
Volume 13, 1988

Pages 293–324

http://topology.auburn.edu/tp/

ON THE MAPPING CLASS GROUPS OF
THE CLOSED ORIENTABLE SURFACES

by

Ning Lu

Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings

Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA

E-mail: topolog@auburn.edu
ISSN: 0146-4124

COPYRIGHT c© by Topology Proceedings. All rights reserved.



293 TOPOLOGY PROCEEDINGS Volume 13 1988 

ON THE MAPPING CLASS GROUPS OF THE 

CLOSED ORIENTABLE SURFACES 

NingLu 

In the paper [8] we gave a simple presentation of two 

generators for the mapping class group M2 of the closed 

orientable surface of genus two, and an algorithm to write 

an arbitrary mapping class in those generators. Here, we 

will generalize them to higher genera, and we will show 

that, 

Theorem 1.3. The mapping class group M of the closed 
g 

orientable surface is g~nerated by three elements L, N
 

and T.
 

Here Land N are similar to those we gave for the 

genus two in [8], i.e., L is a Dehn twist along the longi­

tude of the first handle, and N is a composition of five 

Dehn twists along five circles contained in the first two 

handles. The generator T rotates the handles. 

As applications, we will study explicitly the 

abelianization Ab(M > of M , the Torelli subgroup I of g g g
 

M , and the automorphism group Aut(M ) of Mg.
g g 

1. The Elemetary Mapping Classes on the Surface F 
g 

Let F be a closed orientable surface of genus g,
g 

g > 3. Let
 

B {al ,bl ,a2 ,b2 - ... ,ag,bg }
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be a fixed system of basecurves on F , b~sed at a base­g 

point 0, as pictured in Figure 1.1 

Figure 1.1 

Notationally, we will not distinguish between a 

homeomorphism and its homeotopy class. As we did for the 

case of genus two, first we will list some elementary 

operations which will be described by the isotopy classes 

of the image of the basecurves -in the fundamental group 

TIl{F iO) of the surface F relative to the basepoint 0, 
g 9 

i.e., for any homotopy class f we will denote 

f = (8)f = [[(a )f],[(b )f],[(a )f],[(b )f], ••• ,
1 1 2 2

[(ag)f],[(bg)f]]. 

And conventionally, we will write the group product as the 

right action of basecurves, i.e., for any mapping classes 

f and g, for any point X from the surface, the image 

(X) (f • g) = «X) f)g. 
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0) The identity I:F -+ F is given byg g 

= [al,bl,a2,b2,···,ag,bgJ, 

i.e., it is given by an isotopy deformation of the surface. 

1) An orientation-reversing mapping, which flips the 

surface, called reversion R: F -+ F , is given byg g 

R = [bl,al,bg,ag, ..• ,b2,a2J. 

2) An orientation-preserving mapping, which rotates the 

handles, called transport T: F -+ F , is given byg g 

T = [a ,b ,al,bl,···,a l,b lJ.g g g- g­

3) Homeotopy classes L. = Tj-lLTj - l and M. = Tj-lMTj - l , 
J J 

j = 1,2, •.• ,g, are called linear cuttings, where Land M 

are the longitude cutting and the meridian cutting of the 

first handle, which are given by 

L [albl,bl,a2,b2, ••• ,ag,bgJ, 

and M [al,blal,a2,b2, .•• ,ag,bgJ. 

4) The normal cutting N: F -+ F , similar to what we g g 

diq in raJ, is given by 

Figure 1.2 
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where x = [a ,b ][a ,b ]. Topologically, this is given byl l 2 2 

a cutting and sewing process as we draw in Figure 1.2. 

Proposition 1.1. 

2Tg(a) = I, R = I, T = RTR. 

(b) M = RLR = NLN, RNR = TNT, TLT 

(c) N6L = LN6 , N6R = RTN6T 

Proof. All formulas may be verified direc~ly. For 

example, (c), since 

N 

the formulas are obvious. In fact, L leaves the curve 

x = [a l ,b1 ][a2 ,b2 ] invariant, and R reverses the curve x 

to ([ag,bg][al,b1 ]) 
-1 

· 

5) Finally, we denote P the paraZlel cutting LNLNL. 

Algebraically it is given by 

P = [a1bla1,al,a2,b2, ••• ,ag,bg]. 

Proposition 1.2 

(a)	 P = LML = MLM, i.e. L ~ NLNLN. 

6(b) (LN)5 = (LN) 10 = N •  
(N3T)g-1 = p4(g-2).(c) 

Proof· (a) A direct verification. (b) Actually, 
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LN 

and 

[xa2b2a2b1al,albla2bix,albla2xal,blal,a3,b3'

... ] , 

(c)	 Since
 

3
 
N T [CgClalClCg,CgClblClCg,ag,bg,a2,b2'···' 

a l,b 1]'g- g­

g-l ~-l- g-l =9-1­[ c 2 ···cgc I alc l Cg ••• c2,c2···CgCI blc l c .•.g 

Remark. For the case of genus g ~ 3, the normal 

cutting N is no longer periodic. But the mapping class 

6N is still quite easy to deal with, since it is exactly 

the Dehn twist along the null-homologous circle 

Now we can state our main theorem. 
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Theorem 1.3. The mapping class group M of the 
g 

closed orientable surface of genus g, g ~ 3, is generated 

by three elements: the linear cutting L, the normal 

cutting N and the transport T. 

In the next section, we will give an algorithm to 

write an arbitrary homeotopy class in our generators. It 

certainly gives a direct proof of Theorem 1.3. In Section 

3, we	 will relate them to Lickorish's set of Dehn twist 

generators; that produces another proof. 

As a consequence, we have, 

Theorem 1.4. The homeotopy group M of the surface g 

F , g > 3, is generated by four elements: L, N, T and R. 
g -

FUT'theT'moT'e~ 

M*<R> 
gM 

g {RL NLNR, RN = TNTR, RT I} 

2.	 Writing a Homeotopy Class in the Generators 

Let f be an element of the mapping class group M g 

given by the expression 

f [(al)f, (bl)f, (a2)f, (b 2)f, •.• , (ag)f, (bg)f]. 

We are going to find an algorithm to write f in the 

generators introduced in the last section by assuming the 

existence of such an algorithm for genera less than g. 

At first, we need two special kinds of mapping 

classes: 

a) The handle cT'ossing X' (Figure 2.1), given by 

X = [cla2,b2,b2alD2,b2blD2,a3,b3'···]' 
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is obtained by sliding the whole first handle along the 

longitude circle b 2 of the second handle. And 

Figure 2.1 

b) the handle switchings ~., j 1 , 2, ..• , g , (Figure
J 

2.2), given by 

j-l 3-j-l [ -­
~. = TNT = ••• ,a. l,b. l,xa·+lx,xb·+lx,J J- J- J J 

where x [aj,bj][aj+l,bj+l]' 

By a direct verification, it is easy to show that, 
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(j + l)-th handle j-th handle 

Figure 2.2 

Proposition 2.1. The handle crossing and the handle 

switchings are generated by the elements L, Nand T. 

Moreover, 

and 

x 

1,2, ••• ,g. 

The parallel cutting P2 TLNLNLT maps the circle 

b to a • Then, the mapping class P2XP2 is obtained by
2 2 

sliding the whole first handle along the meridian circle 

a of the second handle. Since we may switch the second
2 
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handle with any other handles by mapping classes ~., the
J 

mapping classes obtained by sliding the whole first 

handle along some basecurve of B - {al,bl } are generated 

by L, Nand T. Therefore, 

Proposition 2.2. The mapping ctasses obtained by 

stiding the whote first handte atong a ctosed curve in 

the surface F - (a UbI) are generated by L, Nand T.l 

Now we can start to show our algorithm. 

Step I. If for some 1 < i ~ g, (ai)f = ai and 

(bi)f = bi , then f is generated by L, Nand T. 

Composing the hand~ switchings, we may let i = g. 

Since (a )f = a and (b )f = b , we assume that th~ re­g g 9 g

striction of f in the last handle is 'the identity map, in 

particular f leaves the waist curve c [a ,b ] fixed.
9 9 9 

Thus, letting F I be a closed surface of genus 9 - 1 ob~ 

tained by cutting off the last handle of F along the 

circle c and filling by some disk D so that aD = C ' theg g 

mapping class f induces a unique mapping class fl of M 1 
g-

of the surface F I
, which will be called the restriction 

of f in F'. Clearly, 

Proposition 2.3. Let f and f be two etements of
l 2 

M , such that both teave the waist cupve c = [a ,b ]
g 9 9 9 

fixed. Then, their composition f l f 2 atso leaves cg fixed, 

and the restriction of their composition in F' is equal to 

the composition of their restrictions in pi, i.e. 
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penote by L(g-l), N(g-l) and T(g-l) the elementary 

generators of the group M l' it is obvious that,g-

L(g-l) = L', N(g-l) = N', and T(g-l) = (~ T) '. 
9 

Thus, by induct~on f' can be written as a word in them, 

i. e. , 

f' F' (L ' ,N', (~gT) '). 

Let's define 

f F' (L,N,l/J T).
9 

Clearly, it is an element of M generated by L, Nand T,
9 

and its restriction in F ' is equal to that of f, i.e. 

(f£-l) , = f,£,~lf' = f' by Proposition 2.3. Since 1, 

we may consider f£-l instead of f, or equivalently, we 

may assume f' 1 forom now on. 

Let f be a self-homeomorphism of F, such that 

(a )f = a , (b )f = band f' = 1, i.e. its restriction in 
9 9 9 9 

the last handle is the identity map, and its restriction 

in F I 
- D extends to some fl which is isotopic to the 

identity map in pl. If the isotopy between f' and the 

identity map leaves the disk D fixed, then the map f 

itself must be isotopic to the identity map of F. In 

general, the isotopy of f' can be decomposed into two 

operations. One is to slide the disk D around some 

closed curve y in F I
- 0, and the other is to do some Oehn 

twists along the boundary of o. Thus f is obtained from 

the identity map of F by sliding the last handle along the 

same curve y in the inverse way, and by doing some Oehn 

twists along the waist circle c = [a ,b ] of the last 
g 9 9 
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handle. The first one is generated by the elementary 

generators L, Nand T according to Proposition 2.2. And 

so is the second one, since the Dehn twist along c has 
g 

the following expressi~n: 

TP 4T = T(LNLN)6 T = 

= [al,bl,···,a l,b l'c a c c b c J.g- g- g g g, g g g 

Step II. If for some 1 < i, j ~ g, (a Ubi) ni 

«a,)f U (b,)f) ~, then f is generated by L, Nand T. 
] ] 

Indeed, we may assume i = j = 1 by composing the 

transport T. Since (a UbI) n «al)f U (bl)f) ~, wel 

may construct a system of basecurves 

B' = {al,bl,(al)f,(bl)f,a3,b3, .•• ,a~,b~} , 

for some suitable circles a3,b3, ••• ,a~,b~. Since between 

any two systems of base curves Band B' there always 

exists a unique mapping class h such that (B)h = B', 

among the systems B, B' and (B)f of basecurves ~e have two 

mapping classes f and f such that (B)f = B' andl 2 l 

(B')£2 = (B)f, furthermore £ = f 1 £2. 

Since (a )f = a and (b )f = b by Step I, the1 ,
1 1 1 1 1 

mapping class f is generated by L, Nand T. Since1 

(a2 ) (~lf2f2) (a1 )f2f 1 «a1 )f)f1 a 2 

and (b 2 ) ($lf 2£1) (b1 )f2£1 «b1 )f)fl b 2 

again by Step I, the mapping class $lf2£1 is generated by 

L, Nand T. Thus also the mapping class f is generated2 

by L, Nand T by Proposition 2.1. Then clearly the 

mapping class f = £lf2 is too. 
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Step III. For any self-homeomorphism f of F, there 

is a self-homeomorphism h whose mapping class is generated 

by L, Nand T, such that 

(a l UbI) n ((al)fh U (bl)fh) = ~. 

Denote by rna the number of arc components of the 

circle (al)f located in the first handle, and denote by 

rob the number of arc components of the circle (bl)f loca­

ted in the first handle. First let Y = (al)f, thus the 

intersection number between the circles Y and c l = [al,bl ] 

is equal to 2ma • Suppose rna > O. Let YO y10p be an arc 

starting from 0 and ending at P in y n c l • LetYl = Yl pQ 

denote the arc of y from the point P to the next point Q 

of y n c l ' (where Q = 0 when rna = 1). And let c lO ' c ll 
and c 12 be the three arc components of c - {O,P,Q} start­1 
ing at 0, P and Q and ending at P, Q and 0 respectively, 

(where = ~ when rna = 1), (Figure 2.3).c 12 

Considering the circle 0 = CllY l , we choose arbi­

trarily a self-homeomorphism hI of F which leaves the 

first handle fixed and has the property that {o)h1 n 

(a U b > =~. In fact, if 0 is not null-homologous weg g

may choose hI so that (o)h1 a 2 since g ~ 3, if 0 is 

null-homologous we may choose hI so that (a)hl = c l c 2 ••• ck , 

where k < g is the genus of the component F - 0 which 

contains the first handle and c j [aj,bj ] for j = l, ••. ,k. 

By Step I, hI is generated by L, Nand T. 
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(a) m 1
 a 

(b) rna > 1
 

Figure 2.3 

If rna = 1, we have either (y)hl = a'a2 when 0 is not 

null-homologous, or (y)h = a'c ••. c otherwise, wherel cl 2 k 

a' is some word in a and b and k < g. Hence (y)h nl l l 

(a U b ) = ~ for g > 3. Therefore, there is some self ­
g 9
 

homeomorphism h 2 of F which leaves the last handle (a ,b )

g 9 

fixed so that 
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(y) (hl h 2 ) = «y)hl )h2 = a l · 

By Step I, h is generated by L, Nand T. Thus, we have2 

reduced to the case rna = O. 

If rna > 1, let c' be a circle whose homotopy class 

is equal to clOYlc12YOcllYlYO as pictured in Figure 2.4. 

Figure 2.4 

Thus, we have the following properties: (c')h n (a Ub)
1 g g 

= ~, c' is null-homologous, c' separates the surface F in 

two components, the component that does not contain the 

last handle has genus one, the cardinality of the set 

c' n Y is less than 2m , and moreover if the intersection a 

point (al)f n (bl)f is not contained in the arc YI OQ = YOYl 

the cardinality of the set c' n (bl)f remains unchanged. 

Therefore, there exists a self-homeomorphism h 2 of F, which 

leaves the last handle so that 
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By Step I, the ~apping class of h is generated by L, N2 

and T. Instead of f we are going to study fh h and2 ,
l 

clearly the cardinality of the set (a )fh h n c is the
l l 2 l 

same as the set (al)f n c' , which is less than 2ma· 

If rna = 0 and ~ > 1, we may do the same process by 

taking y f(b l ) as we did for rna > 1. Since ~ > 1, i.e. 

there is more than one component of y in the first handle, 

we may choose the points 0, P and 0 such that the inter­

section point (al)f n (bl)f is not located in yIOO. As 

we mentioned before, the number rna o remains unchanged. 

If m = 0 and ~ = 1, and if (al)f is contained in a 

the first handle, we may let y (bl)f and construct the 

same hI as we did before. Since Yl = ylpo must be the 

only part of the set (a U bl)f outside of the first
l 

handle, we have «a U bl)f)h n (a U b ) =~. Therefore
l l g g 

fh is generated by L, Nand T by Step II.l 

If rna 0 and m ~ 1, and if (al)f is not containedb 

in the first handle, let y = (bl)f and construct the same 

circle 0 as we did before. Then 0 intersects (al)f 

transversally at one point. Thus, 0 is not null-

homologous, and we may choose hI such that (o)h a andl 2 

«al)f)hl b 2 . Again, we have «a U bl)f)h n (a U b )l l g g 

~ since g > 3. Therefore fh is generated by L, Nandl 

T by Step II. 

Finally, if rna 0, we may apply Step II 

directly. 



308 Lu 

3. Relation with Lickorish's Generators 

Lickorish [7] found a finite set of generators of the 

mapping class group M , which are Dehn twists along the 
g 

simple closed curves ai's, bits and zits, i = 1,2, ... ,g, 

as pictured in Figure 3.1. They will be denoted by Ai's, 

Bi'S and zits respectively. Humphries [6J reduced the set 

of generators to only 2g+l of them. They are related 

to our generators L, Nand T in the following way: 

Figure 3.1 Lickorish's generators 

Theorem 3.1.
 

i-I -i-l
(a) A. T MT , where M NLN, 
~ 

i-I -i-l(b) B. T LT , 
~ 

i-I -i-l(c) Z. T ZT , where Z MLNLNLM, 
~ 

for i = 1,2, ••• ,g. 

Proof. The only expression we need to prove is the 

last one zl = Z. Indeed, 

Zi = [a1zl,zlb1z1,z1a2,b2,a3,b3,···J, 
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where zl a 2b 2a 2b l • And 

Z MLNLNLM = MLNLN • [alblal,blal,a2,b2' ••. ] 

MLNL · [albl,b2xalblal,b2,xa1hla2' ••• ]' 

x = [a ,b ][a ,b ]l l 2 2

MLN · [alblb2c2bl,b2C2b1,b2,xalh1a2' ••• ]' 

c 2 [a2 ,b2 ]· 

ML · [clbl,hlc2b2blal,bla2b2,b2' ... ]' 

c l = [al,bl ]· 

[alb2c2bl,blc2b2blb2C2bl,bla2b2,b2···] = Zl· 

Reciprocally, we also may write L, Nand T in 

Lickorish's Dehn twists. 

Theopem 3.2. 

(a) L B 
l

, 

(b) N . B	 . A . BAl BlAlZlAlBl 2 ,l 2
 

-4 3-4 3 :4 3 4
(a) T	 pPlN1P2N2···Pg-1Ng-l 9 

p4(g-2)N3N3 N3 
1 2··· g-1' 

whepe 

P.	 A.B.A. 
J.	 J. J. J. 

and 

1N. = Ti-1NTi ­
J. 

fop i = l,2, •.• ,g. 

Ppoof. (a) It is obvious. 

(b)	 Since (LN)5 N6 , we have
 

2 2

N = NLN • L · NLN · N LN

Therefore, the formula is immediate. 
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(c)	 Since
 

p4 [clalcl,clblcl,a2,b2,a3,b3' ••• ]'
 

3and	 since P.N~ NiPi +l , the formula is easy. Indeed, 
~ ~ 

Tgthis	 is a consequence of the formulas (l.l.a) = 1 and 

(1.2.c) (N 3T)g-1 = p4(g-2). 

A new presentation of the mapping class group M can g 

be found by plugging our generators into the presentation 

given by Hatcher-Thurston [5] and Wajnryb [11]. Now we 

recall their result. 

Theorem 3.3. ([5] & [11]) The mapping class group 

M has a presentation with 2g+1 generators A ,A2 , •.. ,g l 

Ag ,Bl ,B 2 'Zl'Z2, ..• ,Zg_1' and the following relations: 

(A)	 (1) A.A. A.A., (2) B.B. = B.B., (3) Z.Z. = Z.Z., 
~ ] ] ~ ~ ] ] ~ 1 ] ] ~ 

(4)	 AiB j BjAi , if j ~ i, (5) AiBiAi = BiAiBi , 

(6)	 A.Z. Z.A., if j ~ i,i - 1,
1 ] ] 1 

(7)	 A.Z.A. = Z.A.Z., if j = i,i + 1 
~ J	 ~ J ~ J 

(8)	 BiZ j ZjBi , for all i,j = 1,2, .... 

(B)	 (B1A1 Z1 ) 4 B2A2Z1A1B~AIZ1A2B2A2Z1A1BiA1Z1A2. 

(C)	 B2 • t 2B2t 2 • tlt2B2t2tl • Z2 • Zl • Bl = 

where 

and 
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(D) B ~ A Z lA 1···ZlAlB12A1Zl···A lZ lA,g g g- g-	 g- g- g 

where 

B 
g 

V; t. It.v. It.t. l' 
..&. 1.- ~ ~- ~~-

and 

u.	 2 •.• ,g - 1. 
1. 

Now we begin to simplify these relations by using our 

new generators. 

Proposition	 3.4. 

(a) L	 ~ TiLT'i, i 1,2, ..• ,g - 1. 

(b) L ,~ TiNTi , i 1,2, ... ,g - 2. 

(c) N ~ TiNTi , i 2,3, ••. ,g 2. 

(d) TMT = N3MN3 = N2LN2 . 

(e)	 L ~ NTZTN. 

3 3 3 3(f) TN TNTN T = N TNTN . 

(g) L	 ~ N2LN2 , N3LN3 , N4LN4 . 

(h) L	 ~ NLNLN, NLNLN. 

Proof. The main part of the proposition is proven 

by direct calculation of the image of basecurves. 

Remark. Among the above relations, the formulas (g) 

and (h) are consequences of 

L ~ N6 , L ~ TNLNT = N2LN2 , L ~ TLT 
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Indeed, the formulas of (g) are evident, and thos of (h) 

can be read from the following equality: 

NLNLN N2LNLNLN2 , by (1.2.b), 

(N4LN4)-1(N3LN3)-1(N2LN2)-1. 

In our later calculation, the formulas (g) and (h) will be 

used very frequently. 

Proposition 3.5. The reZation (A) of Theorem 3.3 is 

a consequence of the reZations in Propositions 1.1 and 3.4. 

Proof. Without loss of generality, we assume i = 1. 

(A-I) If j ~ 2 and g, this is clear" from (3.4.a) and 

(3.4.b). If j 2, 

2 2 3Al A2 = MTMT = NLN·N2LN NLTLTN NTLTLN = N LN LN 

by (1 • 1 . b), (3 • 4 •a) and (3. 4 •d). And if j = g, 

AA =T·AA ·T=T·AA ·T=AA.1 9 2 1 1 2 9 1 

(A-2) It is equivalent to (3.4.a). 

(A-3) If j ~ 2 and g, it is obvious from (3.4.a-c). 

and if j = 2 or g, it is a consequence of (3.4.e). 

(A-4) If j ~ 2, it is obvious from (3.4.a) and 

(3.4.b). And if j. = 2, it follows from (3.4.c) and the 

result for the case j ~ 2, indeed, 

A B = MN 3LN3 - N3A B N3 = N3TA B TN3 
1 2 - 2 1 1 9
 

3 -3

N TBgAlTN = B 2Al • 

(A-S) It is exactly the formula (1.2.a), or equiva­

lently (3.4.h). 

(A-6) If j ~ 2, again it is evident. If j = 2, 

Al Z2 MTZT = T(TMT.T 2ZT2)T = T(N2LN2T2ZT2 )T 

2 2 2 2T(T ZT N LN )T = TZTM = Z2Al. 

by (3.4.a-d). 
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(A-7) If j 1, we have 

Z MLNLNLM· M · MLNLNLM MLMNLNMLMLMNLNMLMl A1 Z1
 

LMLNLNLNLNLML = LMLNLMLNLML = LMLNMLMNLML
 

LMNLNL 2ML LNLN2LNL 2NLNL = LNLN2LNLNLNLNLN
 

LNLNLNL2N LNLNLM2 = A1 Z1A ·
 l 

by using the relations (3.4.g) and (3.4.h). 

If j = g, we have 

Z A Z TMLNLNLMT · M • TMLNLNLMT TMLNLNLNLNLMT19 9 
2 2 3 2 2 3TNLNLN LNLNLN LNLNT = TNLN LN LNLNLN LN LNT 

TN2LN3LNLNLNLNLN3LN2T 

TN2LN2T . TNLNLNLNLNLNT • TN2LN2T 

M • TZT · M = Al ZgA1 • 

(A-8) If j ~ 1 and g, it is easy from the relations 

of Proposition 3.4. If j = 1, 

B Z = LMLNLNLM = LMLMNLNMLM MLNLNMLM = ZlB l ,1 l 

by (1.2.a) and M ~ NLN. And if j = g, 

LTMLNLNLMT = TN3LN3MLNLNLMT = TMLN3LN2LNLMT 

2 3 3 3TMLNLN LN LMT = TMLNLNLMN LN T 

Actually, we have more interesting relations: 

Proposition 3.6. The following formulas are the aon­

sequences of the reZations given in Propositions 1.1, 1.2 

and 3.4: 

(a) (NLNLNLN)4 = N3L2 (LN) 5(LN)5N3. 

(b) (NLNLN)4 = (NL)5(NL)5L2. 

(c) L ~ (LN)5(NL)5. 

(d) TLT ~ (LN)5, and TMT ~ (LN)5. 
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Proof. (d) 

TLT(LN) 5	 N3LN3 • L · NLN · N2LNLN • N"2 LN2 . N3 

2 2 2 3LNLN LNLNLN · N LN • N

LNLNLNLNL · N2LN2 N3 = (LN)3N3LN3 

(LN) 5TLT• 

And similarly we may obtain the other one. 

(b) & (c) We show both at the same time. Since 

(NLNLN) 4	 (NL)NL(N2LN2)NLN2LN(N2LN2)LN(LN) 

(NL)2N2LNL(N2LNLN3)N(LN) 2 

(NL) 2N2L (N3LNLN4 ) N(LN) 3 

(NL)4N4(LN) 4 

E (LN) 5N6 (NL) 5r;
 

- - 5 - 5­L(NL) (NL) L, by (1.2.b), 

since L ~ NLNN by (1.2.a), the formula (c) is evident. 

And the above calculation together with (c) shows directly 

the formula (b). 

(a) By the formula (b), it is enough to show that, 

(NLNLNLN)4 = N3 {NLNLN) 4N'3. 

Actually, 

N3 (NLNLN)4N"3 N3 (N4LNLNLN2 )4N"3 

NLNLNLN2LNLNLN2LNLNLN2LNLNLN 

NLNLNLN2LNLNLN2LNLNLN2LNLNLN 

MLM(NLNLNLN)3NLN2LN 

MLM(NLNLNLN)3NLN2r;N 

MLM(NLNLNLN)4MLM 

(NLNLNLN) 4 , by (l.2.a) and (3.4.a - c). 
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Proposition 3.7. The relation (B) of Theorem 3.3 is 

a consequence of the relations in Propositions 1.1, 1.2 

and 3.4. 

Proof. Since B1A1 Z = L · M · MLNLNLM NLNLNLN, and1 
2

A2Z1AIBiAIZIA2 = N
3MN3 

· MLNLNLM · M · L · M · MLNLNLM · 

N3MN3 

LM, by (3.4.d) 

N3 (N-L)5-L2N3, by (3 ••6 d) • 

The proposition is clear by comparing with (3.6.a). 

Figure 3.2 
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Now we introduce a notation_ We denote the conjugate 

SaS-1 simply by <S>a_ The relation (C), called the 

lantern law, is a special relation for the mapping class 

group M of genus 9 > 3, and is a composition of seven 
g -

Dehn twists, which can be chosen arbitrarily up to con­

jugacy_ Here, we let the seven twist curves be the follow­

ing: 

b l , a 2b2a 2b l , a 3b 3a 3b 2 , b 3 , b 2 , a3b3a3a2bla2' 

a3b3a3a2bla2b2' 

as pictured in Figure 3.2. Since 

NT(NLM)4N2p (b1 ) a3b3a3a2bla2' 

and 

the formula (C) is equivalent to 

<T>L-<PN2 (MLN)3TN>L-<PNTN>L 

L-<PN>L-<TPN>L-<T2>L_ 

. . - 2 -2 - ­S1nce P = LML commutes w1th TLT, T LT , TMT and TNT by 

the formulas (3_4_a-d), and since PLP = M NLN, con­

jugating the above formula by P, we have 

Proposition 3_8_ The lantern law (e) is equivalent to 

<T>L-<N2 (MLN) 3TN>L·<NTN>L = 

<N>L·<N>L·<TPN>L-<T2>L_ 

According to Wajnryb's work ([llJ), the relation (D) 

is special for a closed surface. Moreover, we may con­

sider L, Nand T as mapping classes of the orientable 

surface F 1 of genus g with one boundary componentg, 
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s = c l c 2 ••• c g ' as pictured in Figure 3.3, which form a 

system of generators of the group M l' and relations (A),g, 

(B) and (C) give a complete presentation of it. There­

fore, we may replace (D) by any relations which ge~erate 

the kernel of the quotient map from Mg,l to Mg. 

NL 

T 
Figure 3.3 

The Dehn twist along the curve S is clearly equal to 

Tg . And sliding S along some nonseparating curve, e.g. b l , 

is given by (TN3L3 (NLNLN)4)g-l, since 

TN3 (NL)5(NL)5L = TN3L3 (NLNLN)4 

= [blc2blal,bl,a3,b3,···,ag,bg,bla2bl,blb2blJ, 
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(TN3L3 (NLNLN)4)g-1 

[OlC9···c2clalbl,bl,bla2bl,blb2bl,···,blagbl' 

blbgbl ]· 

These two classes form a set of normal generators for the 

kernel of the quotient map from M 1 onto M , since all 
g, 9 

mapping classes obtained by sliding 8 along some non-

separating simple closed curve are conjugate each other, 

and since all mapping classes obtained by sliding 8 along 

some separating simple closed curve are composed by those 

along nonseparating curves, in particular along the 

basecurves, it is enough to replace the formula (D) by 

the formulas 

Tg = 1, and (TN 3L3 (NLNLN)4)g-1 = 1. 

Putting all together we have a new presentation of 

the surface mapping class group in our generators: 

Theorem 3.9. The mapping class group M of the 
g 

closed orientable surface of genus g, 9 ~ 3, has a pre­

sentation of three generators: the linear cutting L, the 

normal cutting N and the transport T, and 3g + 4 relations: 

~(I) L <Ti > L, i 1,2, •.• ,g - 1, 

~L <Ti > N, i 1,2, ••. ,g - 2, 

L ~ N6 , L ~ <NTN(LN) 2 > L, 

(II) N ~<Ti > N,·~ = 2 , 3 , ... ,g - 2 , 

(III) <T>L =<N3>L, <TN>L <N2 > L, 

(IV) (LN) 5 = N6 , (LN) 10 
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(V)	 <T>L-<N2 (NLNLN)3TN > L- <NTN > L
 

= <N>L-<N>L-<TN(LN)2 > L-<T2>L,
 

(VI) Tg = 1, (N3T)g-1 = (LNLN) 6 (g-2) ,
 

and (TN3L3 (NLNLN)4)g-1 = 1_
 

All above formulas are collected from earlier dis­

cussions, though they may be slightly different, in fact, 

<NTN(LN)2>L = <NTMLN > L, 

and M NLN_ 

4. Some Applications 

By using the new system of generators, some of the
 

properties of the mapping class group M can be easily

9 

shown_ 

i) AbeZianization Ah(M ) of M . g g 

Denote by Ah(M ) the abelianization of the mapping
g 

class group M , for g ~ 1, which was determined first byg
 

Birman [lJ and Powell [lOJ. Here we may reprove their
 

result easily from the relations we have got_
 

Theorem 4.1. Ab(Ml ) = ~12' Ab(M 2 ) = ~10' and
 

Ab(Mg } = 0, for 9 > 3.
 

Proof. When genus g = 1, the mapping class group
 

Ml SL2(~) has a presentation
 

2- 6
M = { L,N; LN = N L, and N = I.> , l
 
where the operation N is slightly different, defined as
 

N = [bl,bla ], since we do not have the second handle.l
 

Thus,
 

2 6
(L,N; L N, and N 1.) 



320 Lu 

When 9 2, we recall the presentation of M2 given 

in [8], 
- 10 6(LN) S = 1, (LN) = l, N = 1, and).( L,N; some commutativity relations. 

Then, 

1. ) 

( 5 N2)L,N; L = N, and = 1. 

And for 9 ~ 3, the formula (LN)S = N6 implies N = LS 

in Ah(M ), the formulas Tg 1 and (N3T)g-1 = (LNLN)6g - 2 
9 

imply T = LlS (g-1)-12(g-2) L3g- 9 in Ah(M ), and the 
9 

lantern law (3.9.V) implies L = 1 in Ah(M ). Thus 
9 

Ab(M ) = 1. 
9 

Similarly, for the homeotopy groups, we have that, 

Ab(Ml ) = 7Z 2 $ Z2' Ab(M ) =tz 2 and~Z2'2.... 
Ab(M ) 3,= ~2' 9 ~ 

by using the relations RLR NLN, RNR TNT and R2 1. 

g

ii) The ToreZZi subgroup 1 of Mg 

Let A: M ~ Sp(2g,Z) be the natural homeomorphism 
9 

9 
defined so that, for each mapping class f of M , the ele­

9 

ment A(f) is the automorphism of the group Hl(Fg;~) =~2g 

induced by f. We will call the normal subgroup 1 = kerA 
9 

the Torelli subgroup of M • 
9 

The first set of normal generators of the group 1 
9 

was given by Birman [2] in Lickorish's Dehn twists. 

Powell reduced to three maps: a Dehn twist along a null-

homologous curve which splits one handle from the others, 

a Dehn twist along a null-homologous curve which splits 



321 TOPOLOGY PROCEEDINGS Volume 13 1988 

two handles from the others, and twists along a pair of 

disjoint homologous (not homotopic) curves in which none 

of them is null-homologous in the surface. 

Here we may write them easily in our generators. 

Theopem 4.2. The TopeZZi gpoup 1 is a normaZ sub­
g 

4 N6 group generated by p = (LNLN)6, , and (NL)5(NL)5. 

4 6Proof. The mapping classes p and N are exactly the 

Dehn twists a~ong the curves c l = [al,bl ] and

x = [a ,b ][a ,b ]. And we may write the last one in the
l l 2 2 

following way, 

(NL)5(NL)5 = L • (LN)5E (NL)5, 

and clearly it is a composition of the Dehn twists along 

the circle b and the circle (LN)5(b ) = blx.l l 

iii) The automorphism group Aut(M ) of M 

 - g g
Let Aut(M ) and Aut(M ) denote the automorphism

g g 

groups of the mapping class group M and the homeotopy 
g -

group M respectively. Let Inn(M ) and Inn(M ) denote g g g 

their corresponding inner-automorphism, normal subgroups. 

And let Out(M ) and Out(M ) be their quotients. McCarthy
9 g
 

and Ivanov [9J proved that,
 

Theorem 4.3. The short exact sequences 

1 + Inn(M ) + Aut(M ) + Out(M ) + 1,
9 9 9 

and 

1 + Inn(M ) + Aut(M ) + Out(M ) + 1,
9 g g 

are spZit~ and 
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i) Out(M ) Z2' and Out(M ) = 1, for 9 .:. 3, 
9 9 ...... 

ii) Out(M ) 11 Z2' and Out(M ) = 11 x 7l •x2 2 2 2 2 

Here we give those outer-automorphisms explicitly. 

Proposition 4.4. i) The group Out(M2 ) is generated 

by~ 

p: M2 
-+ M

2 
, p(L) RLR M, and p (N) = RNR = N, 

and K: M· -+ M
2 

, K(L) LK, and K(N) = NK, where K = Tp2Tp2.
2
 

2
(Remark: L -eo K, N -eo K, and K = 1.) 

ii) The group Out (M ) is generated by,2 
...... 

K : M2 
-+ M , KI(L) LK, Kl(N) NK, and K (R) R,

I 2 I 
...... ...... 

and K : -+ M K (L) LK, K (N) NK, and K (R) RK.
2 M2 2

, 
2 2 2 

iii) The group Out (M )., for 9 > 3, is generated by~ 
9 ­

p: M -+ M , p (L) = RLR M, p(N) = RNR = N, and 
9 9
 

p(T) RTR = T.
 

The idea to prove Theorem 4.3 is to show that, any 

automorphism of the mapping class group M maps a Dehn 
9 

twist to a Dehn twist, for 9 .:. 3, by using the result of 

Birman-Lubotzky-McCarthy [3] about abelian subgroups of 

Mg. Thus, we can have only one nontrivial outer auto­

morphsm p (modulo inner automorphisms) which maps a Dehn 

twist to some Dehn twist with reversing twist orientation, 

in particular p can be chosen as in Proposition 4.4. 

When 9 = 2, it is slightly different, we have one 

-3-2 3 2 [ ] .element of order two K = N P N P E M ,M commut~ng with
2 2 

all mapping classes. Since Ab(M ) = 1l multiplying K to2 10 , 
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the	 mapping classes whose image in the abelianization is 

odd,	 we obtain a nontrivial outer automorphism K. Since 

Ab(M	 ) = Z2 ~ Z2 and RK = KR, we have two different ex­2
 

tensions K and K of K as shown in Proposition 4.4.
1 2
 

According to McCarthy and Ivanov, there is no more.
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