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NON-WANDERING SETS, PERIODICITY, AND
EXPANSIVE HOMEOMORPHISMS

J.D. Wine

In what follows we examine the non-wandering set of
a homeomorphism of a compact metric space onto itself,
the w-limit set of a point in the space, and the relation-
ships that develop when we allow the homeomorphism to be
expansive and/or the non-wandering set to be composed only
of periodic points. The three possibilities examined are
when the non-wandering set is pointwise periodic, the non-
wandering set equals the union of w-limit points, and when
every point in the space is positively asymptotic to a
point in the non-wandering set. Examples are given or
cited which narrow down the possible relationships.
Preliminaries. We begin by introducing the necessary

terminology and notation.

Definition 1. A homeomorphism h of a metric space
(X,p) onto itself is expansive with expansive constant
§ > 0 if given any two distinct points x and y of X there

is an integer n such that p(hn(x),hn(y)) > 6.

Definition 2. If h is a homeomorphism of a metric
space (X,p) onto itself, then a point x of X is a non-
wandering point cf h if for every open neighborhood U of
x and for every positive integer N, there exists an

integer n > N such that hn(U) N U is nonempty.
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The set of non-wandering points of h will be denoted

by 2(h). We note that Q(h) is a closed subset of (X,p).

Definition 3. If h is a homeomorphism of the metric
space (X,p) onto itself and x is a point of X, then the

orbit of x (denoted by O(x)) is U {h"(x)|n is an integer}.

Definition 4. Let h be a homeomorphism of a metric
space (X,p) onto itself and let x be a point of X. The
w=-limit set of x under h (denoted by w(x)) is the set of

limit points of the positive semi-orbit of x, U:=l hl(x).

Note that for any point x of a metric space (X,p) and
any self homeomorphism of (X,p), we have w(x) is a subset

of Q(h).

Definition 5. Let x and y be points of the metric
space (X,p) and let h be a homeomorphism of (X,p) onto
itself. If for every € > 0 there is an integer N such
that for each integer n greater than N, p(hn(x),hn(y)) < g,

then x is positively asymptotic to y.

Definition 6. Let X be a point of the metric space
(X,p0) and let h be a homeomorphism of (X,p) onto itself.
The homeomorphism h is almost periodic at x provided that
for any neighborhood U of x there exists a relatively
dense subset D of the integers such that hn(x) is in U
when n is in D. (D is relatively dense in the integers I
if I = D + K for some finite subset K of I.) If the set D
is a subgroup of the integers then h is regularly almost

periodic at X.
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Definition 7. Let h be a homeomorphism of the metric
space (X,p) onto itself. The set {xala € A} is an orbital
basis of (X,p) with respect to h if U{O(xa)|a € A} = X,

and o not equal to B implies O(xa) is not O(XB)'

Results. The first theorem is known, at least when

P is equal to X, and is included for completeness.

Theorem 1. Let (X,p) be an infinite compact metric
space. If h is a homeomorphism of (X,p) onto itself
which is pointwise periodic on a dense subset P of X,
then h is not expansive on (X,p).

Proof. Let § be an arbitrary positive real number
and let B = {xa|a € A} be an orbital basis of (X,p) with
respect to h. Let G be an open cover of X by §/2
neighborhoods of the points of X and let H be a finite
subcover of G. If B* is the subset of B such that
X, € B* implies h is periodic at X, then B* cannot be
finite and there is an open set G of H such that G con-
tains two elements of B*, call them X and Xy with
periods Py and Py respectively. If p = PPy then it is
clear that hP is not expansive with expansive constant §
since p(xl,xz) < § and they are fixed points under hP.
However, if h were expansive, hP would be expansive for

some § since (X,p) is compact.

The next two results examine the structure of w(x)
for a point x of a compact metric space under a

homeomorphism onto, itself.
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Theorem 2. Let (X,p) be a compact metric space and
let h be a homeomorphism of (X,p) onto itself. If X is
a point in X, then there is no decomposition of w(x) into
unions of orbits of h that have positive separation.

Proof. For x a point of X, suppose w(x) is the union
of the families A = U{O(y;)|i € P} and B = U{O(Yj) |3 € 0},
Q NP =g, Further, suppose that the distance between A
and B is L = inf{p(u,v)|u € A, v € B} and that L is not
zero. Since h is uniformly continuous there is a positive
real number ¢ such that € < L/3 and p(u,v) < ¢ implies
p(h(u),h(v)) < L/3 for every u and v in X. Let A* and B*
be e-neighborhoods of A and B respectively. By construc-
tion, the intersection of A* and B* is empty.

For the same point x in X, now let

A = {k|k is a positive integer, hk(x) € A*}

B = {k|k is a positive integer, hk(x) € B*}

C = {i|i is a positive integer, hi(x) & A*}
and H = {ﬂlﬁ =max{i|i € C, i < k , k € A}.

The cardinality of H is infinite since such is true
for B and A. The intersection of H and B is empty since

n € H N B implies hn(x) € B* and hence p(hn+l(x),u) < L/3

n+l

for some u in B, but h (x) is in A*.

Since (X,p) is compact, the set S = {hk(x)|k € H} has
a cluster point p. Thus p is in w(x), but p is not in

A U B. A contradiction has been reached.
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In the next result, for the first time, we require
that h be an expansive homeomorphism of a compact metric

space onto itself.

Theorem 3. Let (X,p) be a compact metric space and
let h be an expansive homeomorphism of (X,p) onto itself.
If Q(h) is pointwise periodic, then for every point x of
X, w(x) Zs either a single orbit or w(x) is empty.

Proof. The set w(x) is closed and invariant under
the homeomorphism h. Since w(x) is a subset of Q(h),
w(x) must be periodic, and since h restricted to w(x) is
expansive, the cardinality of w(x) is finite. However,
if w(x) is finite and has more than one orbit, then any
decomposition of w(x) into unions of orbits would have a
positive separation of components. This is in contra-
diction to the preceding theorem. Therefore, w(x) can

have at most one orbit.

Theorem 4. Let (X,p) be a compact metric space and
let h be an expansive homeomorphism of (X,p) onto itself.
If Q(h) is pointwise periodic, then every point of X is
positively asymptotic to a point of Q(h).

Proof. Let x be a point in X. Since (X,p) is com-
pact, w(x) is not empty unless x is in Q(h). If x is in
Q(h), then x is positively asymptotic to hp(x), where p
is the period of x.

If w(x) is not empty, let w(x) consist of O(y), then
y is periodic and by Lemma 3 in [1] it must be the case
that there is a point z of O(y) such that x and z are

positively asymptotic.
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Theorem ll* of Bryant and Walters in [3 ] is now a

corollary of Theorem 4.

Corollary 4A. Let (X,p) be a compact metric space
and h be an expansive homeomorphism of (X,p) onto Ztself.
If Q(h) is finite, then every point of X is positively
asymptotic to a point in Q(h).

Proof. If Q(h) is finite, it is pointwise periodic.

As noted earlier, for any homeomorphism h of a metric
space (X,p) onto itself and for any point x of X we have
w(x) € Q(h). We now give sufficient conditions for

equality to exist.

Theorem 5. Let (X,p) be a compact metric space, let
h be an expansive homeomorphism of (X,p) onto itself
with Q(h) pointwise periodic, and for each x in Q(h) let
there be a y in X such that y 1s positively asymptotic to
X, Y. # x. Then Q(h) = U{w(x)]|x € X}.

Proof. Let x be a point of the non-wandering set,
(h), with period p, let y be the point in X which is
positively asymptotic to x, and let an arbitrary € > 0 be
given. There is a positive integer N such that for all
n > N, p(hn(x),hn(y)) < €. Therefore, there is a positive
integer k such that p(x,h(k+m)p(y)) = p(h(k+m)p(x),
h(k+m)p(y)) < ¢ for all positive integers m. Hence x is
in w(y) and Q@(h) C U{w(x)|x € X} and we have equality of

the two sets.
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Examples. The first example illustrates that in
Theorem 5 some hypothesis beyond h being expansive and
Q(h) pointwise periodic is needed for the equality in the

conclusion.

Example 1. We use an example given by Bryant and
Walters [3, page 65], among others. The space (X,p) is
a subspace of the real numbers where

x={0,1} U {x = £|n = 2,3,4,"""} U
- 1 oo
{X =1 - H[n = 3,4'51 }I

x, if x is 0O or 1
h(x) =
;, otherwise
and ; is the point immediately to the right of x.

Equality between Q(h) and U{w(x) |x € X} does not hold.

We now give an example of a compact metric space
which has an expansive homeomorphism possessing the
following properties:

(1) the non-wandering set is equal to the union of

the w-limit points, but

(2) the non-wandering set is not pointwise periodic,

and

(3) there is a point which is not positively

asymptotic to any point in the non-wandering

set.
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Example 2. Define the following subsets of Euclidean
3-space where the points are given in cylindrical coordi-
nates

= 2n - 1
c=1{(,6,0)|6 =0, n/n, or =——n for n a

positive integer}
C, = (K, 8(M ), =) |0(M) = 1 +
k k+1'7 7k’ 124k k M, [+T

-k <M <k, M an integer}, k = 0,1,2,"""

k _
{(ololm) lk = 213141 } U {(0,0,1)}

=
]

T = C translated by the vector (-1,0,1).
Let (X,p) be the metric space which is obtained by
considering the union of the above sets to be a subspace
of Euclidean 3-space (see diagram). The space (X,p) is

compact.

We now define the function h taking (X,p) onto itself
by the following.
(1) For points in L,
h((0,0,1)) = (0,0,1)

h((0,0,250)) = (0,0,5) k =2,3,4,""

(2) For points r in Cyr let ; be the point in Ck
with next larger angular coordinate, and let
e be the point in Ck with smallest angular
coordinate, and define
;, r not having largest angular coordinate
in C

h(r) = k

qk+1, otherwise
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(3) For points r in C,

h((1,0,0)) = (1,0,0)

r otherwise

h(r)
where ; is defined the same as for Ck'
(4) For points in T,
define h as for analogous points in C.
We observe the following concerning h:
(i) h is a self homeomorphism of (X,p)
(ii) h is expansive with expansive constant of 1/6
(iii) the non-wandering set of h is composed of
{(0,0,1)} vcC
(iv) the union of the w-~limit points of h is equal
to the non-wandering set,
(v) the non-wandering set is not pointwise periodic,
and
(vi) the point (0,0,1/2) is not positively asymptotic
to any péint in X.
If we let P, Q, and R be the following properties of
a self homeomorphism h
P: the non-wandering set of h is pointwise periodic,
Q: the non-wandering set of h equals the union of
w-limit points,
R: every point in X is positively asymptotic to a
point in the non-wandering set,
then for (X,p) compact and h expansive, besides the impli-
cations shown we have that Example 2 shows that property Q

implies neither property P nor property R.
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There is an example [4, page 342] of a nonexpansive
homeomorphism on a compact metric space in which property
R is true but property P is not. Whether for expansive
homeomorphisms of compact metric spaces property R implies
anything about properties P or Q, appears to be an open

question.
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