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REMARKS ON CLOSURE-PRESERVING 

SUM THEOREMS 

J. C. Smith and R. Telgarsky 

1.	 Introduction 

In 1975 Junni1a and Potoczny [6J and Katuta [2J inde

pendently showed that, if a space X has a c1osure

preserving cover by com~act sets, then X is metacompact. 

Thus began a study of spaces which have closure-preserving 

covers by "nice" (finite, countab1y compact, Lindelof, 

etc.) sets. The reader is referred to [1,2,4,5,6,8,11,12, 

13,16,17,18,19,24J for these developments as well as their 

relationship with winning strategies in some topological 

games. 

In 2 we show that if a space X has a closure-

preserving cover by nowhere dense sets, then X need not 

be 1st category. However, if these sets are also countably 

compact, then X must be 1st category. The c1osure

preserving property of the cover is strengthened in a 

natural way in 3, and a somewhat more general result is 

obtained for the ideal of closed subsets of a space. The 

desired result for nowhere dense sets follows as a special 

. 11 . app ~cat~on. Finally in 4 closure-preserving sum theorems 

are obtained for the dimension functions dim and Ind for 

normal and totally normal spaces. 

lThe authors would like to thank the referee for
 
his/her comments on this paper.
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Definition 1.1. (i) A family J of subsets of a space 

X is closure-preserving (c-p) if U{P: F E J'} = 01]' for 

every J' ~ J. 

(ii) A c-p family J is special if there exists a 

point finite open collection U such that for F E J, 

X - F U{u E U: U n F = ~}. 

In this case we say that U generates J. 

Definition 1.2. A family J of closed subsets of a 

space X is an ideal of closed sets if, 

(i) for every finite J' ~ J, ~ J' E J and 

(ii) if H is a closed set and H C J E J, then H E J. 

We will denote the fa~ly of countable unions of 

members of J by aJ. 

Remark. As noted in [1], if lj is a point finite 

open cover which generates a c-p J-cover, then the family 

C = {Xnn[nUx]: x E X and lUx I = n}n 

consists of J-small sets, and C is a discrete collection n 
of relative closed sets in X - X - l , where n n 

X = {x EX: I IJ I ~ n} • n x 

Definition 1.3. A space X is called weakly 

a-refinable if every open cover of X has an open refine

ment U~=l ~i satisfying 

(i) {Gi}~=l is point finite, where Gi = U§i and 

(ii) for each x E X, there exists some n(x) such that 

o < ord(x'~n(x» < 00 
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A cover U~=l §i satisfying (i) and (ii) above is 

called a weak a-cover. 

It is well known that the class of weakly e-refinable 

spac~s lies strictly between the classes of e-refinable 

and weakly e-refinable spaces (see [8J). 

All spaces will be assumed to be T 2 . 

2. Closure-preserving covers by nowhere dense sets 

In this paper we consider spaces which have a closure-

preserving cover by nowhere dense sets. Note that if 

n
Q = {rl ,r ,···} is the set of rationals and F {ri}i=l'2 n
 

then {F.: i < w} is a closure-preserving cover of Q by
 
~ 

finite sets. Clearly, Q is a 1st category space.
 

The following example shows that if a space X has a
 

closure-preserving cover by nowhere dense sets, then X 

need	 not be of the 1st category.
 

Example. Let L = {O,l}wl where {O,l} is the two
 

point discrete space. The topology on Y is the countable 

box topology; that is, a basic open set in Y is a countable 

intersection of basic open sets in the usual product 

topology.. Define X {y E Y: Ia < U].: y (a) ~ 0 I < wI}· 

~ow if Fa = {x E X: x(B) o for each B ~ a}, it is easy
 

to check that {Fa: a < WI} is a closure-preserving cover
 

of X by discrete closed sets. Furthermore each Fa is
 

1stnowhere dense. We assert that X is not category.
 

Indeed, let {G : n < w} be a sequence of open dense sub

n
 

sets of X. Let B be a basic open set such that B eGO'
O O
 

and define
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Co =	 {a < wI: x(a) = y(a) for all x,y E B }.O

Now by induction choose a basic open set B ~ G n B -n n n l 

and let 

{a <	 WI: x(a) = y(a) for all x,y E B }.en n 

Since C n~w C is .countable, the~e exists a pointn 

z E X such that z E nQ B ~ nQ G and z(a) ~ 0 for w n w n 

a > supC. Therefore X is not 1st category. 

The following result is an easy consequence of Zorn's 

Lemma so the proof is omitted. 

Lemma 2.1. Let J = {F : a E A} be any non-emptya 

famiZy of non-empty sets. Then there exists a maximal 

pairwise disjoint subfamiZy of J. 

Definition 2.2. Let ~ e E C X and J a family of 

subsets of X. 

(1)	 m(E) = a maximal pairwise disjoint subfamily of 

{F n E: F E J}. 

(2)	 M* (E) = U m(E) . 

The following uses a technique due to Telgarsky and 

Yajima [16: Theorem 3.3]. 

Lemma 2.3. Let C = {C : a E A} be a cZosure-pre
CL 

serving cover of X by countably compact sets. If 

{Hn}~=l is any decreasing sequence of cZosed subse~s of 

+1	 
oo

X satisfying H ~ X - M*(H ) for each n" then n. lH = <p.n n n= n 

Proof· Suppose there ~xists a sequence of{Hn}ri=l 

closed sets satisfying the above condition, but 
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n°O H -J Then there exists some C E [ such thatn=l n T ¢. aO 
C n H ~ ¢ for each n. Furthermore (C nH) ~ m(H )i

aO n ao nn 

for otherwise, C nH 1 = ¢. Therefore for each n, there
aO n+ 

exists some C E [ such that (C n H ) E m(R ) and 
an ann n 

C n(C n H ) ~ ¢. Now choose x E C n(C nH) so 
an aO n n an aO n 

that x E M*(H ) and hence x e H +l . Then {xn}~=l is a n n n n 

sequence of distinct points in C and must cluster at 
aO 

y E C Now Y E {x : n > I} C U
OO

lC and y E ~oo lH aO n - - n= an n= n 

as well. But this is a contradiction, since 

Y E (C (IH) E ftJ(H ) implies that y ~ H +l . Therefore 
an n n n 

it must be the case that n°O lH =~.n= n It' 

Remark. It should be noted that the above proof only 

used the fact that every countable subfamily of [was 

closure-preserving. 

Theorem 2.4. Let X be a regular space with a closure-

preserving cover Cby countably compact nowhere dense 

sets. Then X is 1st category. 

Proof. Since M*(X) is closed and nowhere dense in X, 

by LeITma 2.1 above, there exi?ts a maximal pairwise dis

joint family H(X) of regular closed subsets of X such that 

U H(X) c X - M*(X}. Furthermore, it is easy to see that 

U H(x) is dense in X. Define §O = {int(H): H E H(X)} and 

GO = Uyo· Note that GO is also dense in X. Now by in

duction we construct the sequence (§O,GO'§l,G1'···§n,Gn ···) 

where 

~n+l = {int(H): H E H(G) where G E ~n}' 

Gn+l = U Y + l andn
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= a maximal pairwise disjoint family of 

regular closed subsets of X such that U#(G) is dense in 

G - M* (G) • 

As before it is easy to see that G is open and dense in X. n 

Finally, if H = X and H E #(H ) 1 by Lemma 2.3,O n +l n
1st00	 00 •nn=OH =~. Therefore nn=OG = ~ and hence X 1Sn n
 

category •
 

Corollary 2.5. Let X be a regular oountably oompaot 

spaoe. If J is a olosure-preserving oover of X, then some 

member of J has non-empty interior. 

3.	 Special c-p covers 

In [1] the authors studied spaces having c-p J-covers 

induced by a point finite open cover. Here we get analo

gous results to Theorem 2.4 above by omitting the regular

ity and countably compact conditions. 

The notion of B(D,A)-refinability has been shown to 

play an important role in the study of weakly e-refinable 

spaces introduced in [7J. 

Definition 3.1. A space X is B(D,A)-refinable
 

provided every open cover lj = {U : y E r} of X has a
 
"t 

refinement C= U{Ca = fE(B,y):y E r}: a < A} where satis

fies 

(i) E(a,y) C U for each y E r, a < A,y 

(ii)	 {Lt : a < A} partitions X,a
(iii) for each a < A, Ca is a closed discrete 

collection in X - U{U C ; 1..1 < a}, and 
1..1 

(iv) for each a < A, u{uf : 1..1 < S} is closed in x. 
..... 1..1 
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In [7J the author has shown that every space which 

is B(O,w)-refinable is weakly e-refinable and that every 

weakly a-refinable space is B(O, (w)2)-refinable. 

Throughout this paper A will denote a countable ordinal. 

Definition 3.2. Let J be an ideal of closed subsets 

of a space X. We say that J is discretely additive if 

(i) J i~ closed under discrete unions, and 

(ii) when F E a] and 0 C J such that 0 is discrete 

in X - F, then H = F U {u iJ} E oJ. 

Theorem 3.3. If a space X has a B(O,A) - J cover for 

some countable ordinal A and J is discretely additive~ 

then X E a]. 

Proof· Let C = U{CS: S < A}, where Cs = {E(S,y): 

y E r}, be a B(O,A) - J cover of X such that J is discretely 

additive. The proof is by induction on A. It is easy 

for A = 1; since J is closed under discrete unions, so 

X E J. Let S < A and assume true for all y < S. If 

S aO + 1, define F = U{UC : II ~ aO} so that F E a].
ll 

Now Cs is discrete in X - F and Cs ~ J, and hence HS 
F U {UCa} E aJ. If B is a limit ordinal, let a i < B 

such that a~ < a.+1 and sup{a.} = S. Now for each i, 
~ ~ ~ 

H. = U{C • II < a.} E a], so HQ = U~ lH. E a]. Therefore 
~ ll· - ~ ~ ~= ~ 

X E a]. 

We now consider the ideal of closed nowhere dense 

subsets of a space X. 
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Lemma 3.4. Let J be the ideal of closed nowhere 

dense subsets of a space X. Then J is discretely ad~itive. 

Proof· Clearly, J is closed under discrete unions. 

Let F E 01 and iJ = {D : a. E A} c J such that iJ is discrete a.
 

in X - F. Let W be any non-empty open subset of X such
 

that W C H F U {U iJ} • If U = int(F), then W ~ U; other

wise, W n Do. ~ ~ for some a. E A. Thus Do. fails to be 

nowhere dense in X. Therefore, U{(D - U): a. E A} E J;a.
 

and hence H E a].
 

Corollary 3.5. Let X be a space with B(D,A)-cover by 

nowhere. dense sets. Then X is 1
st category. 

Proof. Let J be the ideal of closed nowhere dense 

subsets of X. Then J is discretely additive by Lemma 3.4, 

and hence X E oJ by Theorem 3.3. 

Corollary 3.6. If a space X has a special c-p cover 

1stby nowhere dense sets~ then X is category. 

4.	 Applications to Dimension Theory 

In [24] the author obtained the following result 

which also can be found using a technique similar to that
 

of Theorem 2.4 above.
 

Theorem 4.1. [24]. Let X be a normal space. If X
 

has a c-p cover C by countably compact sets such that
 

dim(C) < n for C E C~ then dim(X) ~ n.
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To obtain the special closure-preserving sum theorem 

for covering dimension as an application of Theorem 3.6 

above, we need the following result found in [24]. 

Lemma 4.2. Let X be a normal space and F a closed 

subset of X with dim(F) ~ n. For each finite open cover 

u= {Ui : i < m} of X, there exists an open refinement-
V ={Vi: i < m} of U, and an open set G ::) F such that-

(i)	 Vi ~ for each i < m, andUi 
(ii) ord(x, V) < n + 1 for each x E G.-

Lemma 4.3. Let X be a normal space and F a closed 

subset of X with dim(F) ~ n. Let 0 = {D : a E A} be a a 

family of closed subsets of X such that 

(i) dim(D ) ~ n for each a E A, and 
a 

(ii)	 0 is discrete in X-F. 

Then	 dim(F U {U l)}) ~ Il. 

Proof. Let U = {U.: i < m} be a finite open (in X)
J. 

cover of H F U {Ul)}. By Lemma 4.2 there exists an open 

refinement V {Vi: i < m} of Uand an open set G ~ F such 

that ord(x, V> < n + 1 for all x E G. Now {D - G: a E A}
a 

is a	 discrete closed collection in X with dim(Da. - G) < n-
for each a E A. Therefore dim(U o - G) < n and hence V-
has a partial open refinement W= {W.: i < m} covering 

~	 
{U l) - G), such that W. C V. and ord(x,W) < n + 1 for 

~ -	 J. 

x E	 (UO- G). Define W~ = W.U(V. - G) for i < m. It is 
~	 ~ ~ 

easy	 to show that W* = {W~: i < m} is an open refinement 
~ 

of lj covering Hand ord(x,W*) < n + 1 for x E H. Therefore 

dim(H) < n. 
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We now obtain the desired c-p sum theorem for cover

ing dimension. 

Theorem 4.4. Let X be a normal space which has a 

B(D,A) cover Csuch that dim(E) < n for each E E C. Then 

dim(X) < n. 

Proof. Let J be the ideal of closed subsets of X 

such that dim(J) < n for J E J. Since covering dimension 

satisfies the countable sum theorem for normal spaces, 

J = oJ. Therefore J is discretely additive by Theorem 4.3 

above. Now from Theorem 3.3 it follows that X E oJ = J. 

Hence dim(x) ~ n. 

Corollary 4.5. Let X be a normal space. If X has a 

special c-p cover C, such that dim(C) < n for each C E C, 
then dim (X) < n. 

For totally normal spaces similar results hold for 

large inductive dimension using the lemma below. The 

proofs are straightforward and left for the reader. 

Yajima [18] has obtained a a-closure-preserving sum 

theorem for Ind. 

Lemma 4.6. Let X be totally normal and F a closed 

subset of X such that Ind(F) ~ n. If Ind{K) < n for each 

cZosed subset K of X such that K n F = ~, then Ind(K) ~ n. 

Theorem 4.7. Let X be a totaZly normal space. If 

X has a special c-p cover Csuch that Ind(C) ~ n for C E C, 
then Ind(X) < n. 
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