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EVEN HOMOGENEITY AND EFFROS’ THEOREM

Kathryn F. Porter*

Introduction

In 1965, E. G, Effros [2] published an important
result in the theory of transformation groups which has
been used extensively in the study of homogeneity, func-
tion spaces, and continua theory. For example, G. Ungar
[7]) used Effros' Theorem to prove, among other things,
that: Every 2-homogeneous metric continuum is locally
connected. In this paper, the concept of even homogeneity
will be introduced and used to extend a form of Effros'
Theorem to allow its application to a larger collection of
spaces. We first look at some definitions we shall be
using.

If (X,T) is a topological space, then H(X) is the
collection of all self-homeomorphisms on X. A subgroup,
G, of H(X), is trarnsitive provided that for each x € X,
the set G(x) = X, where G(x) = {y € X: there exists g € G
such that g(x) = y}. A space, X, is homogeneous if for
any X, Y € X there is a homeomorphism, h, such that
h(x) = y. A topology T' for G is called RMC [4] for G
provided that, for all g € G, the map, mg: G - G, defined

by mg(f) = f o g, is continuous.

*This paper contains part of a doctoral dissertation
written under the direction of Professor David P. Bellamy
at the University of Delaware.
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1. ULH Spaces

In 1967, G. Ungar introduced the concept of uniform
local homogeneity (ULH) [7] in order to generalize
L. Ford, Jr.'s idea of strong local homogeneity (SLH) [3].
A completely regular space, (X,T), is called uniformly
locally homogeneous, (ULH), provided there exists a uni-
formity, U, for X such that (1) T = Tu and (2) for all
x € X and U € U, there exists an open neighborhood, O, of
x such that if y € O there is some g € H(X) with g(x) =y
and graph(g) C U.

Note that graph(g) C U ifandonly if g(x) € U[x] for
each x € X. Also, when we want to be more specific, we
shall say "(X,7) is ULH w.r.t. U" which means that U
satisfies the properties (1) and (2) above.

One of the nice properties of ULH spaces is that
finite products of ULH spaces are ULH [7]. We extend

this result to arbitrary products.

Theorem 1.1. Let A be an index set of arbitrary
ecardinality, and for all o € A, let Xu be a homogeneous

ULH space. Let X =1 X . Then X is ULH.
a€A @

Proof. Assume for all o € A, Xa is ULH w.r.t. Ua.

Let P be the product uniformity on X. P has as a base
1

the set B= { NP ~(0): F is some finite subset of A
aeFa a

and, for all o € F, 0, € Ua} where the function,

Pa: X x X ~» Xa x Xa' is defined by Pa(x,y) =
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(ﬂa(x), na(y)) = (xa,ya). Let p € X and let M € P, then

there exists a basis element, B* = N Pa_l(oa) such that
aEF

(p,p) € B¥ CM and F is some finite subset of A. Now,
for each a € A, Xa is ULH w.r.t. Ua, therefore, for each
o € F, there exists a ULH neighborhood, Va' in Xa' such

that p. €V.. Set V= nN n—l(v ), then V is open in X.
o o wer @ G

If z € Vv, then for each a € F, z, € Va' So, for each

oo € F, there is some h € H(X ) such that h (p. ) = z_ and
o o a o a

graph (ha) c Oa. For every a € (A\F), since Xa is homo-

Z .

geneous, there exists h € H(X ) such that h (p )
a a a'va o

Define H: X + X by H(s) =« Ha(sa) > o&€A where:
ha(sa) if o« € F

ﬁa(sa) = . .
ha(sa) if o € (A\F)

ﬁ € H(X) and ﬁ(p) = (za)aGA = 2. Show graph(ﬁ) C M: Let
t = (s,H(s)) = ((sy)yeps (Hy(Sy))yey). For all @ €F,
(syr Hy(sy)) = (s,,hy(s,)) € graph(h,) C O,. Hence,

t € nPyl(0,) CM. Therefore X is ULH w.r.t. P.
aeF

2. Even Homogeneity
Let (X,T) be a topological space and let G be a tran-

sitive subgroup of H(X), with a topology T'. We say that

X is evenly homogeneous w.r.t. (G,T'), provided that for
all open sets O € T' such that e, the identity map on X,

is in O, then there exists an open cover D of X such that
if x,y €V € D then there exists h € O with h(x) = y. We
shall abbreviate this by E.H. w.r.t. (G,T'). The relation-

ship between even homogeneity and ULH is as follows.
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Theorem 2.1. Let (X,U) be a uniform space. Then,

X 18 ULH w.r.t. U 2f and only if X is E.H. w.r.t.
(H(X), Ta) where Ta 18 the topology induced on H(X) by U.

Proof. Let (X,U) be a uniform space.

(*) Assume X is ULH w.r.t. U. Let O € Ta such that
e € 0. Then there exists U € U with a[e] C 0, where
6 = {(f,9): (f(x), g(x)) € U for all x € X}. Now, there
exists V € U such that V = V'% and V o« V C U. So, for
all x € X, there exists an open neighborhoed, O/ of x
such that if y € Ox’ there exists g € H(X) with g(x) =y
and graph(g) C V. {Ox}xex is an open cover of X, so if
1’ h2 € H(X) with
hl(x) = p, hz(x) = q and for each z € X, (z, hl(z)),

p,q4 € Ox for some x € X, there exist h

(z, hy(z)) € V. Hence, h, o h;_l(p) = q and (hy(2), h,(2))

€vovCuyu, for all z € X. Therefore, (z, h2 ° hIl(z))

€ U, for all z € X. Thus, h, ° hIl € Ule] C 0. So, X is
E.H. w.r.t. (H(X), Ta).
(=) Assume X is E.H. w.r.t. (H(X), Ta). Let x € X

and U € U. Then e € Ule], so there exists an open cover,

{Oa}aEA' of X such that if p, q € 0, for some a € A, there

exists h € U[e] with h(p) = g. x € X, hence, there is
some B € A such that x € OB' If y € OB' then there
exists h € U[e] such that h(x) = y. Recall that h € U[e]

if and only if graph(h) C U. Therefore X is ULH w.r.t. U.
As with ULH spaces, we have a result involving arbi-

trary products of evenly homogeneous spaces.
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Theorem 2.2, Let A be an index of arbitrary cardi-
nality. For all o € A, let (x,Ta) be a topological space
and let G, be a transitive subgroup of H(X ). For each
a € A, let T& be a topology for G, such that X, i8 E.H.

w.r.t. (G ,T'}). Set X = 1T X and G= 1T G_.. Let T
a’ a =T =T

and TP be the product topologies on X and G respectively.
Then X is E.H. w.r.t. (G,TP).

Proof. Let O € TP with e € 0, where e =<ea>a€A and

e, is the identity map on xa. Then there exists a basic
open set, B = agFﬂal(Ua) where F is a finite subset of A,
U, is open in Ga for all o« € F, and e € B C 0. Now, for

all a € A, xa is E.H. w.r.t. (Ga’ T&). So, for all o € F,

there is some open cover, Wa = {Wg} such that if

BET,,
p.q € wg for some o € F and some R € Fa' there exists some

ha,B € U, with ha,B(p) = g. Then, define
w={n ﬂ-l(Wa): B €T }. Note that W is an open cover
a€F @ 8 &

of X. Ifs, t€ N1 YW then for all o € F,
w€F & B

s , ta EW So, for each a € F, there exists some

o

a R*
€ = i i

ha,B Ua such that ha,B(sa) ta' Also, since Ga is

transitive for each a € A, we have that for each o € (A\F),

there is an h € G such that h (s ) = t_. Define the
o o o Ta o
function H: X » X by H(x) = <ga(xa)>a€A where
h if o« €F
= o,8
99 T .
ha if o € F

Thus, H € G, H(s) = t, and H € B C 0. Therefore X is

E.H. w.r.t. (G,TP).
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3. Evaluation Maps

Let (X,T) be a topological space and let G be a
subgroup of H(X) with a topology, T'. For each x € X we
define the evaluation map, E.: (G,T') » (X,T) by
Ex(g) = g(x). Ungar has shown the following about the

evaluation map.

Theorem 3.1. [7] Let (X,U) be a homogeneous uniform
space and let H(X) be given the induced uniform topology,
Ta. Then, for each X € X, the evaluation map, Ex’ 18
open if an only if X is ULH w.r.t. U,

For even homogeneity we have the following results

for the evaluation map.

Theorem 3.2. Let (X,T) be a topological space and
let G be a transitive subgroup of H(X). Let T' be an RMC
topology for G. If X is E.H. w.r.t. (G,T') then for each
X € X, the evaluation map, Ex: (G,T') » X, is open.

Proof. Assume X is E.H. w.r.t. (G,T'). Let x € X
and let O € T'. Suppose y € Ex(O), then there is some

h € 0 such that h(x) = y. Then h € 0 implies that

1

e EOh™" € T', since T' is RMC. By even homogeneity there

exists some open cover, {Oa}aGA’ of X such that if

p,q € 0, for some o € A, then there is some g € on~1

with g(p) = gq. But y € X, so there exists a B € A such

that y € 0, and if r € 0 there is an £ € Oh-l

B B’

f(y) = r. Whence, OB C Ex(O) since £ o h € 0 and

such that
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£ ¢ h(x) = £(y) = r. Therefore, for all x € X, the map

Ex: (G,T') - X, is open.

Corollary 3.1. Let X be a topological space and let
G be a transitive subgroup of H(X). Let T be an RMC
topology for G such that X is E.H. w.r.t. (G,T). Then
for all topologies, T*, for G with T* CT, we have that
for each x € X, the evaluation map, Ex: (G, T*) » X, is

open.

Corollary 3.2. Let (X,T) be a topological space and
let G be a transitive subgroup of H(X). Let T' be a
topology for G such that (G,T') is a topological group.
Then, X is E.H. w.r.t. (G,T') Zf and only if for each

x € X, the evaluation map, Ex: (G,T') » X, s open.

The following is an example of a topology for a
function space for which the evaluation map is only open

under extreme circumstances.

Example 3.1. Let (X,T) and (Y,T) be topological

spaces. For O C X and U C Y, define the set (0,U) =

(£ € ¥¥: £(0) C U}. Let Seo = 1(0,0): 0 €T and U € T}.

Then S0 is a subbasis for a topology, T_.., on YX, called

oo
the open-open topology [5].

We shall show thatwhen X is a T, space, the evalua-

1
tion map, Ex: (H(X),Too) + X, is open for each x € X,

if and only if X is discrete: Assume that X is T;. Let

x € X. Then {x} is closed so that (X\{x}) is open. Note
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that the set V = ((X\{x}), (X\{x})) = ({x}, {x}) €T,
Thus, Ex(V) = {x}. Since x was an arbitrary point in X,
hence Ex(V) is open if and only if X is discrete.

The reason that the evaluation map, in the case when
X is not discrete, fails to be open, is that X is not
E.H. w.r.t. (H(X),Too): Fix an x in X. We have
({x},{x}) € T and e € ({x},{x}). Suppose that V* is
an open cover of X. Therefore, there exists V € V* such
that x € V. Ify € V, vy # x, there is no h € ({x},{x})
with h(x) = y, since if h € ({x},{x}) then h(x) = x.

We now give an example of a space which is E.H. w.r.t.
(G,T), but which is not ULH. This example appeared in
Ford's paper [3] as an example of a space which possesses
a transitive homeomorphism group with no reasonable

topology.

Example 3.2. Let X = R2 and let basic open neighbor-

hoods of a point (xo,yo) € X be of the form: Na(xo,yo) =

{(x,y): Xq < X < Xy + ¢ and Yo = € <Y <yyt e} U

0
{(xo,yo)} where ¢ > 0. Define Ne(xo,yo) = Ne(xo,yo)\
{(x5,y4) 1.
X is T, but not regular since the point (0,0) cannot

2
be separated from the set C = {(0,y): yv # 0} which is

closed in X. Hence X is not uniformizable and thus not
ULH.

Let G be the set of all translations, i.e., G =
{h: X =+ X: there exists a, b € R such that for all

(x,y) € X, hix,y) = (x + a, y + b)}.
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Give G the topology, T, whose subbasic open sets are
of the form ({(p,q)}, N_(s,t)) = {f € G: f(p,q) €N _(s,t)},

where (p,q) € Rz.

Claim. X is E.H. w.r.t. (G,T): Let O be open in G
such that e € 0. Then there exists a basic open set,

say B =

il Do

l({(xi,yi)}, N _(pi,qi)) with e € B C 0. Note

1 €l

that, without loss of generality, (xi,yi) # (xj,yj) if
i # j. Also we can choose the N small enough so that

the sets N€ (pi,qi) do not intersect since X is T Now

5
e € B, so we know that for all i = 1,2,3,...,n, (xi,yi) €

-~

Nei(pi’qi)' For each 1 =1,2,3,...,n, let di = min {si +

p:. - %x., €, - |y, - q.|)} and let ¢ = min S, .
oot oo i€{1,2,3,...,n} *

Let U = {Ne(x,y): (x,y) € X}. U is an open cover of X

and let (p,q), (s,t) € Ns(x,y). Then define the function,

h € Gby h(x,y) = (x - s +p, y-t+qg). h(s,t) = (p,9q).
So for each 1 =1,2,3,...,n, h(xi,yi) = (xi - s + p,

y; ~t+q. Thus, |p; - (x; - s +p)| < |p; - x| +

lp - s| < (x; = py) + e < g, also Iqi - (y; -t + | <

la; - y;| + e < e;. Hence, h € B C 0. Therefore X is

E.H. w.r.t. (G,T).

4. Effros’ Theorem

The following theorem is the form of Effros' Theorem
[2] which is most often used. Recall that the compact-

open topology, Tco’ on H(X), has subbasis elements of
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the form (C,U) = {g € H(X): g(C) C U}, where C is a
compact subset of X and U is an open set in X. When X is
a compact metric space, Tco' is the topology on H(X) in-

duced by the sup metric.

Theorem 4.1. (Effros' Theorem) [1] Let (X,T) be a
non-degenerate, compact, homogeneous, metric space. Then
for all x € X, the evaluation map, Ex:'(H(X), Tco) + (X,T)

is8 open.

We now extend Effros' result to uncountable products
of compact, homogeneous, metric spaces, by using the con-
cept of even homogeneity. Note that an uncountable pro-
duct of metrizable spaces is not metrizable, so that our
new result is not covered by Effros' Theorem. First,

though, we need the following theorem.

Theorem 4.2, Let X be a topological space and let G
be a transitive subgroup of H(X) such that X is E.H. w.r.t.
(G,T). Let H be a subgroup of H(X) such that G C H. Let
% be a topology on H and let TS be the subspace topology
on G inherited from (H,?). If TS CT then X is E.H., w.r.t.
(H,T).

Proof. lLet O € ; such that e € 0. Then e €E 0N G €
TS C T. Since X is E.H. w.r.t. (G,T), there exists an
open cover, G, of X such that if p,q € V for some V € G,
then there is some h € 0 N G with h(p) = gq. O0NGCoO,

hence X is E.H. w.r.t. (H,T).

Finally we are ready to prove the desired theorem.
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Theorem 4.3. Let A be an uncountable index set.
For all o € A, let xa be a nondegenerate, homogeneous,

compact, metric space. Let X = 1 xa and give X the
a€A

product topology, T. Then for each x € X, the evaluation
map, E_: (H(X),T_) » X is open.
Proof. From Effros' Theorem, we have that for each

o € A and for all X, € xa, the evaluation map, E :
a

(H(xa)’Tco) > xa, is open. We know that (H(Xa),Tco) is a
topological group, since xa is compact Hausdorff. Hence,
Corollary 3.2 gives us that for each a € A, xa is E.H.

w.r.t. (H(xa)'Tco)' Set H = agA H(Xa). Then by Theorem

2,2, we have that X is E.H. w.r.t. (H,TP) where o is the
product topology on H. Let TS be the subspace topology

on H as a subspace of (H(x),Tco).

Claim., Ta C TP on H: (This Claim is a known result.

S
However, the proof is given here for completeness.) Let

B be a subbasic open set in Ts. Without loss of generality,
we can choose B = (C,V) N H where C is a compact subset of
X and V is open in X. Let £ € B. Then £(C) C V and

£ =< fa> So for all x € C, there exists a basic

a€A°

open set, O_ = N 7.2(0 ) where F. is a finite subset of
X oaeF, ¢ © x

A and, for all o € Fx’ Oa is open in Xa’ and such that
f(x) € Ox C V. By regularity, for each x € C and for

each o € Fx' there exists some € 0 with
o
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fa(xa) € B(fa(xa)’exa) c ClXaB(fa(xa)’exa) c Oa. Thus,

for all x € C and for all o € Fx' there exists some

6x > 0 such that X, € B(xa,éx ) C Clx B(xa,éx ) C
o o o o

-1 -1 -1
£ (B(fa(xa), €x )) C £, 7(Cly B(£ (x.), €e V) c fa

o o o

(0,) -

Hence, for all x € C and for all o € Fx’ fa € (Clx B(xa,dx ),

o o
€
BUe (x) 1 € 1) € o, om X,
NowCcC U| n n-l(B(x ;6. ))|. € is compact, so
b=l aGFx o o Xy

there exists a finite subcover, say

2 -1 i,
cc uln  whEel,s i)
i=l|.a€Fx Xy
i
n .
c uln 4 Lic, sixl, 6,4
i=1l aGFX o [0} @ o
i
n [ .
-1 -1 i
c uln £ £ ;
i=1lqep. @ o (Blfy () s exi))
L %
c rLIJ N w;l ° f'l(clx B(f (x), £,i))
i=1[a€F ¢ ST o
| i
-
c uUln Lo £l
i=lLa€Fx ° ¢
i
.-
= ul n el n-l(O )
i=lLaEFx ¢
i
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n
= v eHen wtloy
i=1 aGFx_
i
n
- v sl ) ctm
i=1 i
. _ -1
Define L = agF Ty (ClXaB(xa’ Gxa), B(fa(xa)’ exa))
n
where F = U F , then £ €L € TP. If g € L then for

: X
i=1 i

all a« € F, g (Cly B(x , 8 )) CB(f (x ), g, ). IftEC,

X
Qa Ql Ql
. -1 k
there exists some k such that t € N T T(B{(x, 8 %)) C
a o x
aGFx (v}
k
k
A w—l(cl B(x,, ka)). Thus, for all a € Fy CF,
o X o k
aGFx o

k

t, € Cl, (B(xS, 6 x)) which implies that for all
Ql Ql

k =
@ € v gy(k,) € BIE(x), eg). S0, g(t) €

-1 k

N

al T T(BUE, (%) axg) c oxk C v. Thus, g € (C,V) N H.
Xk

Hence, TS C TP.

Therefore, by Theorem 4.2, X is E.H. w.r.t. (H(x),Tco),
and so, Theorem 3.2 implies that Ex: (H(X), Tco) + X, is
open, for each x € X.

Some spaces which are included in the above case,

which were not covered by Effros' Theorem are uncountable
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products of unit circles, Sl, and uncountable products of

[0,1]'s. Note that [0,1] is not homogeneous, but the

Hilbert Cube, Q, which is a countable product of [0,1]'s

is homogeneous and an uncountable product of [0,1]'s can

be written as an uncountable product of Q's.
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