuous. 

(5) Any countable subset of X is closed and C*-embedded. 

(6) Any countable subset of X is closed. 

( 7) Any f E RX is ~o-continuouB. 

( 8) Any countable subset of X is C*-embedded. 

Proof· (1) .. (2) and (2) ~ (3) follow from 3B and 

4K(2) in [7] respectively. To prove 5.1, it suffices to 

show that (3) • (4) and (7) ~ (6). 

X(3) ~ (4) Let f € R and A any countable subset of X. 

Since any countable sUbset of X is closed, it is discrete. 

Thus flA is continuous, and hence :fIA is continuously 

extended over X, so f is strictly ~o-continuous. 

(7) • (6) Let A be a countable subset and p E clA - A. 

Then A U {p} is countable. Define f as follows: f(p) 

and f = 0 on X - {pl. Then f is not ~o-continuous. Thus 

cIA A. 

5.2. Corollary. (I) R
X = UC (X) iff any f E R

X is 
p 

strictly Ro-continuous iff any f E RX is ~o-continuous and 

X is well-separated. 

(2) If X is countably compact and any f E RX is 

~o-continuous3 then X is a finite set. 

(3) If X is pc and any f E RX is strictly ~O-continuous3 

then X is a finite set. 

1 
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5.3. Examples. (1) There exists a non F-space X
 

satisfying 5.1(3). Let A be the set of isolated point
 

in W(wl+l), Z = W(wl+l) x W(wl+l), A = A x {n}, p = (wl'w)n
 

and X = (U{A ; n EN}) U {p}. Then the subspace X of Z is
 n
 

a desired space. Indeed, U{A ; n E N} is a cozero set but
 
n 

not C*-embedded, i.e., is not an F-space. Since every 

point x of X -{p} is isolated and p is not contained in the 

closure of any countable subset, X satisfies 5.1(3). 

(2) There exists a space X satisfying 5.1(6) but 

neither 5.1(4) nor 5.1(8). Let A be the set of point of 

W(w2+1) having an uncountable base of neighborhoods, and 

B the set of isolated points of W(w 2+1). Let us put 

Z W( W2+1 ) x W( w+1), Bn = B x {n}, A* = A x { w} , 

D {w } x N and X (U{B ; n EN}) U A* U D. Then the2 n 

subspace X of Z is a desired space. Indeed, it is routinely 

proved that any countable subset is closed, and that D is 

not C*-embedded. Thus X does not satisfy 5.1(8), hence, X 

is not an F-space. A function f defined as follows: 

f = (_l)n on B U (w ,n), n E N, and f = 0 on A*, is n 2
 

~o-continuous but not strictly ~o-continuous. Thus X does
 

not	 satisfy 5.1(4). 
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