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COMPOSITIONS AND CONTINUOUS RESTRICTIONS
OF CONNECTIVITY FUNCTIONS

Richard G. Gibson, Harvey Rosen, and Fred Roush

In [1] a connectivity function f: I + I was constructed
which had the property that the restriction of the function
to any perfect set was not continuous. One purpose of this
paper is to show that this does not hold true for connectivity
functions defined on In, n > 2, and having any metric space as
its range. In [4] it is proved that for a continuum Y, g: I +Y
is continuous on (0,1) if f: 12 + I is continuous and onto
and the composition gef is a connectivity function. It was
asked if this result would hold if f is a connectivity func-
tion, (p. 1343). 1In the present paper we show that the
answer is "yes" even if we only require f to be a Darboux
function.

A function f: X + Y is a connectivity funection if for
each connected subset C of X the graph of f restricted to
C is connected in X x Y. The function f is said to be
peripherally continuous if for each x in X and for every
pair of open sets U and V containing x and f(x), respec-
tively, there is an open set W contained in U and contain-
ing x such that f(bd(W)) C V where bd = boundary. The
function f is a Darboux funetion if for each connected
subset C of X, £(C) is a connected subset of Y. For
functions having domain In, n > 2, and range a metric
space, connectivity functions and peripherally continuous

functions are the same [5].
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By a neighborhood M of x, we mean an open set M con-

taining x with closure M.

Theorem 1. If £: SRS Y, n > 2, is a connectivity

function, then for each x € 1" there ezists a perfect set
K containing x such that £|K is continuous.

Proof. Select any x € ™. If x is not a corner of

In, let L be any line segment such that x is not an end-

point. If x is a corner, let L be the union of two line

segments such that x is an endpoint of each.

Let Ml be a neighborhood with center x and

diameter(ﬁl) < 1 such that M, contains neither endpoints

1

of L. Let N, be a neighborhood of f(x) with

1

diameter(ﬁl) < 1., Since f is peripherally continuous,
there exists a connected open set in Ml containing x with

a connected boundary F C Ml such that £(F) €N Choose

1
be disjoint neighborhoods

Xy # X in FN L, Let B, and B

0 1

such that neither contains x, xy € B,y C §0 c My,

dlameter(BO) <1, 3] € Bl - Bl - Ml’ and dlameter(Bl) < 1.

If f(xo) # f(xl), let 30 and 31 be disjoint neighbor-

hoods such that f(xo) € Do C Do C Nl’

f(xl) € Dl C Dl C Nl’ and dlameter(Dl) <1l, 1If f(xo) =

f(xl), let D0 = Dl'

Then there exists a connected open set containing

diameter(ﬁb) <1,

X, and contained in Bo with a connected boundary C0 such

that f(Co) C DO' Also there exists a connected open set
containing X and contained in B, with a connected

Now B, UB, C M

boundary Cl such that f(cl) C D;. 0 1 1

and

Do U Dl C Nl'
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00" %01 S C0 N L and XlO’xll € Cl N L., Let B00

be disjoint neighborhoods such that

Let x
and B01

X90 € Boo © Bog © Bor

CEB

diameter(Ebo) < 1/2,

X and diameter(EOl) < 1/2.

o1 < Bor
) # f£(x

01 € Boy

If f(x let D,. and 50 be disjoint

00 01)' 00 1
neighborhoods such that f£(x,4) € Dy, c 560 < Dy

diameter(D..) < 1/2, f(x01) €p,, ¢D,, €D, and

00 0l 01l 0’

diameter(ﬁbl) < 1/2. 1If f(xoo) = f(x01), let D00 = DOl'
Then there exists a connected open set containing

%50 and contained in B00 with connected boundary C00 such

that f(COO) c DOO' Also there exists a connected set con-

taining X451 and contained in B01 with connected boundary

C

0l 0l°

By letting Elo and Ell have an analogous meaning and

such that f(COI) cpD

by continuing this procedure, we obtain a dyadic system

B of non-empty closed sets satisfying
Cyee-Cy

B CB , diameter (B ) < 1/k,

CleCpCry1 Cy---Cp CpeeCy

Cc c ¢ EE r D c,.C < Bc
1% %k . Cp+eCpCpriy

I4

“x

10

£(C ) ¢ D , and diameter (D ) < 1/k.
Cp...Cp CpeeeCp CpeeeCy

Now it follows that the set

A, =0, UB
1 k=1 Cye+Cp

where the union is taken over all systems of k digits
CpeeeCp is homeomorphic to the standard Cantor set and

Al C L,

We now show that f|Al is continuous. Let a € Ay

and let a, be a sequence in A, such that a, converges

1
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to a. We need to show that f(an) converges to f(a).

First we show that if x €C and
Cye++Cp Cye=eCpy

X converges to a, then f(x } converges to
CqeeeC Cl..-
1 m m

is connected for each m
m+n

oo
fla). Now U__.C
n=0 Cpee+Cpe--C

oo
€ J ' i
and a n=oCc .c ...c . Since f is a Darboux
1 m m+n

function,

®_.C ) C £(U_¢C
n=0 Cyp+++CnvCnun n=0 C1+++Cm*+Cntn

£(u ) <

Dc c
1°°°""m

Now diameter(ﬁe c ) < 1l/m. so

1°°°"™m
dist(f(a),f(xc }}) < 1/m for each n = 0,1,2,...

eesC _...C
1 m m+n

So f(x ) converges to f(a).
Cpe--Cp

Let € > 0. Since an converges to a, we can construct

a sequence x d such that Xq

1 - l...dm
n n

a converges to a

and

diSt(f(xdl..-dm ),f(an)) < 1/2¢.

n
From above f(xd d ) converges to f(a). Thus there
ceedy

n
exists a positive integer P such that if n > P, then

diSt(f(xdl...d ),£(a)}) < 1/2¢. So if n > P, then
m

n
dist(f(ay),£(a) < dist(flay) flxg g4 )) *
n

dist(f(xd ...4 Y,£(a)) < 1/2¢ + 1/2¢e = €.
"Ttm

n
Therefore f(an) converges to f(a).
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By induction construct sequences {ﬁg} with
diameter(ﬁh) < 1/n and {ﬁ;} with diameter(ﬁh) < 1/n such
that x is the center of Hn’ f(x) € Nn’ An is a Cantor set
in L, An is a subset of the complement of Moiqr fIAn is
continuous, and Ai N Aj = @ whenever i # jJ.

Let K = {x} U (U:= An). Then K is a Cantor set and

1

f|K is continuous.

We make the following remarks.

(1) IfD nD

#
C1+++Ch dl...d

= when Ciaene
. ¥ whenever 1 Cm

d;...d4 , then flAn is one-to-one and f£|A is a homeo-
morphism.

(2) In the proof of Theorem 1 it appears that we need
something less than the requirement that the function be
a connectivity function. The requirements for the func-
tion was that it be peripherally continuous and Darboux.
With only these conditions, how general can the domain
and range spaces be made so that the conclusion of the

theorem is still true?

Theorem 2.  If f: ” - I, n > 2, ¢s a Darboux and

onto funcetion and g: I +~ Y ig any function such that
gof: "+ Yy isa connectivity function where Y is a
metric space, them g is continuous except perhaps at 0
or 1.

Proof. Suppose p € 1" and f(p) € (0,1). Let
q,r € 1" with £(g) = 0 and £(r) = 1. Let A denote the
line segment from p to q and B the line segment from p to

r. Since g°f is a connectivity function, it is



88 Gibson, Rosen, and Roush

peripherally continuous [6],[8]. Therefore given ¢ > 0
and given an arbitrary a € 1" and an %-neighborhood Ga of
g(f(a)) in Y, there exists a connected open neighborhood
Wa of a in I™ such that bd(wa) is connected and
g°f(bd(wa)) c Ga‘ We may suppose that p & wq, q & wp, and
Piq W, for all a € A - {p,q} and that p & W., rg Wp,
and p,r & Wa for all a € B - {p,r}. For each a € In,
diameter[gof(bd(wa))] < % and f(bd(W,)) is an interval
or singleton because f is a Darboux function.

We construct a chain from p to g as follows. Let

UO be a finite subcover of the open cover {Wa: a ¢ A} for

be the point of A N bd(Ul) that

A. Let Ul = Wp' Let X
is closest tog. Some wa in UO contains X Now,
1
n . < .

bd(Ul) bd(wal) # @; otherwise since 3] € wal N bd(Ul),
then Ul C Wal, in contradiction to p & Wal. Let U2 = Wal.
Let X, be the point of A N bd(U2) that is closest to q.

i 5 i = N
Some Wa2 in UO contains X5 Let U3 Waz. If bd(U3)

bd(U,) # @, then we would so far have a chain {Ul'Uz’UB}

from p to x If bd(U3) N bd(Uz) = @, then bd(U3) N

2°
bd(Ul) # @ because, otherwise, it would follow that

(V] C
U1 U2 U3,

have a chain {Ul,U3} from p to x

in contradiction to p & Wa . Then we would
2

2e Using induction and

the finiteness of Ob, we can finish constructing a chain

¢, ={u, ,u, ,...,u. } €l from p to g where U, =W_,
1 i, 12’ ! i 0 i, P

y N bd(Ui ) #9 for k =1,2,...,m - 1.

U, = W_, and bd(uU,
q i k+1

m k
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We show that the chain Ulfromp to g can be chosen in

such a way that f(UsUU bd(u)) N [0,f(p)) # #. Construct
' 1

similarly, a seguence Cl’ CZ’ C3," of chains each from
p to @ so that each chain Ci has the same properties as

Uy

(U(Ui=l{bd(U): U € Ci})) is connected. Since f is

but so that mesh(Ci) < % and the set C = {p,q} V

Darboux, f(C) 2 [0,f(p)]. Therefore for some k and some
U € Ck’ £(ba(u)) N [0,f(p)) # 9. Now U can be chosen
to be Ck.

Let VO be a finite subcover of the open cover
{Wa: a € B} for B. Similarly, we can construct a chain

0, =1{v, ,v. ,...,v. Y CV_ £ t h V. =W
2 31' 32, ’ ]s 0 rom p to r where ]1 o’

v, = Wr, bd(v, ) N bd(v. ) # 9 for k = 1,2,...,8 - 1,
Jg Ik Jk+1

and £(bd(V)) N (£(p),1l] # @ for some V € Uz. Let
= U
u Ul 05.
Because U{bd(U): U € {} is a connected set J, f(J)
is by construction an interval whose interior contains
f(p). We claim there exists Wl in { such that f(bd(Wl))

is nondegenerate and contains f(p). There exists W in

U/ such that f(p) € £(bd(W)). If £(bd(W))

{f(p)}, then
there exist W,,W, € { such that £(bd (W) {£(P},

bd(WO) N bd(Wl) # @, and f(bd(wl)) is nondegenerate.
Therefore f£(p) € f(bd(wl)). In case f(p) € int f(bd(wl)),
we let K = f(bd(Wl)). But in case f(p) is instead an
endpoint of f(bd(Wl)), it follows that there is W2 e U

such that (f(p) € f(bd(Wz)) and f(p) € int[f(bd(Wl)) V]
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f(bd(Wz))]. For this case we let K = f(bd(wl)) V]
f(bd(Wz)). In either case, f£(p) € int(X) and

diameter(g(K)) < €. This implies g is continuous at £(p).

We make the following observation.

(3) If f-l(O) has a nondegenerate component C, then g is
continuous at 0. To see this, first choose x € " -c

and let L be a line segment from x to a point of C. C is
closed because f is a Darboux function [6]. Let y be the
point of L N C closest to x. For each € > 0, there

exists a connected open neighborhood W of y such that
bd(W) is connected, C N bd(W) # g, x £ W, and
diameter(g®°f(bd(W))) < €. It follows that bd(W) must

meet L - C in at least one point z between x and y. Since
bd(W) € C and bd(W) is connected, f(bd(W)) is nondegenerate
and therefore is an interval containing 0. Since

diameter(gef(bd(W))) < €, g is continuous at 0.
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