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A PROPERTY RELATED TO THE
STRICT p-SPACE PROBLEM

S. W. Davis and K. P Hart

0. Introductions and Definitions

In this article, we study a property which arose from

work on the so-called "strict p-space problem." That
problem has recently been solved by S. Jiang [J], but the
behavior of the property seems sufficiently interesting

that we study it here "for its own sake."

0.1. Definition [D]. We say that a space X satis-
fies (*) if and only if for every open cover {/ of X there
exists a sequence (Vn: n € w) of open covers of X, each
refining {/, such that for each x € X there exists n, o€ w

with st(x,Vn ) < sti{x,{). If this can be done so that
X

Vn = VO for all n € w, i.e. with one refinement, then we

say X satisfies strong (*).

This property is useful for getting from G_ -diagonal

8

to Gg—diagonal (both defined below). That is, it was

shown in [D] that if a space X has G _-diagonal and satis-

§

59

fies (*), then X has G*-diagonal. In particular, if strict

§
p-spaces always satisfied (*), then strict p-spaces with
Gd—diagonal would be developable. This is, of course,
made obsolete by Jiang's result. It also follows from an
old result of Hodel [Ho] that if X is a wA-space with

Gd—diagonal which satisfies (*), then X is developable.

So this property may be of help on the following.
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0.2. Open Question [Bl]. Is every wp-space with

Gé—diagonal developable?

To begin this study of (*), we make a few remarks
about preservation to subspaces and easy consequences of

these remarks.
0.3. Remark, Closed subspaces inherit (%*).

The proof is routine and is omitted. One consequence
of this is that neither irreducible nor o-minimal base can
imply (*). It is shown in [DS] that every space can be
embedded as a closed subspace of an irreducible space, and
it is shown in [BZ] every space can be embedded as a closed

subspace of a space with o-minimal base.
0.4. Remark. Open subspaces need not inherit (%*).

In section 2, we will describe an example, due to

Burke, which is locally compact T, and does not satisfy

2
(*). Such a space will be an open subspace of any of its
compactifications.

We close this section with a list of definitions.

The references given contain the definition but may not be

the original source.

0.5. Definitions.
0.5.0 [Bo]l]. A space X is a wA-space if and only if

there is a sequence (gn: n € w)of open covers of X such

lThis question has recently been shown to have con-
sistent negative answers under CH by K. Alster, D. Burke
and S. Davis and under b = ¢ by Z. Balogh.
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that if x € X and X, € st(x,gn) for each n € w, then

(xn: n € w) has a cluster point.

0.5.1 [C]. A space X has Gd-diagonal if and only if
there is a sequence (§n: n € w) of open covers of X such

that if x € X, then {x} = n  st(x,g).

0.5.2 [Ho]. A space X has G¥-diagonal if and only if

there is a sequence (§n: n € w) of open covers of X such

that if x € X, then {x} = nnewst(x,gn).

0.5.3 [WW]. A space X is 6-refinable if and only if
for every open cover (/ of X there exists a sequence
(Vn: n € w) of open covers of X, each refining {/, such that
for each x € X there exists n € w such that {V: x € V € Vn }
is finite. g
0.5.4 [SW]. A space X is orthocompact if and only if
for every open cover (/ of X there exists an open cover V of

X, refining ¢/, such that n#/ is open for any ¥ < V.

0.5.5 [L]. A space X is a GO-gpace if and only if X
can be embedded in a linearly ordered topological space

(LOTS, for short).

0.5.6 [NS]. A space X is a c#-space if and only if X

has a o-closure preserving point separating closed cover.

0.5.7 [M]. Let x > 2 be a cardinal. A space X is
k-fully normal if and only if for every open cover ( of X
there exists an open cover |/ of X, refining (/, such that if
W < V/ with VAl < x and ny # @, then there is U € {/ with

u c U. Note we call / a x-star refinement of (.
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0.5.8 [M]., Let k > 2 be a cardinal. A space X is
almost k-fully normal if and only if for every open cover
{/ of X there exists an open cover / of X, refining {/, such
that if x € X and A c st(x,V) with |A| < «, then there is

U € U with A c U.

0.5.9 [Hl]. A space X is A-normal (or diagonal normal)
if and only if AX, the diagonal in X X X, has a closed
neighborhood base, i.e. if U is open and 4X c U, then there

is open V such that 8X < vV < V < U.

We follow the usual conventions about cardinals and ordinals,
viz, a cardinal is an initial ordinal, w is the set of
natural numbers, etc. All ordinals are assumed to have the

order topology.

1. Relationships—Positive Results

The main result of this section is that (*) is equiva-
lent to several other properties for spaces of form a x 3,
a and B being ordinals. Before doing that, we establish
several results indicating roughly where (*) is in some

of the hierarchies of properties commonly studied.

1.1. Remark. Suppose X is regular. If X is metacom-
pact, then X satisfies strong (*), and if X is 6-refinable,

then X satisfies (*).

This is easy, and we omit the proof. The need for

regularity is evident from the following.
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1.2. Remark. 1If X is a Tl—space and satisfies (*),
then X i1s regular.

Proof. Suppose x € X and U ¢ X is open with x € U,
Then ¢ = {U,X~{x}} is an open cover of X, and if

st (x, n ) g'st(x,U) = U, we have regularity.
X

We now exhibit a separation property which implies (*),

and in fact strong (*).

1.3. Theorem. Every A-normal space satisfies strong
(*).

Proof. Suppose X is A-normal, and let ¢ be an open
cover of X. Let U* = y{U x U: U ¢ {} and find V* ¢ X x X
open with AX < V* < V¥ c U*. Let / = {V: V is open, V c U
for some U € {/, V x V c V*}. Suppose y € st(x,/), and let
G be a neighborhood of (x,y) in X x X. ©Now G contains a

set of form G, x G, where G,,G, are open in X, X € G and

1 2 1’72 1’

y € G Hence there is a vV € V with x € Vv and G, nvVv # 8,

2

say z € G, N V. Then (x,z) € (Gl x G n(vxv)cGnv*,

2 2!
Hence (x,y) € V* = U*. So there is U € { with (x,y) € U x U,

i.e. y € st(x,{).

It is shown in [Hl] that almost 2-fully normal spaces
are A-normal, in [M] that all LOTS are w-fully normal, and
in [L] that all GO-spaces are homeomorphic to closed sub-
spaces of LOTS. In particular, it follows from the above
that all GO-spaces, and hence all LOTS, satisfy strong (*).

We now turn to the main result of this section. We
will accomplish this theorem via a sequence of small steps,

looking at spaces o x B for several special ordinals a and 8.
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1.4, Theorem. If k i1s an uncountable regular cardinal,
then k x (k + 1) does not satisfy (*).

Proof. Let U = {k x x} u {[0,a] x (a,k]l: a < x}, and
suppose (Vn: n € w) is any sequence of open covers refining
U. Por each n € w, for each ¢ < x, choose £ (a) < a such
that (fn(a),a] X (fn(a),a] c V for some V € Vn. By the
Pressing Down Lemma, we choose Y, <K and a stationary set
Sn < k such that fn(a) = Y, for all g € C Since S, is
cofinal in k, note that for any a > y_, (a,x) € EETTETETTV;T\
st((a,a),d). Since cf(x) > w, y = sup{y : n € w} + 1 <«
and (y,x) € EfTTTTVTTV;T\st«y,y),U) for every n € y, so

(*) fails.

1.5. Theorem. If o, B, Y are ordinals with o + 1

It
<

< cf(B), then a x B 1is w—fuZZy normal.

Proof. First note that if cf(B) < w, then a x B is a
finite disjoint union of clopen copies of B, so a x B 1is
w=fully normal. So we assume cf(R) > w.

Now suppose o is the smallest counterexample, and
suppose (/ is an open cover of o x B. Choose a closed cofinal
subset C c B which is order isomorphic to cf(B). For each
§ € C choose f(§) < y and s(8§) < § such that (£(8),v] x
(s(8),8] €U for some U € {/. Applying the Pressing Down
Lemma on the uncountable regular cardinal cf(3), we can
find n < g and C' € Cwith C' cofinal in g and s(§) < n
for all § € C'. Since |C'| = cf(B) > y, there exists
C" < C', also cofinal in B, and p < y such that £(§) = p
for every § € C". Now {(u,y] x (n,8]: § € C"} is an increas-

ing open cover of (u,y] x (n,B) with uncountable cofinality,
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hence is an y-star refinement of itself, and therefore of (.
By minimality of a, there is an open w-star refinement of (/
whose union is the clopen subspace [0,y] x 3. By compact-
ness, there is an open w-star refinement of (/ whose union

is the clopen subspace [u + 1,y] x [0,n]. Hence ¢ x (5 is
w-fully normal. Thus no minimal counterexample can exist,

and the result is established.

1.6. Theorem. If « ts regular, then « x k ts w-fully
normal.

Proof. If k < w, then ¥ x k is o-compact, and the
result is true. Suppose Kk > w and { is an open cover of
K x K, For each a < Kk, choose f(au) < a such that (f(a),a]
x (f(a),a] € U for some U € {/. By the Pressing Down Lemma,
there exist v < k and a stationary set S € k such that
f(a) = Y for all a € S. Now {{y,ax] x (y,al: a € S} is
an w-star refinement of { covering (y,k) x (y,k), and
k x [0,Y],[0,y] x [y + 1,k) are w-fully normal by 1.5 and

complete a clopen partition of Kk x k. The result now

follows.

1.6.1. Corollary. For any ordinal a, o *x o satisfies
(*) ©if and only if cf(a) < w or cf(a) = a.

Proof. If cf(a) < w or cf(a) = a, then (*) follows

by o-compactness or w-fully normal, respectively. If
w < cf(a) < a, then @ % o contains a closed copy of

cf(a) *x (cf(a) + 1); hence a *x o does not satisfy (*).
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1.7. Lemma. If cfla) < wand a < cf(B), then o x g
18 w-fully normal.

Proof. We first note that for any successor y < o, we
have from 1.5 that y x B is w-fully normal. Suppose
cf(a) = w. Choose a seguence (an: n € ) strictly increas-

ing with a, > a. For each n € w, [an + 1,a is homeo-

n+l]

morphic to a successor Y, < a. Now o x R is homeomorphic
. + .

to the free union (ao 1) x B ¥ (Hnemyn x B}, and thus is

w-fully normal.

1.8. Theorem. Suppose o and B are ordinals with
a < B. The following are equivalent:

(1) a x B is collectionwise normal

(2) a x B is normal.

(3) a x B Z8 w-fully normal.

(4) o x B is almost w-fully normal.

(5) a x B 18 2-fully normal.

(6) o x B t8 almost 2-fully normal.
(7) o x B 1s A-normal.

(8) a x B satisfies strong (*).

(9) a x B satisifes (*).
(10) o« x B is orthocompact

(11) One of the following is true:
a) cf(a) < w and cf(B) < w.

b) a = 8 cfi(a).

c) cf(a) < wand o < cf(B).
Proof. It is shown in [S] that (2) <= (10) +—- (11).
It is clear that (3) = (4) =+ (6), (3) =+ (5) + (6),

(8) » (9) and (1) =+ (2). It is shown in [Co] that (6) =+ (1)
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and in [H] that (6) - (7). By 1.3, (7) - (8). Hence,
to complete the proof, we need to show that (9) » (11) and
(11) » (3).

Suppose (11) is true. If a) holds, then a x B is
O~compact. If a = 8 = cf(a), then a x B is w-fully normal
by 1.6. Suppose c) holds. If o = cf(B), then again a x f
is O-compact. If a < cf(B), then by 1.7 a x B is w-fully
normal. Hence (11) =+ (3).

Now suppose (1ll1l) fails. First suppose a = £, By
1.6.1, @ x B does not satisfy (*). Suppose a < B. If

cf(a) > w, then o x B contains a closed copy of cf(a) x

(cf(a) + 1); hence o x B does not satisfy (*). Suppose
cf(a) < w. Since c) fails, we have a > cf(B). Thus a x B
contains a closed copy of (cf(B) + 1) x cf(B); hence a x 8
does not satisfy (*). This exhausts the cases. So

(9) = (1l1), and the proof is complete,

2. Examples

In this section, we present several examples showing
where implications between (*) and certain other properties
fail., 1In particular, we were interested in comparisons
of (*) with the properties of orthocompactness and being a
0#-space. Our reason for being interested in these stems
from two results which were conveyed to the authors by
D. K. Burke. Thye are (l) a wA-space is developable if
and only if it is a 0#—Space [B3], and (2) any orthocompact

space with Gs—diagonal is a O#—space.
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2.1. Example. The ordinal space w, is a countably

1
compact space (hence, wlA-space) satisfying strong (*)

(and many other things) which is not a o#-space.

2.2. Ezxample. Gruenhage's "orthocompactness-killing"

machine applied to w which we will denote G(wl), satisfies

1’
strong (*) (and many other things, see [G]) and is not
orthocompact.

Proof. The underlying set of G(wl) is Wy U (wl x wl).
Points of w) X w, are isolated, Neighborhoods of a € wy
have form U U (U x (wl\F)) where U is a neighborhood of «a
in wy and F < wy is finite. It is shown in [G] that this
space is not orthocompact. Junnila has shown in [Ju] that

this space is almost 2-fully normal, hence satisfies strong

(*).

2.3. Example [FL]. There is a Moore space (hence,
satisfying (*) and having Gd-diagonal) which is not ortho-

compact.

The properties are verified in [FL] where the space
is attributed to R. W. Heath. So we shall simply describe
it here. Let R = {(x,y) € @2: y > 0}). Now X =R U
[(R~R) x {0}]. Points of R have Euclidean neighborhoods.
For x € R~D, {{(x,00} u {(x + k,h) € R: |k| < |h| < €}:

€ > 0} is a neighborhqod base at (x,0).

2.4, Example [My]l. Mysior's celebrated "simple"
example of a regular space which is not completely regular

is shown in [H to be A-normal. So we have that while

1)
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(*) implies regular, even the stronger A-normal does not

imply completely regular. As the properties we want are

proved in [Hl] and [My], we again simply describe the space.
Let X be the closed upper half-plane plus a point =,

Points above the x-axis are isolated. A neighborhood base

at (x,0) is {{(x,y): 0 < y < %} U {(x+1+y,y):

0 <y < %}: 0 < n € w}, A neighborhood base at « is

{{«} U {(x,y): x > n}: n € wl,

2.5, Example [S}]. There is a T, orthocompact space

2

which fails to be regular (hence cannot satisfy (*)).

Again, the relevant properties are noted in [S], so
we simply describe the space. Let X = R. As a base for
the topology on X, take {{x}: x € R~Q} v {V~A: V Euclidean
open, A < (}.

This is, of course, the "wrong" reason for orthocompact-
ness to not imply (*). We really want a regular example,
and we will give one shortly. First, let's look at another
example, which has been attributed to R. H. Bing, which
shows that even very strong separation properties may not

imply (*).

2.6. Ezxzample. There is a monotonically normal,
hereditarily countably paracompact space which does not
satisfy (*).

Proof. Let X be the space obtained from wy X (wl + 1)

by isolating all points of w, X w It is shown in [Co]

1 1
that X is collectionwise normal, and in [vD] that it has

the properties listed above. We show that it does not



70 Davis and Hart

satisfy (*). Let U = {[0,a] x (a,wyls @ < wyl U {({x}:

X € wy X wl}. Suppose (Vn: n € w) lis a sequence of open
covers, each refining {/. Suppose n € w. For each g < wys
choose fn(a) <a, s (@) € w;, and Vna € V such that

(£, (@)sal) x (s (a),u;l ¢ Vnu' By the Pressing Down Lenma,

n n
there is B, € wy and a stationary Sn < wy with fn(a) < Bp
for all o € Sn; Let B = sup{fpn: n € w} + 1. Let
C = {8 ¢ wy: for each n € u (Sn N § is cofinal in § and
sn(a) < § for each o < §)}. Now C is c.u.b. in wys SO
we choose a limit ordinal § € C with § > B. For each
n € w, we see that for each a € (B,8) n Sn’ fn(a) < B and

s (a) < §. Thus (8,8) € (f (a),a) x (s (a),wy) €V

o
Hence we have {(a,wy): o € (,8) N S} < st((B,é),Vn),
and so (6,wl) € stZZB,éi,Vn) for every n € y, but (é,wl) ¢

st((8,8),l). Hence (*) cannot be satisfied.

2.7. Ezample. X (wl + 1) is countably compact

!
(hence, a wA-space) but does not satisfy (*).

The properties claimed are clear, see 1.4. We would
also remark that this shows that (*) is not preserved by
perfect preimages, even though the range space, in this
case w;, may have many strong properties.

Our last two examples are what have come to be called
"y-like spaces,"” named for the famous Isbell-Mrowka space

y found in [GJ] exercise 5.I.

2.8. Definttion. A y-like space is a space
y(A,X) = A U X where 4 is an almost disjoint collection

of countable subsets of X. Points of X are isolated. 1If
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A € A, then {{A} U (ANF): F is finite} is a neighborhood

base at A.
2.9. Lemma. Every y-1like space ts orthocompact.
Proof. 1If (/ is an open cover of V(A,X), then { has an

open refinement V = {{x}: x € X} v {{Aa} u (ANFp) 0 A € Al
where each FA is an appropriately chosen finite set.

Clearly, V is interior preserving.

2.10. FExample. There is an almost disjoint family 4
on w such that y(A4,w) is an orthocompact Moore space
which does not satisfy strong (¥*).

Proof. It follows from 2.9 that any y(4,w) is an
orthocompact Moore space (developability is trivial). Wwe
construct A = {Aa: a < w;} by induction. Let {A: ne w
be a partition of w into infinite sets. For a > w, suppose
we have {AY: Y < a} defined. We now define A, . Write
a =, *my where - is a limit ordinal and m, € w. Since
a < Wy, we let {Yi: i € w} be a one-to-one counting of «a.
Choose A, cw such that the following are satisfied:

(1) m, ¢ A, and (2) ]Aa n AYil = | for each i € w. By the
almost disjointness of {AY: Y < a}, it is clear that we can
construct such an A,. Now let ¢ = {w} u {{A} U A: A € A}.
1f V is any open refinement of {/, then [/ has an open refine-
ment of form {{Aa} U (A~ng): o€ wl} U {{i}: i € w}, and
stars decrease with refinements, so we will assume [/ has
this form. Fix m and n such that the set I = {a: n, =n,

m € Aa\n} is uncountable. Now choose « 2w such that

[Ina|l >wandm= m,. Now by (1), m ¢ A, so A, ¢ st(m, ).
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However by (2) for each k € w there is y € I N « with

(Aa\k) n (AY\n) # @. Hence Aa € Uyelna

(AY\n) c st(m, V),

so strong (*) fails.

2.11. Ezample [B;l, [B,]. If z = “2 is the Cantor
set, and A is a maximal almost disjoint collection of
convergent sequences in Z, then y(4,2) is locally compact,
orthocompact, a o#—space, and has Gd—diagonal, but does
not satisfy (*).

Proof. Orthobompactness follows from 2.9. The
o#—space property follows since the space is orthocompact
and has Gé—diagonal. It is noted in [Bl], and is not

terribly difficult, that the space does not have Gg—diagonal,

hence it could not satisfy (*) since it has G6~diagonal.
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