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HOMOGENEITY AND TWISTED PRODUCTS 

Krystyna Kuperberg 

o.	 Introduction 

A topological space X is said to be homogeneous if 

for every two points p and q in X there exists a homeo

morphism ~: X + X such that ~(p) = q. A Cartesian product 

of homogeneous spaces is homogeneous. However, if at 

least one of the Cartesian factors is homeomorphic to the 

Menger curve M, then the Cartesian product does not have 

some of the stronger homogeneity-type properties, see [3J, 

[6J and [7]. Even more interesting are continua which are 

not Cartesian products but whose €!very point has a neigh

borhood homeomorphic to a Cartesian product with one or 

more factors homeomorphic to M, se:e [5]. 

In this paper, twisted products are obtained by making 

certain identifications on M x M, M x I, or M x sl. The 

construction yields continua whose every point has a homo

geneous neighborhood but the space might not be homo


geneous, see [4]. It is shown here that twisted products
 

of two Menger curves are not (with one obvious exception)
 

homeomorphic to the Cartesian product M x M, but many
 

twisted products of M and I are hOlmeomorphic to M x sl.
 

1. Preliminaries 

Let M denote the Menger curve, a subset of the cube
 

{(x,y,z) E E3: x, y, z E [O,l]} as described by R. D.
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Anderson in [1], page 321. For every c E [0,1], let 

M {(x,y,z) E M: z = c}.c 

[1] and [2] contain several strong theorems concerning 

the Menger curve M. Mainly, it has been proved that every 

I-dimensional continuum, with no local cut points, and no 

nonempty open subsets embeddable in the plane, is homeo

morphic to M, and that M is homogeneous. Moreover, if U 

is an open and connected subset of M, and p and q are 

points in U, then there exists a homeomorphism ~: M + M 

such that ~(p) = q and ~(v) = v for v E U. A space X is 

strongZy k-homogeneous if for any two ordered sequences 

P = {Pl, ••• ,Pk} and Q = {ql, •.• ,qk} of distinct points 

there exists a homeomorphism of X carrying Ponto Q. One 

of the results in the above papers is that M is strongly 

k-homogeneous for any integer k ~ 1. 

Let A and B be two disjoint and closed subsets of a 

compact space X. Suppose that A and B are homeomorphic 

and let H: A + B be a homeomorphism. Let - be the equiva

lence relation defined on X so that p - q iff P = q, or 

p = H(q), or q = H(p). The space of equivalence classes 

will be denoted by X/H. 

A homeomorphism g: X + X, where X is a topological 

space, is periodic if there is an integer k > 1 such that 

kfor every x E X, we have g (x) = x, and for every x E X 

and every integer i, 1 ~ i < k, gi(x) ~ x. 

Let sl be the unit circle in E2 ; S1 = {(r,8) E E2 : 

r = 1 and 8 E [O,2n)}, where (r,8) denote the polar 

coordinates. Assume that sl = {8: 8 E [O,2n)}, and that 
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if 61 and	 62 are in sl, then the usual operations 6 + 621 

and 61 - 62 modulo 2n can be performed. The unit interval 

in El will be denoted by [O,lJ or I. 

2. The Twisted Products (M x M) /H 

Let A and B be subsets of the Cartesian product 

M x M defined as follows: A M x Ml and B = M x MO. Let 

h:	 M + M be a homeomorphism. Define H: A + B, by
 

H«Xl,yl,Zl)' (x2 'Y2,1» =
 

(h(xl,yl,zl)' (x2 ,Y:2,0». 

The point p in the resulting continuum (M x M)/H, corres

ponding to the point (m,n) in M - A, will be denoted by 

(m,n) . 

Theorem 1. If h is periodic~ then (M x M)/H is homo

geneous. 

Proof. Let c E _[0,1) be a nmnber. If c ~ 0, then 

the set M separates M - Ml into b~o components VI' conc
 

taining M ' and V2 . For c = 0, let VI = Sand V2 =
 O
 
M - (MO U M ). Denote by M the continuum obtained from
l 

M by identifying each point (x,y,l) in M with the point 

(x,y,O). For c E [0,1), let M be the subset of M corresc 
ponding to M • The point in M, corresponding to the pointc
 
n E M - M will be denoted by n. Define an embedding
l ,
 

T.lJ : M x (M - M ) -+ (M x M)/H by
c c
 
(m,n) if n E VI'
 

T.lJc(m,n)
 

(h
-1 

(m) , 
-
n) if n E= V2 •
 

Denote the image T.lJc(M x (M - M ) ) by u •
 c c 
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Suppose that p (m ,n ) and q (m ,ii ) are two 
p p q q 

arbitrary points in (M x M)/H. 

There exists a number c E [0,1) such that both points 

p and q are in the set Uc; equivalently, the points np and 

n are in M - M By [lJ and [2 J, M is homeomorphic to 
q c 

M, M - M is connected, and there exists a homeomorphismc 

g: M ~ M such that g(n ) = nand g(n) = n for n E M p q c 

(~.e. n E M ). Let ~l: M x M ~ M x M be such that c 

~l (m,n) = (m,g(n». Let hI: (M x M)/H ~ (M x M)/H be 

defined by 

v 

-1 
~c 0 ~l 0 ~c (v) if v E Uc· 

Hence hl(p) = (s,ii ), where s = m ' s = h(m ) , or q p p 

s = h- l (m
p 
). 

Suppose that k is the period of h. There exists a 

finite cover W, consisting of connected open sets such 

k-lthat if W E W, then the sets W, h(W), ••• ,h (W) are 

pairwise disjoint. Hence, for each W E W, the set 
k 

{(m,n) E (M x M)/H: m E U fk(W)} is homeomorphic to the 
i=l 

Cartesian product of Wand the Menger curve. 

To prove that for any p and q in (M x M)/H there is 

a homeomorphism taking ponto q, it remains to show that 

the point (s,n ) can be taken onto q by a homeomorphism.q 

In order to do that, it is enough to show that for any 

W E W, and any two points sand t in W, there is a homeo

morphism h 2 : (M x M)/H ~ (M x M)/H such that 
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11 
2 
(s,n

q
) (E,n

q 
). Let 112: M -+ M~ be a homeomorphism such 

that 112(s) = t and 112 (m) = m for m ~ w. Define 
k

(m,n) if m U fi (w)~ 
i=l 

h
2 

(m,n) 

Lemma 1. Let X = Xl x X where Xi is homeomorphic2 , 

to M for i = 1, 2. Let Ui C Xi be a connected open set 

for i = 1, 2. If ¢: U x U -+ X is an open embedding~1 2 

then ¢ ¢1 x ¢2' where either 1) ¢1: U1 -+ Xl and 

¢2~ U2 -+ X2 , or 2) ¢1: U1 -+ X2 and ¢2: U2 -+ Xl· 

This lemma appears in [5] as Lemma 1. 

Let p = (rn ,n ) be a point in (M x M)/H. Assume p p 

the following notation: 

{ (m,n) E (M x M)/H: m mp }, 

i{ (m,n) E (M x M)/H: n = h (np ), i 1, ••• ,k}, 

M n N p P 

Lemma 2. If ¢: (M x M)/H -+ (M x M)/H is a homeo

morphism~ then either 1) ¢(M ) .M¢(p) and ¢(N ) = N¢(p)p p 

for all p E (M x M)/H, or 2) ~(Mp) = N~(p) and 

¢(N ) = M¢(p) for all p E (M x M)/H.p 

The proof of this lemma is based on Lemma 1, and it 

is almost identical to the proof of Lemma 5 in [5]. 

Lemma 3. If ¢: (M x M)/H -+ (M x M)/H is a homeo

morphism~ then ¢(Op) = 0p or ~(Op) n 0p = ~. 

This is an immediate consequ1ence of Lemma 2. 
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Theorem 2. If h is periodic, then (M x M)/H is not 

homeomorphic to M x M. 

Proof. By Lemma 3, it is enough to show that for 

every finite set A = {Pl, ..• ,Pk} in M x M, where k > 2, 

there is a homeomorphism ~: M x M + M x M such that 

~(A) n A ~ ~ and ~(A) ~ A. Suppose that Pi = (mi,ni ), 

where m and n are points in M.i i 

Without loss of generality, we may assume that 

m ~ m • Let s be a point in M such that s ~ {ml, ••• ,mk }.l 2 

Let n: M ~ M be a homeomorphism taking m onto m and m
l

,l 2 

onto s. Set ~(m,n) = (n(m),n). Clearly ~(Pl) = Pl and 

~(P2) ~ A. 

Remark 1. Using Lemma 1, one can show that if 

h: M ~ M is a homeomorphism having a fixed or periodic 

point p, and having a point q with an infinite orbit, 

then (M x M)/H is not homogeneous. 

Question 1. Does the homogeneity of (M x M)/H imply 

that h is periodic or h is the identity? 

Question 2. Does there exist a homeomorphism 

h: M + M such that the orbit {p, h(p), h 2 (p) .•• } is 

dense for every p E M, and (M x M)/H is homogeneous? 

Question 3. Does there exist a homeomorphism M ~ M 

such that the orbit {p, h(p), h 2 (p) ••• } is dense for 

every p E M? 
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3.	 The Twisted Products (M x I) IH and (M x S 1 ) IF 

Let A = M x 51 and B = M ~< 51 be subsets of the
l O 

Cartesian product M x sl. Let f: 51 + 51 be a homeo

morphsirn. Define F: A + B by F«x,y,l) ,s) = «x,y,O), f(s». 

The point p in the resulting con1:inuum (M x 51) /F corres

ponding to the point (m,s), where m E M - M will be
l

,
 

denoted by (m,s).
 

Theorem 3. If f is orientation preserving 3 then
 

(M x 5 1 )/F is homeomorphic to M x 51.
 

Proof. We will exhibit a homeomorphism 

~: M x 51 + (M x 5 1 )/F, where; is obtained (see Section 2) 

from M by identifying each point (x,y,l) with the point 

(x,y, 0) • 

Let n: M + I be a continuous map such that n-l(O) MO 

and 1T-
l (l) = MI. Define a homeomorphism 1jJ: M x sl -+ M x sl 

by ljJ (m,s) (m, [s + n (m) (£-1 (s) .. s) ] mod 2n). Next, let 

a: M x Sl + M x Sl and B: M x 51 + (M x Sl)/F be continuous 

maps satisfying a(m,s) = (m,s) and B(m,s) = (~,s) for 

m E M - MI. Clearly, there is a homeomorphism 

- 1 1 
~: M x 5 + (M x 5 )/P such that the diagram 

conunutes. 



244 Kuperberg 

Let h: M ~ M be a homeomorphism. Define 

H: M x {I} ~ M x {O} by H (m, 1) (h(m),O). The point p 

in the resulting continuum (M x I)/H corresponding to the 

point (m,s) E M x [0,1) will be denoted by (m,s). 

Theorem 4. For every integer k ~ 2, there exists a 

periodic homeomorphism h: M ~ M, with period k, such that 

(M x I)/H is homeomorphic to M x Sl. 

Proof. Denote by (r,e,z) the cylindrical coordinates 

. . 3 o f a po~nt ~n E 

3Let Fa be a set in E , homeomorphic to M, such that 

(il if (r,e,zl E Fa, then a ~ e < ~ and r > 0, 

(ii) there is a homeomorphism ~: M ~ F such that
O 

~(MO) = {(r,e,z) E Fa: e = O} and ~(Ml) 

{(r , 6,z) E F O: e ~TI} 

(iii) ~(x,y,O) (r,O,z) iff ~(x,y,l) 

2TILet h (r , e, z) = (r I e + k' k). Set:
 

i
F. h (Fa) (clearly F
~ O 

k 
M' U F. (by Anderson's results M' is homeomorphic

i=l ~ 
to M), 

2ni 2n(i+l)}Gi {(r,e,z) EM': ]{ < e < k ' 

A {( e )EM' e=~}.i r"z : ~ 

Consider h to be a homeomorphism defined on M', and 

assume similar notation for points in (M' x I)/H as for 

points in (M x M)/H. Notice that the set N C (M' x I)/H 
k 

defined by N {(m,s) E (M' x I)/H: m E U G.} is homeo
i=l ~ 

1morphic to GO x S. In fact, if (m,s) ( (r Ie, z), s) is 
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a point in Nand m E Gi , 1 ~ i ~ k, then y(m,s) 

«r, e - ~, z), 2n(:+i) mod 2n) defines a homeomorphism 

y:	 N -+ GO x sl. 

Let r: Fax sl -+ (M' x I)/H be an extension of y-1 

Notice	 that if (r,~n,Z) E w(M
1
), then r«r,~n,Z) ,s) 

2nr«r,6,z) ,(s + T) mod 2n). Therefore, N is homeomorphic 

to (M' x Sl)/F, where f is a rotation. By Theorem 3, N is 

homeomorphic to M x sl. 

1Lemma 4. Let U C M and V C S be connected open 

sets. If~: U x V -+ M x S1 is an embedding, then fop 

evepy m E U thepe exists an n E M such that ~({m} x V) C 

{n} x	 s1. 

The proof of this lemma is almost identical to the 

proof of Theorem 1 in [6] and it is omitted. 

Let p = (i ,i ) be a point in	 (M x S1)/F. Denote by
p P 

sl
p 

the set {(~,s) E (M x S1)/F: m = m
p

}. 

Lemma 5. If <1>: (M x Sl)/F is	 a homeomopphism, then 

1fop evepy p E (M x S1)/F, <p(Sl)
p = S~ (p) . 

(M x Sl)/F = wherePraoof· Zl u Z2'
 
1 5
 

Zl	 {<In,s) E (M x s1)/F: m E U {lJI : c E [G'G]}} and c 
1 2 

Z2	 { (m,s) E (M x Sl)/F: m E U {~[ : c E [0 '3] U [3,1) }}.c 
1 5Notice that each of the sets U {M : c E [G'G]} and c 

U {M : c E [O,j] U [i,l)} is homeo1morphic to M. There is c 

a finite cover {W1 ' ••. ,w } of (M x S1 )/F such that 
t 
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(i) for 1 < i < i, the set W. is in form U. x 
~ ~ Vi'-

where U. is a connected open set in M and V. is 
~	 ~ 

a	 connected open set in sl, 

(ii)	 1, ... ,i.
 

We may assume that W. = U. x V.. By Lemma 4, for
 
~~ ~ 

every u E U
i 

, the set <P({u} x Vi) is contained in Sl for 
q 

some q E (M x SI)/F. Since each Sl is connected, we have p 

if p E {u} x Vi' then <P(S~) C 
S

1
<P (p) · 

Theorem 4. If f is orientation reversing~ then 

(M x Sl)/F is a homogeneous continuum which is not homeo

morphic to M x SI. 

Proof. Let ZI and Z2 be the sets defined in the proof 

of Lemma 5. It is easy to see that for i = 1, 2, any point 

in the interior of Zi can be taken by' a homeomorphism 

(defined on (M x Sl)/F) onto any other point in the in

terior of Zi; the homeomorphism may be the identity out

side Z.. Hence (M x Sl)/F is homogeneous. 
~ 

If X C M, and ~: M x SI ~ M x SI is a homeomorphism, 

then there exists aye M such that W(X x 51) = Y x 51, 

see Lemma 4 or Theorem 1 in [6J. Hence for any X C M and 

any homeomorphism ~, the set ~(X) n X is a union of pair-

wise disjoint simple closed curves. However, it is easy 

to show that if a nonempty closed set P C M x sl is not in 

form X x 51, then there exists a homeomorphism w: M x sl ~ 

M x Sl such that p n ~(P) contains an isolated point. 

1The only 2-dimensiona1 manifolds in M x S , which are in 

form X x sl, are homeomorphic to S1 x Sl. 
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Let L C M be an arc with the end points p .(xO'YO,l)
 

and q = (xO,YO'O). Assume that L n M1 p and L n MO = q.
 

The set Q = {(m,s) E (M x Sl)/~: mEL - {p}} is homeo

morphic to the Klein bottle. Notice that for any homeo


morphism~: (M x Sl)/F + (M x Sl)/F the set ~(Q) n Q is
 

a union of pairwise disjoint simple closed curves. This
 

proves that (M x Sl)/F and M x s1 are not homeomorphic.
 

Question 4. Is it true that: (M x I)/H is homeomorphic 

to M x 51 for every periodic home~ornorphism h? 

Question 5. Does the homoge!neity of (M x I)/H imply
 

that h is periodic or h is the identity?
 

Question 6. Does there exist a homeomorphism 

h: M + M such that the orbit of every point is dense and
 

(M x I)/H is homogeneous?
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