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CONVERGENCE IN THE BOX PRODUCT OF 

COUNTABLY MANY METRIC SPACESl 

L. Brian Lawrence 

o.	 Introduction and Theorems 

Notation. Suppose that for each i E w, Xi is a metric 

space,	 and let X be the box product 0iEwXi (the point-set 

and a typical base element is IliEwU whereof X is J1 iEwXi i 

each Ui is a proper open set in Xi). Is X normal or 

paracompact? This problem was originally posed by A. 11. 

Stone over twenty years ago and remains in large part 

unsolved (see the survey articles of E. K. van Douwen, 

[vOl, and S. Hilliams, [W]). The first positive consistency 

result was obtained by M. E. Rudin in [H]: the Continuum 

Hypothesis implies that if each Xi is locally compact and 

a-compact, then X is paracompact. In [K], K. Kunen gen

eralized both the factor spaces and the method of proof. 

At the heart of the Rudin-Kunen strategy is the following 

decomposition of X. 

Define two points in X to be equivalent if they disagree 

at most a finite number of times, and for each p, let E(p) 

be the equivalence class to which p belongs. For each 

P E X and each i € w, let Fi(p) = {q E X: (vj > i) 

(qj Pj)}. Then E(~) = UiEwFi(p). Let ViEwX i be the 

quotient space on X induced by E (sometimes called the 

IThis paper is partially based on Part II--Chapter 2 of 
the author's Ph.D. Thesis, State University of New York at 
Binghamton. The author thanks his thesis advisor Professor 
Prabir Roy. The author also thanks the referee for a very 
helpful report. 



86 Lawrence 

nabla product), and let 0 be the quotient map, so o(p) 

denotes E(p) as a point in the quotient space. 

The purpose of this paper is to show how convergence 

in"X, across and inside the fibers of the Rudin-Kunen 

decomposition, depends upon local compactness in the factor 

spaces. 

Proposition. Suppose p E X and Y c X. Then (1) p is 

a limit point of a countable subset of Y iff P is a limit 

point of Y n E(p); and (2) there is a sequence in Y'{p} 

converging to p iff there exists i E w such that p is a 

limit point of Y n Pi (p). 

Theorem 1. Suppose Xi is locallu compact for eaoh 

i E w" and Cis a c los e d sub set 0 f X. '1'hen [0 r' eve l J U l 'i mit 

poi n t p of C, t he 2'"1 e ,i s a seq uc n cei n C, { P } co n v C l J j i n ~; top. 

So in light of the Proposition, if C is closed and C n E(p) 

= {p}, then p is an isolated point of C. 

Theorem 2. Suppose that [01 1 each i E w" Pi is a
 

point in Xi that does not have a compact neighborhood.
 

Then there is a closed set C c X containing P such that:
 

(1) C n E(p) = {p}; 

(2) P is a limit point of C; 

(3) P is the only limit point of c. 

So in light of the Proposition, there is a closed set C 

where p is isolated from each countable subset but is 

nevertheless a limit point. 
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1. Lemmas 

Notes. Lemma 1 below is in [K], where it is attributed 

to Rudin. We include a proof for the convenience of the 

reader. Lemma 2 is a generalization of the fact that a is 

closed if each Xi is compact, which is in [K] and implicitly 

in [R]. 

Lemma 1. 'l'he cluotient space V. X. iv 
J 1 Ew 1 J 

(i. e. J the intersection of everu eountable C'ollectIon of 

open sets is open). 

Proof· First observe that 0 is an open map (so 

{o(U): U is open in X} is a base for the quotient space), 

and for all U == n. _ U. and V == n. V., o(U) c o(V) iff 
ltW 1 lEW 1 

(3j E w) (Vi> j) (U ~ Vi). Suppose p E X, and for each
i 

nEw, U(n) is a basic open set in X containing p. Define 

V ITiEwV i by Vi == n{U(n)i: n ~ il. Then p E V and for 

each n, (] (V) c a (U (n) ) . 

Lemma 2. Suppose that for each i E w~ K. c x. is 
1 - 1 

Then for cach cl-oscJ [jet 

A c K~ 0 (A) is closed in the quotient 8pacc. lyc wi Zl 1)}'lO ve 

and sub seq ue n t l y use the f 0 II 0 win (J l i "n', t I) 0 i Jl t ve I' H ion 0 f 

the vtaternent that alK is a closed mal). 

K i s not t 0 be c 0 ~ l f use d wit h c han gin U the I) 0 ·i n t U 0 f "t Jl e 

quotient space by intersecting the equivalence classes with 

K; the quotient map a'nd space rema-in intact.) Suupone 

P E K and A c K where A n E(p) == Wand a(p) ia a limit 

point of o(A) in the quotient space. 

q E K n E (p) wheIJe q is a limit [Jot~nt of A in x. 
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Proof. Assume our conclusion does not follow and let 

S be a basic open cover of K n E(p) where US n A =~. By 

the compactness of each K we can choose a sequence T of
i

,
 

finite subcollections of S where for each n, K n Fn(p} C
 

uT(n}. We also assume that each set in T(n} intersects
 

Fn(p); equivalently, for each U E T(n} and each i > n,
 

Pi € Vi· Define V = ITiEwVi by Va = X and for i > a bya 

Vi n{v i : (3n < i) (V E T(n»}. Then p E V and U{K n E(q): 

q E V} is contained in us and is therefore disjoint from A. 

Since A c K, U{E(q}: q E V} n A = ~, so o(V) n o(A) ~ in 

the quotient space. This result (and the fact that a is an 

open map) contradicts the hypothesis. 

2. Proofs of the Proposition and the 1'heorems 

Proof of the Proposition. Part (l)--Sufficiency.
 

For each i E (JJ , let {Vi (n) : n E be a local base at p ..
(0 } 
1. 

For each j E w and each s: w -t- w, let G. (s) = n. E u. (s.) n 
J 1. W 1. 1. 

F j (p) . Let Z be a countable subset of Y such that for 

each j and s, if y n G. (s) ~ ~, then Z n G (s) ~ ~. We 
J j
 

can take Z to be countable since G. (s) G. (t) if 5 and t
 
] J 

agree on [a , j ] . 

We claim that p is a limit point of Z. Let s: w ~ w. 

By hypothesis, there exists q E ITiEwUi(si) n y n E(p). 

Let jEw such that q E F. (p). Then q E G. (5), so 
] ] 

znGj{s)~~. 

Part (l)--Necessity. Suppose q: w ~ Y'E(p). Then 

for each nEw, there exists k(n) >: n such that 

q(n)k{n) ~ Pk(n)· Since the map k is finite to one, we 

can choose an open set U about P so that for each i E 9m k 
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-1
(the image of k) and each n E k (i), q(n)i f Ui. So P 

is not a limit point of ~m q. 

Part (2)--Sufficiency is in~ediate. For Part (2)-

Necessity, suppose q: w ~ Y where there does not exist i E w 

=with ~m q Fi(p). Then we can choose a subsequence q 0 £ 

where for each nEw, there exists k(n) ~ n such that 

q(£(n))k(n) ~ Pk(n)· ·As in the proof of Part (I)-

Necessity, the finite to one property of k implies the 

existence of an open set U about p that excludes each term 

of the subsequence. So q does not converge to p. 

Proof of Theorem 1. Suppose C c X is closed and p E C 

where p is a limit point of C. 

Claim 1. We first show that p is a limit point of 

C n E(p). Assume otherwise and by the regularity of X and 

the local compactness of the factors, choose a basic open 

set U = IIiEwU i where p E U, IT n C n E(p) = {p}, and for each 

i E w, U is compact (as usual the horizontal bar denotesi 

the closure operator in the appropriate space). For each 

(i,j) E w x w, where j is nonzero, let A(i,j) = {q E U n c: 

the distance between q. and p. is at least ~}. Note that 
1 1 J 

by the choice of V, each A(i,j) is disjoint from E(p). 

Since p is a limit point of B U{A(i,j): (i,j) E w x w, 

j 1 o}, o(p) is a limit point of a(B) in the quotient 

space. By Lemma 1, ~here exist i and jo such that a(p) isO 

a limit point of O(A(io,jO». By Lemma 2, there is a 

point in U n c n E(p) that is a limit point of A(io,jO) in 

X. By the definition of A(io,jO)' this point is neces

sarily different from p. This result contradicts the 

choice of U. 
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CZaim 2. There exists i E w such that P is a limit 

point of C n Fi(p). We assume otherwise and by an induc

tive process choose the projections of a basic open set 

U = TIiEwU where p E U and U n C n E(p) = {pl. The existencei 

of such an open set contradicts Claim 1. 

Since p is not a limit point of C n FO(p), we can 

choose an open set U ~ x containing Po such that ITO iso o 
compact and (ITO x TIi>OX i ) n C n FO(p) = {pl. We can now 

choose an open set u ~ Xl containing PI such that U isl l 

compact and (ITO x ITl x TIi>lX i ) n C n Fl(p) = {pl. Other

wise, there is a sequence (q(n)) in (ITO x ITi>OX i ) n C n F (p)l 

where (q(n)l) is a sequence in Xl'{P } converging to PI;l 

but then (q(n)) has a convergent subsequence, and this 

contradicts either the assumption (if the subsequence con

verges to p) or the choice of UO. Continue this process 

until for each i E w, U has been chosen using the compact
i 

ness of ITo x ••• x Vi-I. 

Proof of Theorem 2. For each i E w, let {ui(n): nEw} 

be a nested local base about Pi' and let ~i: w x w ~ Xi 

be a 1-1 function, where for each mEw, {~i(m,n): nEw} 

is closed and discrete in Xi and is a subset of ui(m),ui(m +1). 

We first define a closed set C' that satisfies (1) and 

(2) in the conclusion of the theorem. We then define a 

closed set C where C c C' and C satisfies all three proper

ties. Let ¢: Ww ~ X where ~(s), = w. (s, ,s'+l)' and let 
111 1 

C' ~ (the closure of the image of ¢). Note that p 

is a limit point of ct. 
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We claim that C' n E (p) = { p} . Let £ be a limit point 

of 9m <p distinct from p. Let i E IJJ be the least index with 

£. "f p .. Since p. is the only limit point in X.of the i-th
1. 1. 1. 1. 

projection of C' , there are integers s. and si+l with 
1. 

£i ~i(si,si+l)· Then £ is a limit point in X of 

{q E 9m <p: q. = ~. (s. ,s'+l)}. For each q in this collec
1. 1. 1. 1. 

tion, qi+l E t ~ i+l (s i+l' j): jEw}. This set of values 

does not have any limit point~ in Xi + l , so there is an 

integer si+2 with £i+l = ~i+l(si+l,si+2)· We now have 

that £ is a limit point in X of {q E 9m <P: qi = ~i (si,si+l) 

& qi+l ~i+l(si+l,si+2)}· Continuing this process gener

ates the tail end of a function s E Ww where £ agrees with 

<P(s) on indices j > i. So ~ ~ E(p). Moreover, we have a 

characterization of the limit set of 9m <P: {t E X: t = p, 

(3i E w) (Vj E w) ( (j < i -+ t· = p.) & 
J J 

(j> i -+ £j = ~j (Sj,Sj+l)))}. This characterization indi

cates the adjustment that must be made in the domain of <P 

to eliminate all limit points except p. 

Let D c Ww such that (1) D is strictly dominant (i.e., 

('tiS E ww ) (3t E D) (Vi E w) (si ~ t », and (2) each pairi 

of distinct functions in 0 disagree on an infinite number 

of indices. Let C = 9m(~ID). 

Remark. The referee pointed out the following varia

tion on the construc~ion used to prove Theorem 2. Let C be 

the closure of {g E E(p): (3m,n E uJ with m ~ 0) (qo = 

~o(m,n) & gm ~m(n,O) & (Vi ~ O,m) (qi = Pi»}. Then C 

is countable and p is the unique limit point of C, but p 

is not the limit of a sequence in C'{p}. To see this, 
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first note that each point in C'{p} is different from p in 

the	 first coordinate. Suppose q: w ~ C'{p} converges to p. 

Then there exists i E w such that 9m q c F i (p) · This 

implies that {m E w: (3k,n E w) (q(k)o 4J 
O

(m, n) ) } is 

bounded above by i, so PO is isolated from {q (k) 0: k E w}, 

in contradiction to the choice of q. This proves the 

converse of Theorem 1 since the construction of C in this 

example requires the failure of local compactness in only 

one coordinate. 
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