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COUNTABLE COVERS OF SPACES BY 

MIGRANT SETS 

Zoltan Balogh, Joe Masburn, and
 

Peter Nyikos
 

The motivation for this note is a paper by Hidenori 

Tanaka [T] in which he shows that the Pixley-Roy hyperspace 

of a metric space X is normal if and only if X is an almost 

strong q-set. He defined an almost strong q-set to be a 

space X such that for every new with n ~ 0, every sym

metric subset of xn is an F subset of xn . Here symmetric
a 

means that the set is closed with respect to permutations 

of coordinates. Earlier, Przymusinski and Tall [PT] and 

Rudin [R] had comb~ned to show that the Pixley-Roy hyper

space of a separable metric space X is normal if and only 

if X is a strong q-set. The obvious question is "When is 

an almost strong q-set going to be a strong q-set?" 

Tanaka's partial answer was that this will happen in 

strongly zero-dimensional metric spaces. He actually 

showed that a linearly ordered space is a strong q-set if 

and only if it is an almost strong q-set. He did this by 

finding an open subset U of X, namely, {(xl ,x2 ' ••• ,x ):n
xl < < ••• < x }, with the property that if ~ is anyx2 n
permutation of coordinates then U n ~(U) =~. But his 

proof raises some other questions. For let Y = {(x1 ,x2 ' 

....'. , X ) : Vi, j E {l, ••• , n} (i ~ j .. xi ~ x j )}, and let IIn
be the group of permutations of coordinates of elements 
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of Y. Then {n(U): tt E IT} is a finite open cover of Y 

with the property that if V is an element of this cover 

and n is a nonidentity element of IT then V n n(V) = S. Is 

it possible to find such covers of metric spaces for other 

finite groups? If the answer to this question is yes, 

then the elements of the group can be homeomorphisms 

rather than isometries, since the space can be remetrized 

by d'(x,y) = max{d(g(x),g(y»: g E G} and this new metric 

makes the elements of G isometries. Must the groups be 

finite? Can spaces other than metric spaces be used? In 

this note we will answer some of these questions. 

Let G be a group of bijections from a set X to itself. 

Throughout this paper, e will denote the identity of the 

group under consideration. A subset Y of X is G-migpant 

if Y n g(Y) = ~ for all g E G\{e}. Note that Y is G-

migrant if and only if for any g,h E G, if g ~ h then 

g(Y) n hey) =~. If it is clear which group is being con

sidered, we will call such a set migrant. Using the 

terminology of Conner and Floyd [CF], we will say that G 

acts freely on X if every element of G\{e} is fixed point 

free. 

Lemma 1. Let X be a nopmaZ space and Zet G be a 

finite gpoup of autohomeomopphisms of x. If F is a cZosed 

migrant subset of X then there is an open migrant subset 

q of F such that F S u. 

Proof. For each 9 E G let U be an open neighborhoodg 
of g(F) such that Ug n Uh ~ ~ if an only if g = h. Let 
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-1U n 9 (U). Then F ~ U, and g(U) C U for all
gEG 9 g 

9 E G. 

This proof can be easily modified to show that every 

element of a Hausdorff space has a migrant neighborhood, 

which gives us the following proposition. 

Proposition 2. If X is a T Lindelof space and G is2 

a finite group of autohomeomorphisms acting freely on X, 

then X has a countable open migrant cover. 

The general question of what sort of space will have 

countable open or closed migrant covers is not as easy as 

Proposition 2, as we can see by this example, which is a 

modification of Heath's tangent V space. 

E~ample 1. Let X = {(p,q): p,q E a, q ~ 0, and 

p ~ a}, i.e., the upper-half plane without the y-axis. 

Declare all points of the form (p,q) with q > a to be 

isolated. For each pER with p > a and each new, let 

B(p,n) be the set of points in X which lie on the line 

y = x - p and are within 2-n of (p,O) together with the 

points in X other than (-p,O) which lie on the line 

y x + p and are within 2-n of{-p,O>. For each p E m with 

p < a and each new let B(p,n) be the set of points in X 

which lie on the line y = p - x and are within 2-n of (p,O> 

together with the set of points in X other than (-p,O) 

which lie on the line y = -p - x and are within 2-n of 

(-p,O>. Give X the topology generated by these neighbor

hood bases. Then X has a uniform basis and is therefore 
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a metacompact Moore space. Define g: X .... X by g(p,q) = 

( -p,q>. Clearly g is a homeomorphism and has no fixed 

points. Let G = {e,g}. 

Let U be an open migrant subset of X and let A be 

the intersection of U with the x-axis. We will show that 

A is a-discrete in the usual topology on a, and is there

fore countable. For each (p, 0> E A let nEw such that p 

B(p,n ) C U. Assume that there is nEw such that D = 
p - n 

{( p', 0) E A: n < n} is not discrete in the usual topology on 
p 

a, and let (p,O) E D be a limit point of D. We mayn n 

assume that p > 0. Since (p,O) is a limit point of D n 

there is a monotone sequence of elements of D which con-n 
verges to (p,O). If the sequence is decreasing, we may 

choose an element (q,O) of D such that the lines y = x + pn
 

and y = -x - q intersect at a point (a,b) which is within
 
n


2-np of (-p,O) and within 2- q of (-q,O). Then (a,b) E 

B(p,n ) and (-a,b) E B(q,n ), contradicting the assumptionp q 

that U is migrant. If the sequence is increasing, we may 

choose elements (q, 0) and ( r, 0) of D such that the lines n 
y = x + q and y -x - r intersect at a point (a,b) which 

is within 2-nq of (-q,O) and within 2-nr of (-r,O). Then 

(a,b) E B(q,n ) and (-a,b) E B(r,n ), contradicting the q r 
assumption that U is migrant. It follows that X cannot be 

covered by less than e migrant open sets. 

Let F be a finite collection of subsets of X such that 

if p ,q E :m wi th p ,q > ° then (p ,q) E UF. Then. every point in 

X that lies on the x-axis is in the closure of some 
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element of F. For every pER with p ~ 0 let F 
p

= {F E F: 

(p,O) E F}. We claim that there is pER such that 

F n F_ ~~. Assume not. For each pER let n be the p p p 

least mEw such that B(p,m) meets only elements of F 
p 

and B(-p,m) meets only elements of F_ • For every G ~ Fp 

and every n Ewlet D(G,n) = {p E R: p > O,F = G,n < n,
p p -

and n < n}. Assume that (p,O) is a limit point of D(G,n)
-p 

in the usual topology on a. Again, there is a monotone 

sequence in D(G,n) which converges to (p,O). If the se

quence is increasing, we may choose an element q of D(G,n) 

such that the lines y = p - x and y = x - q intersect at 
n 

a point within 2-
n 

of (p,O) and within 2- of (q,O) • This 

point of intersection cannot be in an element of ei ther F or F q -q 

and therefore is not in any element of F. If the sequence 

is decreasing, we may choose an element q of D(G,n) such 

that the lines y = x - p and y = q - x intersect at a 

point within 2-
n 

of (p,O) and within 2-
n 

of (q,O). This 

point of intersection cannot be in any element of F or p 

of F and so is not in any element of F. It follows -q 

that each D(G,n) is countable, a contradiction. Thus 

there is pER such that F n F_ ~~. Let F E F n F_ .· p p p p 

Then (p,O) E F and (-p,O) E F and F is not migrant. 

Therefore X cannot be covered by a finite number of closed 

migrant sets. 

But X can be covered by a countable number of closed 

migrant sets, which means by Lemma 1 that X cannot be 
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normal. Indeed, we shall see that this type of space 

cannot be normal. 

Theorem 3. If X is a paracompact space and G is a 

finite group of autohomeomorphisms acting freely on X, 

then X has a countable closed (or open) migrant cover. 

Proof. We will induct on IGI. If IGI = 1, then X 

is migrant. Let us assume that IGI = n for some n > 1, 

and that for every paracompact space and every finite 

group of cardinality less than n the conclusion of the 

theorem holds. We will prove two lemmas. 

Lemma 4. Let U be an open subset of X and let 

{B : y e r} be a discrete colZection of open migrant Fy (J 

subsets of x. If U = UyerBy and g(U) = U for every g e G, 

then there is an open migrant F subset V of X such that 
(J 

UgEGg(V) = u. 
Proof. Set G {g : m < n}. For every y = (Yl' ••• ' m o

yn> e r n , let C (y) = n. n 
19. (B ). The sets C(y) (y ern) 

~= . ~ Yi 
have the following properties: 

(1) if C(y) n C(S) ~ ~, then y = Si 

(2) UYErnC(y) = Ui 

(3) if g E G\{e} and y Ern, then there is a 

S e rn\{y}, such that g(C(y» = C(S). 

To see that property (1) is true, note that if Yi ~ ai' 

then C(y) n C(S) C g. (B .) n g. (B ;) =~. Property (2)- ~ y~ ~.a
follows from the fact that gtu is a bijection for every 

9 E G. To verify property (3), note that g(C(y» = ~=l 

(g g.) (B l. Since G~= {g gi: 1 < i ~n}, there is0 0 

~ Yi 
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a permutation ~ lof {l, ••• ,n} such that 9 0 gi = g~(i) for 

all i E {l, ••• ,n}. So g(C(y» =,nr 19 (0) (B ) =C(S),
1= ~ 1 Yi 

where Si = Y~-l(i)· 

Observing further that each C(y) is an open Fa sub

set of X, properties (1), (2), and (3) imply that P 

{C(y): y E rn and C(y) ~ ~} is a discrete cover of U by 

open Fa sets such that for every 9 E G\{e} and every 

C(y) E P, g(C(y» E p\{C(y)}. This implies the conclusion 

of Lemma 4. 

Lemma 5. Let F be a countable family of Fa subsets 

of X such that fop evepy F E F, 

(1) if 9 E G and F n g(F) ~ S, then g(F) 

(2) thepe is age G such that g(F) ~ F. 

Then UF is the union of a countable family of closed mi

gpant subsets of x. 

Let Y UF. Note that for every F E F, 

G(F) = {g E G: g(F) = F} is a subgroup of G with a smaller 

order than G. By our inductive hypothesis, there is a 

countable family H of closed G(F) -migrant subsets of
F 

the subspace F which covers F. Observe that by property 

(1), for H E H
F 

and 9 ~ G(F), H n g(H) =~. Therefore, 

since closed subsets of Fa subsets of X are Fa subsets of 

X, H = UFEFHF is a countable family of Fa subsets of X, 

each of which is migrant. This, of course, gives rise to 

a countable cover of Y consisting of closed migrant sub

sets of X. 
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We now return to the p~oof of Theorem 3. By Lemma 1, 

X has an open cover consisting of migrant sets. Let B = 

U ~..B be a a-discrete open refinement of this cover by
m'-w m 

F -sets. Clearly every element of B is migrant. For a 
every mEw, let Urn UBm• Note that each Urn is an Fa-

set. For every mEw and every A ~ G, let Fm(A) 

ngEAg(Um)\U~Ag(Um) and set F = {Fm(A): A ~ G}. Thenm 

g(F (A)} = F (gA) for all g E G and all A C G. Thus m m 

F (A) n F (gA) ~ 16 implies A = gA, which implies that m m 

F (A) = F (gA). So F satisfies the conditions of m m m 

Lemma 5 and uF is the union of countably many closed subm 

sets of X. 

Finally, let us consider Fm(G} = ngEGg(u }. We willm

show that this set satisfies the conditions of Lemma 4. 

As in the proof of Lemma 4, let G = {g.: i = l, ••• ,n}.
J. 

Let B = {B~: <5 E ~}. For each t E ~n, let v~ = mum m 0 

~=lgi(B6i). Then {Vt: t E ~~} is a discrete collection 

of open migrant Fa subsets of X and Fm(G) = ~~~v !. 
Also, g(Fm(G» = Fm(G) for all g E G. Thus Fm(G) U (UF )m
~ Urn is the union of countably many closed migrant sub

sets of X. It follows that X is also. The fact that X 

can be covered by a countable number of open migrant sets 

follows from Lemma 1. 

Question. If G is a finite group of autohomeomor

phisms acting freely on a subparacompact space X, will X 

necessarily have a countable closed migrant cover? What 

if X is a Moore space or a a-space? 
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In order to show that an almost strong q-set, X, 

is a strong q-set we will need to make use of migrant sub

sets of Xn for any n. But then we need to know that each 

finite power of X is paracompact. For that reason we 

will consider paracompact E-spaces. Then every finite 

power is again a paracompact E-space. Note that if X is 

2an almost strong q-set then every symmetric subset of x

is an G6 subset of x2 In particular, an almost strong 

q-set has a Go diagonal. Thus every E-space which is an 

almost strong q-set is a a-space. 

Theorem 6. Let X be a papaaompaat E-spaae. If X 

is an aZmost strong q-set, then it is a stpong q-set. 

Proof. The proof proceeds by induction on the power 

of X. Let X be an almost strong q-set. Then every subset 

of X is an Fa subset of X. Let new with n > 1 and 

assume that if m < n and A is a subset of ~, then A is 

an Fa subset of~. Set Y equal to the set of all (xl' ••• ' 

xn+~ E ~+l such that for all i,j E {l,ooo,n+l}, i ~ j if 

and only if xi ~ Xjo Then xn+l\y is the union of a finite 

number of closed subsets of xn+1 , each of which is homeo

morphic to ~ for some m < n. Thus, we need only show 

that every subset of Y is an F subset of xn+l • Since a 
xn+l is a paracompact a-space, Y is paracompact. Let P 

be the group of permutations on {l, ••• ,n+l}. For each 

n E P and each i = <xl' ••• ,x +1) E Y let gn(i) = (xn(l)'n

.•.•• ,xn (n+l). Then G = {gn:- n E p} is a group of auto

homeomorphisms acting freely on Y. By Theorem 4, there 
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is a countable open cover U of Y consisting of migrant 

sets. Now we need only show that if U E U, then every 

n+lsubset of U is an Fa-subset of X • Let U E U and A C u. 

Then B = UgEGg(A) is a symmetric subset of Xn+l and is 

therefore an Fa-subset of xn+ l • It follows that A = 

B\U{g(U): g E G\{e}} is an F -subset of xn+l • 
a 

In view of Tanaka's theorem [T] that for a metrizable 

space X, the normality or hereditary countable paracompact

ness of PR[X] is equivalent to X being an almost strong 

q-set, Theorem 5 has the following corollary. Here PR[X] 

denotes the Pixley-Roy hyperspace of X. 

CoroLLary 7. Let X be a metria spaae. The foLLowing 

are equivaLent. 

(1) PR[X] is normaL. 

(2) PR[X] is hereditariLy aountabLy paraaompaat. 

(3) X is a strong q-set. 

Is it possible in Theorem 3 to make G infinite? The 

following example shows that indeed it cannot. Let X be 

a circle with the usual topology. Let G be the group of 

rotations of X by angles which are rational multiples of 

n. Then G is a countable group of auto-isomitries acting 

freely on X. Also, {gn(x):nE w} is finite for every g E G 

and every x E X. But every open subset of X has two 

points which differ by an angle which is a rational multi

pIe of n, so every migrant set must have empty interior. 
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Thus the conclusion of Lemma 1 does not hold, and, X can

not be covered by a countable number of closed migrant 

sets. 

Let us now consider the question of how many migrant 

sets are needed to cover a space X. The only reason that 

the collection {By: y E r} in Lemma 4 had to be locally 

finite was to make the set U aQ Fa-set. We can delete 

this requirement and still have the following lemma. If 

{By: y E r} is a pairwise disjoint collection of migrant 

open subsets of a space X, G is a finite group of auto-

homeomorphisms acting freely on X, U = UyErB ' and g(U) = y 
U for all g E G, then there is a migrant open set V of X 

such that U UgEGg(V). In particular, if U = X then V 

is clopen. This variation of Lemma 4 shows that if G is 

a finite group of autohomeomorphisms acting freely on an 

ultraparacompact space X, then there is a clopen subset U 

of X such that X = ugEGg(U). In a slightly more general 

setting we have the following proposition. 

P~oposition 8. If G is a finite g~oup of autohomeo

mo~phisms aating freeZy on an uZtranormaZ spaae X·and X 

has a aountabZe mig~ant aZosed aover~ then there is a 

aZopen subset U of X suah that X = UgEGg (U) · 

Proof· Let C {C • new} be a migrant closedn· 

cover of X. For each n E w let U be a clopen migrant set n 
such that C CU. Set V U and, for every nEw, leto = n - n o 

= Un+l'UiEn+lUi· Then {V • n E w} is a pairwise dis-eVn+ l n 
joint migrant clopen cover of X. 
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Proposition 9. Let G be a finite group of auto homeo

morphisms acting freely on an e%pandable ultranormaZ 

space X. If X has a a-locally finite closed migrant cover, 

then there is a clopen subset U of X such that X = ugEGg(U) · 

Proof. Let C be a a-locally finite closed migrant 

cover of X, and expand C to a a-locally finite clopen 

migrant cover U = U e::.•• U • For nEw let Un {u :
n'--W n na 

a E K }, where K is some indexing cardinal. For a E K 
n n n 

let V = u a\U aU • Then V {V: a E K } is a na n a< na n na n 
locally finite, pairwise disjoint clopen collection of 

migrant sets, and V = UnEwVn covers X. Let Wa Va and 

for each new let W = {Vn+lia'UjEn+l(UWj): a E Kn+ll.n+l 
Then W = UnEwW is a pairwise disjoint clopen migrantn 

cover of X. 

Another class of spaces which have finite clopen 

migrant covers is the class of extremally disconnected 

spaces. Every space has a maximal migrant open subset. 

This set along with its translates will be dense in the 

space. If the space is also extremally disconnected, 

then the closures of these sets will form a pairwise dis

joint clopen migrant cover of size IGI. 
We have already seen in Example 1 that not all 

spaces can be covered by a finite or even countable number 

of migrant open sets. The next example shows that even 

a metric space need not have a finite open migrant cover. 

E%ample 2. Let X be the disjoint sum of all n

spheres for new. Let g be the mapping of X to itself 
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which takes each point of Sn to its antipodal point. 

Then X is paracompact and {e,g} is a group of autohomeo

morphisms acting freely on X, but X cannot be covered by 

a finite number of migrant open (or closed) sets by the 

Borsuk-Ulam Theorem, as Bill Weiss and K. P. Hart pointed 

out. This space is infinite dimensional while the spaces 

of Propositions 8 and 9 are zero dimensional. So it 

seems reasonable that the dimension of a space might have 

something to do with the size of its migrant open covers, 

as, in fact, it does. 

Theopem 10. Let X be a papacompact space with 

Ind X ~ n, and in which the closed subspaces satisfy the 

countable closed sum theopem fop Ind. If G is a finite 

gpoup of autohomeomopphisms acting fpeely on X then thepe 

is a collection Mof migpant open (op closed) subsets of 

X such that IMI < n + 1 and X = UMEMUgEGg(M). 

Ppoof. If n = 0 then X is ultraparacompact. Assume 

that the conclusion of the theorem holds for any space Y 

with Ind Y < n, and that Ind X = n + 1. Using paracom

pactness and dimension, we may obtain a locally finite, 

a-discrete open migrant cover U = UmewU of X such that m 

Ind BdU < n for all U E U. 

For each mEw let Bm = U{BdU: U E Um}. Then Bm is 

closed in X and Ind B ~ n. Let V = {q(U): U E U andm m m 
g E G} and let V = UV. Let C = (U EGq(B »\U{Vk : k < m}~m m m g m 

Now UgEGg(Bm) is closed in X so Ind UgEGg(Bm) < n. The 

set em is closed in UgEG9(B ) so Ind C ~ n. Also,m m 
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v. c V U C U(UkEmVk ) and {C : m ~ w} is locally finite. 
m - m m m 

Thus C a U C is closed and Ind C < n. Also, g(C) = Cmew m 

for all g E G, so there is a family of no more than n 

migrant closed subsets of C whose translates under G cover 

C. Call this collection N = {Nj : j En}. Expand N to a 

collection of n migrant open sets O. 

For every mew let Wm = (Vm\Cm)\UkEmVk. Then 

{W : mew} is a pairwise disjoint collection of open
m 

subsets of X such that g(W ) = Wmfor all mEw and X\C m

UmewW • We will show that for every mew there is a m 
migrant open subset W~ of X such that W UgEGg(W~). Form 
each p E W let Vm(p) = {V E V : P E V}. For every 9 E G m m 
there is at most one U E U such that p E g(U), so m 

IVm(p) I ~ IGt· Also, Vm(p) ~ ~ since p E Wm. Let Wm{p) = 
nv (p) \ U{V: V E V \ V (p)}. Then W (p) is an open migrantm m m m 

subset of X. If p,q E W and Wm(p) n Wm(q) ~ ~, thenm 

Vm(p) = Vm(q) so Wm(p) = Wm(q). Thus {Wm(p): P E Wm} par

titions W into open sets which are permuted by G. Nowm 
pick one element from the orbit of every member of this 

set and take their union to form w~. Set W = UmEwW~. 

Then M= 0 U {W} is a collection of open migrant subsets 

of X such that IMI < n + 1 and X = UMEMUgEGg (M). This 

can be shrunk to a collection of closed migrant sets 

having the same properties. 

Since dim is the same as Ind in metric spaces and 

the countable closed sum theorem holds, we have that if 

G is a finite group of autohomeomorphisms acting freely 
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on a metric space X, then X has an open (or closed) mi

grant cover of no more than IGI (dim X + 1) sets. Also, 

by slightly modifying the proof of Theorem 10, one can 

make the members of the migrant cover of X be regular 

closed sets, zero-sets, or cozero-sets. 

The number IGI (dim X + 1) is not optimal, but we do 

not yet know what the optimal number is. We conjecture 

that it is IGI + dim X, which is true if dim X = 0 by 

Proposition 8 or if IGI = 2 by [CF]. 

We will mention one more class of spaces which have 

finite covers by open or closed migrant sets: normal 

spaces of finite scattered height. This means that a 

different approach from that taken in our first example 

must be used if a normal space without a finite open or 

closed migrant cover is desired. 

Proposition 11. If G is a finite group of autohomeo

morphisms acting freeLy on a normaL space X of scattered 

height n, for some nEw, then there is a coLLection Mof 

open (or cLosed) migrant subsets of X such that 

IMI < n + 1 and X = UMEMUgEGg(M). 

Thus X has an open (or closed) migrant cover of size 

no greater than IGI (n + 1). 

Proof. This is clearly true if X is discrete. Let 

new and assume that if a space has scattered height n, 

then there is a collection M of open migrant subsets of 

X such that IMI < n + 1 and X = UMEMUgEGg(M). Let X = 
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~~~ Xk where Xo is the set of isolated points of X,
 

Xk+l is the set of isolated points in X\~=OXj for
 

k = O, ••• ,n, and X +l is discrete. Then there is a
 n 

migrant closed subset C of Xn+l such that Xn+l = UgEGg(C). 

By normality~ expand C to a migrant open subset U of X. 

Then X\UqEGg(U) is a normal space of scattered height n 

and {g~(X\UhEGh(U»: g E G} is a group of autohomeomor

phisms acting freely on X\UgEGg(U). By assumption, there 

is a	 collection N of open migrant subsets of X\UgEGg(U) 

such that INI ~ n + 1 and X\UgEGg(U) = UNENUgEgg(N). 

Then M= NV'{U} is the desired collection of open migrant 

subsets of X. To obtain a collection of closed migrant
 

sets, just shrink the elements of M.
 

It follows that if X is a normal countably paracom

pact	 space of countable scattered height, then it has a 

countable open and a countable closed migrant cover. 
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