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ON RELATIVE w-CARDINALITY AND LOCALLY
FINE COREFLECTIONS OF PRODUCTS

Aarno Hohti

1. Introduction

The notion of n-cardinality is due to van Douwen and
Przymusinski [7]. The n-cardinality of a subset of Xn,
where X is any set, is the minimum cardinality of a set of
hyperplanes of codimension 1, parallel to the coordinate
axes, needed to cover the subset. In other words, the
n-cardinality [A| of A C x" is the minimum cardinality of

a subset Y C X such that

2 1

n-1 Uee-u X x Y,

ACY x X Ux xYx x%T
or, eqguivalently,

ASU{n‘zl[Y]: 1 <1i <n}.
The basic result proved by van Douwen and Przymusinski
tells us that if an analytic subset of Xn, where X is a
Polish space, has uncountable n-cardinality, then the
n-cardinality of the subset equals 2%,

By using this concept, we proved in [3] that there
are supercomplete spaces [4] X (topologically subspaces
of the reals) such that all the finite powers x" are
supercomplete but X“ is not. This shows that the action
of the Ginsberg-Isbell locally fine coreflection X [1l] is
not determined by finite subpowers, even on separable
metrizable spaces. Extending results of [5], [6], Husek

and Pelant recently proved that the locally fine
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coreflection of any product of fine, Cech-complete para-
compact spaces is fine. The question whether--in the
class of separable metrizable spaces--only éech—complete
(i.e., Polish) spaces have this property will be answered
in the negative. By Gleason's Factorization Theorem (see
[5], p. 130), it will be enough to consider only countable
powers, and this leads us to the study of w-cardinality.

To prove our result on locally fine coreflections,
we need a relativized version of w-cardinality. The main
result concerning this notion states that given a Polish
space X, a subset S C X, a subset A € w and an analytic
subset A of the product space x”, if the A-cardinality of
A relative to S is uncountable, then this cardinality
equals 2%, It is used in the inductive proof of Theorem
3.2, which is an extension of the Bernstein construction
of a non-analytic subset of [0,1]. The results on

relative w-cardinality might be of independent interest.

2. w-cardinality

Let X be a set, and let A C x*. The w=~cardinality of
A, written lAlw’ is defined as the minimum cardinality of
a subset Y C X such that

acaglivl vnltiyl v,

where the T, are the standard projections. That is, A can
be "killed" by the hyperplanes ﬂ;l(y), y € Y. In the same
vein, we can consider the A-cardinality of A with respect
to any subset A C w: |A|A is the minimum cardinality of a
subset Y C X such that

ACU (1] [v]: i €.
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In this paper, we have to consider A-cardinality
relative to given subsets S C X. Let A C XY, let A Cuw
and let S € X. We define that the A-cardinality of A
relative to S, written IA,S[A, is the minimum cardinality
of a subset Y C S (if such a set exists) such that

ACU (nilYl: i€ ).

In case there is no such Y C S, we define |A,S|A = |X
In this section we prove the analogue of the result
of van Douwen and Przymusinski for relative A-cardinality,

where A is a finite subset of w.

Theorem 2.1. Let X be a Polish space, let A C x* be
analytic, let S C X and let A € [w]““. Then l4,5], > w

implies |A,S’|A = 2%,

Proof. The result is proved by induction on |A

Obviously it is valid for |A| = 1. Suppose that we have
proved it for 1 i.]AJ < n, and let |A| = n + 1. By the
definition of relative A-cardinality, we can assume that
ACU {n;l [s] : i € A}. We consider two cases.

Case 1: |A|A < w. There is a countable set D C X
with A C U{nIl[D]: i € A}. Since [A,SIA > w, there exist
i €A and x €D v S with

|Ai,x’s|A > W

_ -1
where Ai,x =m (x) " A. But

— 1
125 xrSlp = I8; orSlpngiyr

and the inductive hypothesis implies that lAi x,S|A = 2¥,
’

But then |A,S|A = 2", because x €D ~ S.
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w o, XA be the natural

Case 2. lAlA > w. Let m: X
projection. Then (as is easily seen) |A|A = |WA[A]|n+l,
and therefore |A|A = 2% cClearly |AS|, 2 |A|A’ and the
claim is proved.

Now we move to prove the analogue of 2.1 for relative
w-cardinality. Let S C X, let E C X® and let i € u.
Define

A(i,E,S) = {x €8: 1,°(x) NE # 9},

The set of (i,S)-limit points of E, written Di (E) is
1’

S
defined as the set of all p € x¥ such that |A(i,UNE,S) |
> w for all neighborhoods U of p in X*. We define the

successive (i,S)-derivatives in the same way as the Cantor-

Bendixon derivatives are defined by transfinite induction:

(0) _ .
Di,S(E) = E;
(a+1) _ (o)
Di,S (E) = Di,S(Di,S(E))' and

(B) _ (o) .
Di'S(E) = O{Di’S(E). a < B}

if B is a limit ordinal. There is o such that Dia+l)(E)
14
Diaé(E); the set Dfaé(E) is called the perfect (i,S)-kernel
r ’

of E and denoted by Ki (E) . Notice that Ki S(E) is a
’

'S

closed set and A(i,E ~ Ki (E) ,S) is countable, since E is
’

S
separable. Therefore, if E is a closed subset of x? with
|a(i,E,S)| > w, then Ki,S(E) is a nonempty closed subset of
E. In case Ki,S(E) equais the closure of E, the set E is
called (i,S)-perfect.

The following lemma is needed in the proof of the

main result. Notice that it follows from 2.3 that the
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hypothesis of 2.2 is never satisfied; thus, 2.2 is of

technical character only.

Lemma 2.2. LetSC X and let F C X® be a closed
subset such that w < |F,S|w < 2%, Then for each k € w
there is a j > k such that |K, o(F),S| > w.

- j,S w
Proof. Suppose that for each integer j > k we have

| K (F),S|w < w. Define M = {j : j > k,|Aa(3,F,S)| > w}.

3.8

For each j € M, define Fj (F) . Then Fj is a closed

= K.
3,8

non-empty subset of F, and hence there exists an increas-

ing sequence (F;) of closed subsets of F such that

F; CF ~F, and

J
i
F = Fj VU (Ye, Fj).

As Fj N F; = g, we have |A(j,F§,S)| < w for each i € w.

It follows that the set

=U
Dy = Yyem

is countable. On the other hand, for j € w v M, j > k,

U{nj[F§1 Ns: i€ uw

we have |A(j,F,S)| < w and thus the set

D, = UIm[Fl N's: j €w v M3 >k}

is countable, too. Finally, as by our assumption j > k

implies le'Slw < w, there is a countable set Dy C S such

that

-1
quM Fj C UiEw L [D3].

Define D = D1 U D2 U D3

. -1
F' =F ~ UiEw T [D].

and let

Notice that j > k implies nj[F'] NS =¢g. Thus, |F',S|w =
|F',S|A, where A is the set {0,°°°,k}. Clearly

|F,S|w < |F',S|w + |F n F',Slw < |F',s|A + w,
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which implies (by the assumption of 2.2) that |F',S|A > w.
Since F' is analytic (being a Gé—set), Theorem 2.1 now
gives
2 = |pt,s]y = |B's], < [F.S],
contradicting the hypothesis of 2.2. Hence, there is a
j > k with le’s|w > w.
Now we are ready to state the main result of this

section.

Theorem 2.3. Let X be a Polish space, let S C X and
let F C X” be closed. Then lF’Slw > w implies |F,S|w = 2%,

Proof. Assume that |F'S]w > w. We shall prove the
claim by the method of contradiction. Thus, assume that
|F,S|m < 2“. We shall construct a map : 2¥ » F with the
property that if s,s' € 2“, s # s', then ¢(s),p(s') do not
both belong to any hyperplane nzl(x), where x € S. To
start with, let B8 be a countable base for open subsets of
w

X". Put

F' =F n~ U{B €8:

FNE,s| <ul
Then F' is a closed subspace of F such that given any open
subset U of X”, either F' NU = § or |F' N u,s|, > w.
By Lemma 2.2 there is the least i > 0 such that
L]

lKi’s(F ),s|m > w. Let

N = ' . ' B

F K; g(F") ~ u(B EB'IKi,S(F ) NB,s| < wl.
Then F" is a closed subspace of K; o(F') such that given

’

any open subset U of xw, either F" N U = ¢ or
|F* N u,s| > w. For each r < i we have K_ (F") # F".

w r,S

n = n ] " =
(1f Kr,s(F ) = F", then IKr'S(F ),slw > |Kr's(F ),slw

|F",S|m > w, which would yield a contradiction with the
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definition of i given above.) Then for each such an r,

there is an open set U, with U, N F" # ¢ and A(r,ﬁr,s) = 4.

Indeed, suppose that r < i and that |A(r,ﬁ; NnNF",S)| >1

for each open set Ur for which Ur N F" # g. Then F"

would have no (r,S)-isolated points and hence would

be (r,S)-perfect. Thus, we would have Kr,s(F") = F", which

contradicts the result just obtained above. Thus, there is

an open set Ul such that UL N F" # § and |A(r,5: nF",s) |

< 1. 1In case A(r,ﬁ; N F",S) = @, we are done, otherwise

let A(r,ﬁg NnF",s) = {p}. Since [U; n F",S|m > &, we have
(W nE") vt # g

Choose g € U; N F" with nr(q) # p. Since ﬂ;l(p) is closed,

we can find an open neighbourhood V of g such that

vn n;l(p) = . Now take Ur =V N U;. By redefining F"

as F" N U, we still have |F“,S|w > w. By repeating this

procedure for all r < i, we get a set F" such that

A(r,F",S) = @ for all r < i. Let p be some fixed compati-

ble complete metric for X“. Choose two points PyrPy € F"

and open sets UO'Ul c x¥ satisfying the following condi-

tions:

1) Py G'Uj, j=0,1;

2)  WU,] N T [0,] = 8;

3) diamp(Uj)< 1/2, 3 = 0,1.

Define

FO F" N Uo,

= n 153
Fl =F" N Ul'

Then the sets Fj satisfy the conditions w < |Fj,S|m < 2Y,

Define Aj = {i}, where j =0,1.
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For the inductive step, let n € w and suppose that
we have defined for all s € 2" the points Py and

the sets FS,As and that they satisfy the following
properties:

1) if s,s' € 2n, s # s', and j € AS n As" then

TS N TR = g

2) if 3 €{0,""",n} n As’ then A(j,Fs,S) = g;

3) |F 8], > w for all s € 27;

o aiam (7)) < 27D gor a1 s € 2",

Let {so,"‘,szn_l} be an enumeration of 2". (We consider
Zn, n € w, as the set of all sequences (to,"',tn) with

terms in {0,1}. 1In the sequel the symbol o | m denotes
the restriction of o € 2" to the set {0,°"*,m}. For

i € {0,1}, the symbol 0 A i denotes the concatenated

..

sequence o (0) ‘o(n)i. Similarly, 2” denotes the set of

all sequences (ti)iEw with terms in {0,1}, and for each

s € 2%, o|n denotes the corresponding element of 2™.)

Let t = s, and let k = max(At). By 2.2 there is the

0
least i > k with |Ki,s(Ft),S|w > w. Let

1] —
Fe = Ke,s

As before, we can reduce Fé so that if we have Kr S(Fé) #
’

L 4 5 ]
Ft for some r < i (i.e., Ft

. N R
(Ft) n UB € B: Kk,S(Ft) B's|w < wh.

is not (r,S)-perfect), then
A(r,Fé,S) = @. Define
Af = {r: 0 <r <i,A(r,F,S) # g},

Notice that we can use the inductive hypothesis (for Fé

instead of F) to find points q,q' € Fé such that ﬂj(q) #

nj(q') for all j € Aé T A Choose neighborhoods V and

e
V' of q,q', respectively, such that nj[V] N wj[V'] = @ for

all j € Aé. Since Fé is (i,S)-perfect, we can choose
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distinct x,x' € S with P = nzl(x) NVNFL # g, P' =

ﬂ;l(X') nv'nN F! # #. Choose any points p € P, p' € P';
' s 1 2 =

then nj(p) # nj(p ) for all j € A} U {i}. Put Peao = Pr

. ' ] = = ' i
Pial p'. Define AtAO A At U {i}.

tal
For the subinductive hypothesis, let 0 < m < 2" -1

and suppose that the points Py P 1 have been defined

.A0' SjA
for all j < m. Let t =s_ .., and let A, Fé and i be

defined as before. By repeating the procedure used above
for finding p,p', if necessary, sufficiently many times,

]
Pial € Ft such that

{"j(ptAo)' “j(ptAl)} N {nj(pSAo), "j(pSAl)} =g

we can find points Prao’

whenever s € {so,"',sm} and j € (Aé u{ih n As' (Use

the inductive condition 1) above and in choosing x and x'

in the preceding paragraph, notice that any finite set

can be avoided.) This finishes the subinductive step.
Thus, we have defined the points Py for all s € 2n+l.

Choose neighbourhoods Us such that

1) Py € Ugi

n+l

2) if s,s' € 2 , s #s' and j € As N As" then

“j[us] n “j[Usll =g

3)  diam (u.) < 27 (p¥2)
[e] S
For each s € 2n+l’ let
= F! NnNy.
Fg=F s|n Us
We get a map
x¥

F:2as2
defined by F(s) = Fs. Notice that for all s € 2“, we have

“** DF(s|n) DF(s|(n+l)) D """
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and diampF(sIn) + 0, whence we can define a map ¢: 2¥ -+
xY by setting

@(s) =N {F(s|n): n € w}.
Moreover, as F is closed, o[ 2”] lies in F. Now let s,s'
€ Zw, s # s'. Choose the least n € w with s(n) # s'(n).

Then by the construction of the sets Ft’ k > n implies

1) if j € ASIk n AS"k’ then TTj[Fslk] N 'ﬂ'j[Fs.lk] =2

and thus ﬂj(m(s)) # wj(m(S'));

2) if j € {o, k1o~ (Aslk N As'lk)’ then either
N ﬂ51[8]= g or F n ﬂ;l[S] = ¢ and therefore

4

Fs |k s'|k
either o¢(s) & ﬂ;l[S] or p(s') & ﬂ; s].

It follows from 1) and 2) that ¢(s),¢(s') do not both
belong to any hyperplane wgl(x), where x € §. Therefore,
the number of such hyperplanes needed to cover F is 2%,

W

This condition shows that |F,S|'(Ju = 2¥, as required.

The following result is a more general version of

2.3, proved in the same way as 2.3.

Theorem 2.4. Let X be a Polish space, let S C X, let
ACwand let F C X¥ be closed. Then |F,S|A > w implies
|F.s], = 2%

Proof. 1If A is finite, then 2.4 can be proved by
induction following the proof of 2.2; on the other hand,
if A is infinite, then the proof of 2.3 applies, provided.
that only projections "j with j € A are considered.

The concept of A-cardinality, relative to a subset

of a Polish space X, can be generalized in a natural way
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to products in which not all the factors are the same
space. Let (Xi)iEw be a countable family of Polish
spaces, and let A C w. For each i € A, suppose that
X =X and let S be a subset of X. Then the A-cardinality
of a subset A C HiEw Xi relative to S, written as usual
|A,S|A, is the least cardinality of a subset Y C S such
that

ACU {nly]: i €A},

The following result is proved in the same way as 2.4.

Theorem 2.5. Let (xi)iew be a countable family of
Polish spaces, let A C w, let X; =X for all 1 €A and let
S C X. Then |F,S|A > w implies |F,S|A = 2% for every

C
closed subset F C e, X5

As a corollary, we obtain an easy proof of the exten-

sion of 2.4 to analytic subsets.

Corollary 2.6. Let X be a Polish space, let S C X,
let A C w and let A C X* be analytie. Then |A,S|A > w
implies [A,8], = 2°.

Proof. Since A is analytic, there is a closed subset

F C w? x x* such that A = ﬂo[F], where To? w? x x® s x®

w
w and for

is the standard projection. Put xo
i €w -~ {0}, put X; = X. Define A’ = {i + 1: i € A},
Since A = WO[F], it is clear that
- . w
|F,S|A, (in ;g X;) = |A,S|A (in x*)

and the claim then follows from 2.5.
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3. Locally Fine Coreflections

The -locally fine coreflection of a uniform space uX,
written \uX, is the coarsest uniformity on X, finer than
u, with the property that every locally uniformly uniform
cover is uniform. For this concept, see e.g. [1], [2].
Much of the importance of this notion derives from its
connection with supercompleteness [4]. The proof of the
following result is similar to that of Corollary 3.5 in

[2].

Lemma 3.1. Let Y be a dense subspace of a Polish
space X. If for each closed K C X~ Y¥ there is a Gg-set
GCXuwith¥YCGand K CX¥naY, then \(FVY) = HYY).
Thus, to prove that A((]Y)w) = }(Yw), it is sufficient to
show that given a closed subset K C XY~ Yw, there is a
countable D C X v Y with

KCU {ﬂ;l[D]: i € w}.
Now we give the promised application of 2.3.

Theorem 3.2. There is a non-analytic subset ¥ C [0,1]
such that A((FV)¥)) = F @Y.

Proof. Let (Fa: a < 2Y) be an enumeration of all
closed subsets of [0,1]w and let (Aa: a < 2% be an
enumeration of all analytic subsets of [0,1] of
cardinality 2, We shall construct two sets Y,Z cfo,1]
by induction on a. To begin with, let p € F0 and put

Y, = {wi(p): i € w}. Choose g € A, v Y, and let Z, = {q}.
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Suppose that a < 2¥ and that the sets YB’ZB have been

defined for all B < o with the following properties:

1) Yg N FB # @ whenever ]FB,[O,l] Q" YBlw > w;

2) Yo n Zg = g;

3) B' < B < a implies YB' Cc YB’ ZB' - ZB;

4 Ap Nz # P

5) [Yglslzgl < 2¥,

If o is a limit ordinal, let Y; = U {YB: g8 < al and
Z; = U {ZB: B < a}. Otherwise, let Y; = YB’ Z; = ZB'

where o = 8 + 1. Now consider the set F,. If
|F . [0,1] ~ Y%, > v, then by 2.3 |F 10,11 ~ 3, = 2%,
In this case there is a point

pEF, VU {nll[z;]: i € w},
because 2% C [0,1] v¥* and |2*]| < 2%, put

Y =vu {ﬂi(P)Z i €wl Uy ¥
clearly Yg NF, #@#. On the other hand, if |F ,[0,1] ~
Y;[w < w, then there is a countable D C [0,1] ~ Y; such
that FC U {Wzl[D]: i € w}. 1In this case choose
PEA v Y* (remember that lAal = 2% and define Y = Y%,
z, = Z& U D U {p}. This completes the inductive step.

Put ¥ = U {¥ : a < 2%}, z = U {z2,: o < 2”}. Note that

Y is not analytic, since its complement meets every analy-_
tic set of uncountable cardinality. To show that Y has
the desired property, let K C [O,l]w n ¥¥ be closed. Aas
W Nk = g, and K = Fa for some a < 2“, we have
|K,[0,l] N Yé]m < w and thus by the construction of Z there
is a countable set D C 2 with K C U {WII[D]: i € w}l.

Therefore, 3.1 applies to show that A(F(Y)¥) = F(¥V).
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Corollary 3.3. There is a non-analytic subset

Y C [0,1] such that A(HY)K) = F¥) for every cardinal

number K.

Proof. By 3.2 there is a non-analytic ¥ C [0,1] such

that A(HY)Y) = HYY). By Gleason's factorization theorem,

as given in [5], p. 130, A(HY)S) = #¥*) for all «.
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