
Volume 14, 1989

Pages 195–199

http://topology.auburn.edu/tp/

Research Announcement:

FIXED POINTS OF ORIENTATION
REVERSING HOMEOMORPHISMS OF

THE PLANE

by

Krystyna Kuperberg

Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings

Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA

E-mail: topolog@auburn.edu
ISSN: 0146-4124

COPYRIGHT c© by Topology Proceedings. All rights reserved.



TOPOLOGY PROCEEDINGS Volume 14 1989 195 
Reseapch Announcement 

FIXED POINTS OF ORIENTATION REVERSING 

HOMEOMORPHISMS OF THE PLANE 

Kry8tyna Kuperberg 

Le h be a homeomorphism of the plane R2 onto itself, 

and let X be a plane continuum invariant under h. 

In 1951, M. L. Cartwright and J. C. Littlewood (see 

[5]) proved that if X does not separate the plane, 

then h has a fixed point in x. Simpler proofs of the 

Cartwright-Littlewood theorem were later provided by o. H. 

Hamilton in [6] and by Morton Brown in [4]. In [2], 

H. Bell proved the Cartwright-Littlewood theorem for an 

arbitrary homeomorphism of the plane (see also [1] and 

[3]) . 

In this note, we do not assume that the continuum 

X does not separate the plane. We assume that h is an 

orientation reversing homeomorphism of the plane onto 

itself. 

Marcy Barge asked whether h has always a fixed point 

in X, and in some cases, for instance if X has exactly two 

complementary domains, whether h has two fixed points in 

X. The following results, whose proofs are based on 

Bell's theorem, answer Barge's question: 

Theopem 1. If X has ezaotZy two compZementapy 

domains~ then h has at Zeast two fixed points in x. 
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Denote by: 

(1)	 [X,h] the union of X and th.e bounded complementary 

domains of X which contain no fixed points of h, 

(2)	 P(X,h) the set of fixed points of h in the bounded 

complementary domains of X, 

(3)	 LP(X,h) the set of the limit points of P(X,h) in X, 

(4)	 Q(X,h) the set of the fixed points of h in X. 

Lemma 1. If LP(X,h) = ~, then [X,h] has finiteZy 

many compZementapy domains. 

2Lemma 2. If [X,h] does not separate R , then h has 

a fi~ed point in X. 

Lemma 3. If LP(X,h) consists of e~actZy one point, 

then there is an orientation reversing homeomorphism f of 

R2 onto itseZf, and there e~ists a continuum Y invariant 

undep f such that 1) Y has finiteZy many compZementary 

domains, and 2) if Q(X,h) contains n (finitely many) 

points, then Q(Y,f) contains at most n - 1 points. 

Lemma 4. Let k > 2 be an integer. If [X,h] has k 

compZementary domains, then there e~ist an orientation re­

versing homeomopphism f of R2 onto itseZf, a continuum Y 

invariant under f, and an integep j, 2 ~ j < k - 1, such 

that 1) Y has j invariant compZementary domains, and 2) 

the cardinaZity of Q(Y,f) does not.e~ceed the cardinaZity 

of Q(X,h). 
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Theorem 2. If at Zeast one of the bounded aompZe­

mentary domains of X is invariant under h, then h has at 

Zeast two fi~ed points in X. Otherwise h has at Zeast 

one fi~ed point in X. 

Proof. By Lemma 2, if there are no invariant bounded 

complementary domains, then h has a fixed point in X. 

If LP(X,h) contains more than one point, then clearly 

h has at least two fixed points in X. 

By Lemma 3, if LP(X,h) contains exactly one point 

which is the only point of Q(X,h), then there exists an 

orientation reversing homeomorphism f of the plane and a 

continuum Y invariant under f, such that f has no fixed 

points in Y, and Y has finitely many complementary do­

mains. If [Y,f] does not separate the plane, then f has 

a fixed point in Y. If [Y,f] separates the plane, then 

by Lemma 4 applied inductively, f has a fixed point in Y. 

Hence, Q(X,h) contains at least two points. 

Assume now that X has at least one invariant bounded 

complementary domain U. If LP(X,h) ~,then [X,h] has 

finitely many complementary domains. The continuum 

[X,h] U U separates the plane. Either [X,h] U U has 

exactly two complementary domains, or by Lemma 4, applied 

inductively, we obtain an orientation reversing homeomor­

phism g of the plane having an invariant continuum Z with 

exactly two complementary domains. By Theorem 1, g has 

at least two fixed points in Z. Therefore, h has at 

least two fixed points in X. 
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The proofs of the above results are given in [7]. 

The following generalizations of Theorem 2 are contained 

in [8]: 

kTheopem 3. If X has at least 2 , k ~ 0, bounded 

aomple~entary domains whiah ape invapiant undep h, then h 

has at least k + 2 fi~ed points in X. 

Theorem 4. If X has infinitely many aomplementapy 

domains whiah ape invapiant undep h, then h has infinitely 

many	 fi~ed points in X. 
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